IN THE SELF-CONTACT PROBLEM IN NONLINEAR ELASTICITY

ANASS NIFA AND BOUCHTA BOUALI

ABSTRACT. In this paper, we consider the minimization problem of 3-dimensional nonlinear hypere-
lastic bodies moving in R®, which enables frictionless self-contact and forbids self-intersection. For this,
we define a new class of admissible deformations based on a natural homotopy constraint. We study
strictly orientation-preserving Sobolev maps in this new class and their global invertibility properties
from a topological point of view. In this fashion, we prove that, under suitable hypotheses, such maps
are actually homeomorphisms. Applying this result to the mixed displacement-traction problem, the
existence of homeomorphic minimizers is shown for nonlinear stored energy functions with suitable
properties.

1. INTRODUCTION

Consider an elastic body occupying the closure Q of a domain Q C R® as its reference configuration,
subjected to a boundary condition of place on a portion I'y of the boundary 9Q and subjected to an
applied body force with density f : Q — R per unit mass. We assume for simplicity that the field f
is independent of the deformation, i.e., that the body force is a dead load. If in a given situation, a
particle occupying the point x € Q in the reference configuration moves to a point represented by a
vector ¢(x), the corresponding mapping ¢ : Q — R3, which is called a deformation, is the unknown
of our problem. Let

M? :={F € M?; detF > 0} (1.1)

where IM? is the set of all matrices of order 3.
If the material constituting the body is hyperelastic, the unknown deformation ¢ undergone by the
body is a stationary point of the total energy J defined by

@) = [ Weavgeydx— [ f-g dx (12)

where W : (x,F) € Qx M3 — W(x,F) € R, denotes the stored energy function of the hyperelastic
material, when ¢ varies in a set of admissible deformations.

To avoid interpenetration of matter, a classical problem in Nonlinear Elasticity is to determine
whether a Sobolev deformation ¢ : © — R? on a bounded domain Q C R, is invertible in a suitable
sense. If we assume the existence of a stored energy density W with suitable properties, then a
stable deformed state can be found via global minimization [2]. The typical examples for such
energies enforce ¢ € WP(Q; R®), strictly orientation-preserving in the sense that det V¢ > 0 almost
everywhere in Q.

However, even if ¢ € C}HQ;R?) and detV¢ is positive everywhere, this does not suffice to
guarantee global invertibility, because different ends of the body can still overlap. The variational
theory is compatible with imposing global invertibility (in a weak almost everywhere sense) as
a constraint, the Ciarlet and Necas [5] condition J, det(V¢) dy® < p°(Im ¢) is imposed on the
admissible deformations then Ciarlet and Necas [5] show that the invertibility almost everywhere
is equivalent to this constraint. Furthermore, they proved that this constraint is preserved under
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weak convergence in W', p > 3. They were thus able to ensure the existence of minimizers for
the mixed displacement-traction (Dirichlet-Neumann) problem in the class of almost everywhere
invertible maps and proved that the associated minimization problem provides a mathematical model
for matter to come into frictionless contact with itself but not interpenetrate. Their results have
subsequently been improved by Tang Qi [19] (using ideas of Sveréak (in [25]), by Giaguinta and al [9],
and by Miiller, Tang and Yan [17]. Some other studies of local and global invertibility in the context
of elasticity can be found in [4, 6, 7, 10, 11, 13, 16, 23, 24, 18, 22].

In case of a strictly orientation-preserving map, if we also assume that its boundary values match
those of a homeomorphism, the Ciarlet and Necas condition always holds as a byproduct of a result
of Ball [3]. The result also provides further topological properties of the deformation and its image.
For similar purposes, this assumption also appears in [25] and other works, in particular in context of
maps of finite distortion [12].

In this paper, we use a new topological condition to define a class of admissible deformations in

nonlinear hyperelasticity allowing us to establish existence results in a realistic framework with mixed
boundary conditions. The condition is a very natural homotopy condition that has not been used in
this context before. This constraint ensure the invertibility almost everywhere (or equivalently, the
injectivity almost everywhere) of every admissible deformation ¢ in the new defined class and the
preservation of orientation in the sense that det V¢p > 0 almost everywhere in Q (cf. Theorem 2.1).
We begin by proving that this class of deformations is closed for the C° topology and that its elements
don’t have transversal self-intersections. We give a similar invertibility results (cf. Theorem 2.1 and
Theorem 4.1) as in [3] without relying on the assumption that on 9<, the deformation ¢ coincides with
a continuous map @o : Q — #(Q) which is injective on Q. In this fashion, we show that every strictly
orientation-preserving deformation in our set of admissible deformation satisfies the conditions of
Ciarlet & Necas [5] whereas the converse is not true and then the associated minimization problem is
a mathematical model of frictionless self-contact without interpenetration of matter. We also compare
our constraint with the invertibility condition (INV) introduced in [18], mainly intended for settings
involving cavitation in W' with 2 < p < 3 (cf. Proposition 3.1).
Under suitable hypotheses, the admissible deformations are actually homeomorphisms (cf. Theorem
5.1 and Theorem 5.2). As a direct application, we show the existence of homeomorphic minimizers for
nonlinear elastic energy functionals controlling the inner or outer distortion (cf. Theorem 6.1) without
fixing the boundary values of admissible deformations as in [3] or prescribing a given Lipschitz
domain as their image as in [15].

2. SET OF ADMISSIBLE DEFORMATIONS

Let Q be a bounded, open, connected subset of R, whose boundary dQ = T is Lipschitz continuous.
Let ag be the diagonal set of Q x Q , that is

sg i ={(x,x) €QxQ; x € Q}
For every mapping ¢ : Q — R®, we define the subset 44 by
o i={(x,9) € QxQ; ¢(x) = $(»)}

We say that ¢ € C°(Q;R?) is K-homotopic to the natural embedding i5 : Q — R, if for every
compact K of Q x Q\ a4, there exists a homotopy hg from ¢ to ig such that K € Q x Q\ ap,(. ) for
every t € [0, 1]; in this case we write ¢ = i. We define then the set of admissible deformations by

® :={¢p € COLR?); ¢ = is} (2.1)

we begin to establish that @ is closed for the C° topology and it contains the embeddings isotopic to
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Proposition 2.1. ® is closed for the C° topology.

Proof. Let ¢ € C°(Q;R?) and let ¢, be a sequence of elements in ®, such that ¢, — ¢ for the C°
topology. Let K be a compact of Q x Q \ a4, we denote
e = inf{{¢(x) — p(¥)l; (x, y) € K} > 0. (2.2)
There exist N such that ¢ — ¢n| < €/2. Let Fx(x,t) = (1 — t)¢p(x) + tPpn(x) .For all (x,y) € K and
tef0,1]
[Fr(x, 1) = Fg(y, )] = [(1 = )(¢(x) = $(1)) + t($n(x) = on ()]
> |p(x) = )| — t(lg(x) = o ()| = [¢() — N (¥ (2.3)
>e—€/2—-€/2=0

Then K C Q x Q\ ap(.p for every t € [0,1], in particular K € Q x Q\ ag.. As ¢y = ig, there

is a homotopy Gx from ¢y to ig such that K C Q x Q\ ag, (. for every ¢ € [0,1]. The mapping
Hg : Qx[0,1] = R? defined by

| Fx(x,21) if t€[0,1/2]
Hie(x, 1) = { Gx(x,2t—1) if te[1/21] (24)
is a homotopy from ¢ to ig such that K € Q x Q \ ap, (., for every ¢ € [0, 1]. Hence ¢ € ©. O

Remark 2.1. The C° closure of the embeddings isotopic to ig is a subset of ®. Indeed, according to the
previous proposition, it is sufficient to show that any embedding isotopic to ig is an element of ®. Let
¢ be an embedding isotopic to i and let denote H this isotopy. Noticing that g ;) = 2 for every
t € [0, 1], we deduce that ¢ is K-homotopic to the embedding ig.

We will show that ¢ = iy contains informations to describe the self-intersections of ¢. More

precisely, we prove that any deformation with transversal self-intersection does not belong to the set
.

Proposition 2.2. Let ¢ € C°(Q;R?) and (x, y) € Q x Q such that:
(i) ¢(x) = ¢(¥) ;
(ii) ¢ is of class C! in neighborhood of x and y;
(iii) ¢ is self-transverse at (x, y), ie., Im(V¢(x)) + Im(V¢(y)) = R>.
then ¢ ¢ @

Proof. Let g{; be the mapping defined from Q x Q into R® that associates (x, y) with ¢(x) — ¢(y). Since
Im(Vd;(x, y)) = R3, gi; is a submersion at (x, y). From the Implicit Function Theorem, we deduce
that there exists a neighborhood V of 0 in R®, a neighborhood W of (x, y) in Q x Q and a local
diffeomorphism f : V. — W such that f(0) = (x, y) and

$of=nm (2.5)

where 7 : R® - R3 is the canonical submersion. Furthermore, one can choose f such that the unit
ball B’ x {(0,0,0)} is included in V and such that W n ag = @. Suppose by contradiction that ¢ is
K-homotopic to the natural embedding i, and let K = f o i;’z (8%), with i%’z is the standard inclusion
map of $? into V. Since K is compact and K C Q x Q \ a4, there exists a homotopy h from ¢ to ig
such that K € Q x Q\ aj, (., for every t € [0,1]. Let 175 be the mapping defined from Q x Q into R®
that associates (x, y) with x — y. Then </5 ofo i;’z andigo f o igz are homotopic in R* \ 0 and hence

b feil, A
‘z; ?VZI =igand § = ‘;Q ji ii‘fl : §2 — $% are homotopic which implies that deg(#) = 1. Now, notice
-feil, ol
igofoil. _
that J has the continuous extension ‘; 7 l,%a‘ : B> — $2, then deg(9) = 0. This gives us the desired
Q%) g3

contradiction. O
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Proposition 2.3. Let ¢ € ® and let xy € Q such that ¢ is differentiable at x,. Assume that Jg(x,) =
det(V¢(xo)) # 0. Then card(¢p~"(¢(x0)) = 1 and J3(x0) > 0.

Proof. We claim that there is py such that or every 0 < p < py the following assertions holds;

Pd(x0 + h) = P(xo) for every h € B(0, p)\ {0} (2.6)

deg(¢, B(xo, p), ¢(x0)) = sgn(Js(x0)) (2.7)

where deg(¢, B(xo, p), ¢(x0)) is the degree of ¢ at ¢p(xp) with respect to B(xy, p) Since ¢ is differentiable
at xp, there exists Ry > 0 such that

$(xo + h) = P(x0) + V(x0)h + |hle(h]) (2.8)
for h € B(0, Ry) and lim;_,oe(t) = 0. Let
a 1= inf{{Vp(xo)h| ; h € R?, |h| = 1}. (2.9)
Since Jg(x) # 0 we obtain that & > 0 and we may find 0 < py < Ry such that [e(#)| < g for every
[t] < po.

(i) Claim 1. ¢(x9 + h) = ¢(x,) for every h € B(0, py) such that h # 0.
Indeed, if 0 < |h| < py, then |e(|A])| < % and so

$(xo + h) — P(x0)
A

h
|

> 'Vﬁf’(xo) ~lehDl 2 & >0 (2.10)

and we obtain (2.6).

(ii) Claim 2. deg(¢, B(xo, p), $(x0)) = sgn(Jg(xo)) for every 0 < p < py.
Let us first note that from (2.6), deg(¢, B(0, p), @#(xp)) is well defined for every 0 < p < py.
Fix 0 < p < po and set

L(xo + h) := ¢(x0) + Vp(xo)h, h € B0, p) (2.11)

The function L is an affine mapping defined on B(xo, p). Since J3(xo) # 0 we know that L is a
one-to-one mapping and so L(x;) # L(x) for every x € dB(xy, p), i.e. #(xp) # L(x) for every
x € dB(xo, p). Therefore, deg(L, B(xo, p), ¢(x0)) is well defined and deg(L, B(xo, p), ¢(x0)) =
sgn(Js(x0)). The application H defined by

H(x,t) := td(x) + (1 — t)L(x), x € B(xo, p), t €[0,1] (2.12)
is a homotopy between ¢ and L. Moreover, for every x € dB(x, p) we have
=72 4 te(fx - xol)
= Xo

(e 1) - $(0)] = p (‘VQS(XO)

>P% 5. (2.13)
|x 2

Therefore, ¢(xy) ¢ H(IB(xo,p),t) for every t € [0,1], and we conclude that deg(H(:, t),
B(xp, p), ¢(xp)) is well defined. By virtue of Theorem [8, Theorem 2.3], the value of
deg(H(:, t), B(xo, p), ¢(x0)) is independent of ¢, hence, we obtain

deg(¢, B(xo, p), $(x0)) = deg(L, B(xo, p), ¢(x0)) = sgn(Us(x0)) (2.14)

and (2.7) is proved.

Fix 0 < p < po and set K = {xo} x dB(x, p). Since K is compact and K C Q x Q \ a4, there exists a
homotopy hk from ¢ to ig such that K € Q x Q \ a (. for every t € [0,1] and we conclude that
deg(hg(, t), B(xo, p), hx(xo, 1)) is well defined. By virtue of Theorem [8, Theorem 2.6], the value of
deg(hg(:, t), B(xo, p), hx(xo,t)) is independent of ¢, hence, we obtain

sgn(Jy(x0)) = deg(¢, B(xo, p), P(x0)) = deg(iy, B(x0,p), x0) = +1 (2.15)
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We deduce that J4(x) > 0. Now, suppose by contradiction that card(¢*(¢(x)) > 1 and let y, €
Q\ {x0} such that ¢(yy) = @(x,), we can choose 0 < & < p, such that y, ¢ B(xg, §). We have

deg(#, B(xo,d), ¢(y)) = deg(p, B(xo,d), ¢p(x0)) = deg(i, B(xo,d), x0) = +1 (2.16)
But in the other hand, we set K’ = {yo} x dB(xo, §). Since K’ is compact and K’ C Q x Q \ a4, there

exists a homotopy hg- from ¢ to i such that K € QxQ\ 2. for every t € [0, 1] and we conclude
that deg(hk(-, t), B(xo, p), hx(y0,t)) is well defined. The value of deg(hy- (-, t), B(xo, p), hx'(¥o, 1))

is independent of t, hence, we obtain

deg(¢3 B(X(), 5)9 ¢(y0)) = deg(l§’ B(XO, 5)7 YO) =0 (217)
which is in contradiction with (2.16). O

Using the inverse function theorem for everywhere differentiable maps [21, Theorem 1] and the
previous proposition, we deduce the following corollary.

Corollary 2.1. Let ¢ € ® such that ¢ is differentiable everywhere on Q. Assume that J; = det(V¢) # 0
in Q. Then ¢ is an embedding and ¢~" is differentiable on Q.

The invertibility results obtained in [3] all rely on the assumption that on 9, the deformation
¢ coincides with a continuous ¢ : Q — ¢(Q) which is injective on Q. This leads to the following
similar result as [3, Theorem 1].

Theorem 2.1. Let ¢ € d n WHP(Q;R?) with p > 3. Assume that J; = det(V¢) # 0 almost everywhere
in Q. Then we have the following assertions:

(i) $(Q) = H(Q)\ $(0Q) and $(9Q) = AH(H(Q) \ $(0Q)).
(ii) ¢ is one-to-one almost everywhere in Q and Jy = det(V¢) > 0 almost everywhere in Q.
(iii) Letv € L™(R®). For every measurable set E C Q, we have :

[oe g = /¢ Yy (2.18)

In particular, /]¢(x)dx = 1*(¢(E)), where " is the n-dimensional Lebesgue measure on R™.
E

Proof.
(i) Since int(9Q) = 0, we have ¢(Q) = F(Q) \ int(dQ) = H(Q) \ PpaQ) = G(Q) \ H(IRQ).

Let y € ¢(Q) \ ¢(0Q) and let x € Q such that y = @#(x). We know that ¢ is K-homotopic
to the natural embedding ig. Set K = {x} x 9Q, since K is compact and K C Q x Q \ a4, there
exists a homotopy hg from ¢ to ig such that K C Q x Q \ ap, . for every ¢ € [0,1] and we
conclude that deg(hg (-, t), Q, hx(x,t)) is well defined. By virtue of Theorem [8, Theorem 2.6],
the value of deg(hk(-,t), Q, hx(x,t)) is independent of ¢, hence, we obtain deg(¢, Q, y) =
deg(is, Q, x) = +1. Notice that if y ¢ ¢(Q), then deg(¢, Q, y) = 0. Hence ¢(Q) \ ¢p(9Q) ={y €
R3 \ ¢(3Q); deg(¢; Q;y) # 0} is open by the continuity of the degree and d($(Q) \ $(aQ)) =
P\ PO\ (P \ $(9Q)) = () \ (p(Q)\ $(9Q)) = $(%).

(ii) Since ¢ € WIP(Q;R®) with p > 3, ¢ is differentiable almost everywhere in Q. Hence, by
Proposition 2.3, ¢ is one-to-one almost everywhere in Q and J; = det(V¢) > 0 almost everywhere
in Q.

(iii) Let v € L®(R®). Theorem [8, Theorem 5.30] shows that for every measurable set E C Q, we have :

/ ve $EO(0ldx = / W()N(, E, y)dy (2.19)
E R3

where N(¢, E, y) = card(¢~!(y) n E). By the part (ii) we have Jp = det(V¢) > 0 almost
everywhere in Q, N(#, E, y) = 1 almost everywhere in ¢(E) and N(¢, E, y) = 0 almost
everywhere in R* \ ¢(E). Therefore

e gy = /¢ RO (2.20)
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In particular, taking v = 1, we deduce that / Jp(x)dx = 12 (P(E)).
E
O

Remark 2.2. Theorem 2.1 can be extended to the case p = 3 with minor modifications. In this case,
continuity of ¢ up to the boundary would be an unnatural extra assumption even for smooth domains.
However, even if we only have that ¢ € {{ € WI3(Q;R3); ¢ = ig, Jy = detVy > 0 ae. in Q}, we

can still follow the proof of Theorem 2.1 in subdomains compactly contained in Q, exploiting the
facts that inside Q, deformations ¢ € W'*(Q; R?), with J; = det(V¢) > 0 almost everywhere in Q,
automatically have a continuous representative [27], have a differential almost everywhere (in the
classical sense) [8, Theorem 5.21] and satisfy Lusin’s condition (N) [14, Corollary 3.13]. Even an
explicit modulus of continuity can be obtained at any given positive distance from the boundary [22].
In particular, any such ¢ can still be approximated by smooth functions, simultaneously in W1? and
locally uniformly.

3. CONSTRAINTS RELATED TO GLOBAL INVERTIBILITY

In this section, we compare our condition with two invertibility constraints often used in the
literature: The Ciarlet-Necas condition and condition (INV).
By part (ii) of Theorem 2.1, every element ¢ € ® satisfies the Ciarlet-Necas constraint introduced by
Ciarlet and Necas in their paper [5] :

/ det(Ve) dp® < 1*(Im @) (3.1)
Q

Therefore, our model inherits all the properties of theirs. In particular, this enables us to extend their
physical formal interpretation of the minimizers of the energy. If ¢ € C'(Q; R?) is a solution of the
minimization problem that consists to find ¢ such that

ped® ={ped detVp#0inQ, ¢ =¢yonTy}and J(¢) = gianf J3(9) (3.2)
€ /

and det(Vp(x)) > 0 in Q, where the functional J is defined as in (1.2), then ¢ fulfills the
Euler-Lagrange equations. In our case, the proof is exactly word by word, as in the proof formulated
by Ciarlet-Necas in [5, Theorem 4], in particular the associated minimization problem is a
mathematical model of frictionless self-contact without interpenetration of matter. Actually, our
criterion is stronger: some deformations that belong to the set of the admissible deformations
defined by Ciarlet-Necas in their paper [5], do not belong to ®. For instance, any deformation
¢ €{y € WHP(Q;R?); Jy = detVy > 0 ae. in Q}, p > 3, with only a transversal self-intersections
and having a Lebesgue null self-intersections set fulfills criterion (3.1) but does not belong to ® as it
has a transversal self-intersection (see Proposition 2.2).

Another constraint implying both local and global invertibility properties was developed in [18],
mainly intended for settings involving cavitation in W' with 2 < p < 3. It uses the fact that the
degree only depends on boundary values, and the concept of the topological image imr, defined
below.

Let B(a,r) := {x € R%|x — a| < r} C Q be the ball of radius r centered at a € Q , and suppose that
¢ € C°(8B(a, r); R®). We define the topological image of B(a, r) under ¢ by

imr(¢; B(a,r)) :={y € R>\ $(9B(a, r)); deg(¢; B(a,r); y) # 0} (3.3)

Definition 3.1. (Miiller-Spector condition (INV) [18]). We say that ¢ : Q — R® satisfies condition
(INV), or, shortly, ¢ € INV, if the following holds: For every a € Q, there exists a set N, C R with
u'(N,) = 0 such that ¢ € C(8B(a, r); R?) for all r €(0, dist (a; 9Q)) \ N,

(i) ¢(x) € imr(¢h; B(a,r)) U $(dB(a,r)) for a.e. x € B(a, r) , and

(i) ¢(x) € R*\im7(¢;B(a,r)) for a.e. x € Q\ B(a, r).
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Condition (INV) is stable under weak convergence in W'? for p > 2 [18, Lemma 3.3], and it
implies invertibility almost everywhere when Jy = det(V¢) # 0 a.e. [18, Lemma 3.4].

Proposition 3.1. For p > 3, we have
dn{p e WHP(QR?); J, = detVeg > 0 ae.in Q} C INVN{p € WHP(Q;R?); J, = detVe > 0 ace. in Q}

Proof. Let ¢ € W'"P(Q;R?), p > 3, we recall that if p = 3 and if J; = detV¢$ > 0 ae. in Q or
if p > 3, then ¢ is continuous and has a differential almost everywhere in Q (in the classical
sense). Now, let ¢ € ® n{p € WIP(QR3); Jp = detVp > 0 ae inQ}, a € Q r €0, dist
(a;09)), y € ¢(B(a,r)) \ $(dB(a,r)) and let x € B(a,r) such that y = @(x). We know that
¢ is K-homotopic to the natural embedding ig. Set K = {x} x dB(a, r), since K is compact and
K C QxQN\ ay, there exists a homotopy hk from ¢ to ig such that K € Q x Q\ 2,y for every
t € [0,1] and we conclude that deg(hk(-, t), B(a,r), hx(x,t)) is well defined. By virtue of Theorem
[8, Theorem 2.6], the value of deg(hg(:, t), B(a,r), hx(x,t)) is independent of ¢, hence, we obtain
deg(¢, B(a,r), y) = deg(ig, B(a,r), x) = +1. Notice thatif y ¢ ¢(B(a, r)), then deg(¢, B(a,r), y) =
0. Hence im7(¢; B(a, 7)) = {y € R*\ ¢(dB(a, r)); deg(¢;B(a,r);y) # 0} = ¢(B(a,r)) \ $(dB(a,r)).
We deduce easily that ¢ € INV n {¢ € WIP(Q;R?); Jp = detVe >0 a.e. in Q} O

4. THE TOPOLOGICAL PROPERTIES OF THE MAPS K-HOMOTOPIC TO iy
We begin to prove the following lemma.

Lemma 4.1. Let ¢ € C*(Q;R?) and let y € ¢(Q). Then for all connected component Cy, of ¢~*(y) with
C, CC Q and for every € > 0 there exists an open G CC Q such that C, C G, dist(C,, dG) < ¢, and

y € ¢(9G).

Proof. Since C, is a compact subset of Q, it has a positive distance to Q. Choose an open sets U CC Q
with C;, ¢ U cc Q and dist(C,, U) < e. The set L := U n ¢~'(y) is compact. If L = C,, then
¢ '(y) n U = @ and we take G := U. Otherwise, L is not connected and can be separated into two
disjoint compact subsets M and N = L\ M such that C;, C M and Ln dU C N. Since M and N have
positive distance, there exists G CC Q, G C U with C;, C M C Gand N n dG = @. In all cases, we
conclude that C,, C G, dist(Cy, aG) < e and y ¢ $(9G). O

A mapping f : Q — R is called quasilight if the connected components of every point-inverse
f~1(y) are compact. If f is continuous, quasilight just means that for y € f(Q), there are no connected
components of f~!(y) intersecting dQ. By Theorem [26, Theorem 3.1], a mapping f : Q — R is
quasilight if and only if every point x € Q has a neighborhood U cc Q such that f(x) ¢ f(oU). This
brings us to consider the set T'y := {x € Q;3U CC Q, U open, x € U and f(x) ¢ f(oU)}. Then, it
is obvious that for every continuous mapping f : Q — R? Iy is open, by its definition, and the
restriction fir, is quasilight. Moreover, since we can always isolate connected components with an
arbitrarily close surrounding neighborhood unless they intersect the boundary (Lemma 4.1), we have

If= g Cy (4.1)
VEF(Q), Cye,(f)

where €, (f) denotes the family of all inner connected components of f~'(y), i.e.,
€, (f) :={Cy cc Q; C, is connected component of f~'(y)} (4.2)

The next theorem is of particular interest from the point of view of Nonlinear Elasticity, because
it provides a major step towards the invertibility of deformations. It summarizes the topological
properties of the maps K-homotopic to ig. It asserts ((ii) below) that the only possible case where the
preimage of a value can have several connected components occurs when all of these are contracted
by the deformation to boundary points where the deformed configuration is in self-contact .

Theorem 4.1. Let ¢ € ® n WLP(Q;R®) with p > 3. Assume that J, = det(V¢) # 0 almost everywhere
in Q. Then, we have the following assertions:
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(i) Ty = Q\ ¢ ($(o).
(i) If y € ¢(Q) \ ¢p(9Q), then ¢~'(y) is a continuum contained in Q, while if y € $(dQ) then each

connected components of ¢~1(y) intersects 9.

(iii) For all compact K C Q such that int K = @, we have int $(K) = Q.
Proof.

(@)

(i)

(i)

Let y € ¢(Q) \ ¢(9Q) and let C,, denote an arbitrary connected component of ¢~*(y). Since
y ¢ $(0Q), C, is compact and dist(C,, 9Q) > 0. We deduce that C,, € €, (¢) and therefore
Cy CTy. Hence Q\ ¢~ 1(¢(99Q)) C Ty.

Since I'y C ©Q, to prove that 'y C Q\ ¢~1($(9Q)), it is sufficient to show that ¢(I'y) N $(9Q) = @.
Let xy € 9Q and suppose by contradiction that zy := ¢(xy) € #(I'y). By the definition of Ty,
there exists an open U CC Q with zg € #(U) \ ¢p(dU), and ¢(x) = z, for an x € U. Let C denote
the connected component of ¢~!(zy) containing x. Since C is compact and C C U, we have
C c T'y. In particular, C has positive distance to R* \T4 D 9Q. By Lemma 4.1, we can find an
open Uy cC Q with Uy C U such that U, C I'y and 2o € $(Up) \ $(0Up). Now choose a sequence
{Znlis1 C Qwith %, — xp € 9Q as n — oo. Let p, := % dist(x,; 0Q) < %|£n — xo| = 0. For every
n > 1,let B, CC Q be an open ball such that B, C B(xy, p,). Since Jg = det(V$) > 0 almost
everywhere in Q and an Jo(x)dx = p(¢(B,)), by Theorem 2.1, we have p(¢(B,)) > 0. Moreover,
¢ € WhP(Q;R?) with p > 3 implies that ¢ has the N-property, with (dB,) = 0, we obtain that
1(¢(9B,)) = 0. Hence, ¢(B,)\ ¢p(dB,,) # @ and therefore we can choose Z, € ¢(B,)\ ¢(dB,). By
the fact that #(9B,) is compact, we can find a neighborhood V,, of Z, such that V,, n #(dB,) = @.
Let b, € B, such that z, = ¢(b,). We know that ¢ is K-homotopic to the natural embedding ig.
Set K = {b,}x 9By, since K is compact and K C QxQ\ a4, there exists a homotopy hg from ¢ to i
such that K ¢ QxQ\ ay, (. for every t € [0, 1] and we conclude that deg(hg (-, t), By, hx(bn, t))
is well defined. By virtue of Theorem [8, Theorem 2.6], the value of deg(hk(-, t), Bn, hx(by, t))
is independent of t, hence, we deduce that deg(¢$, By, Z,) = deg(ig, Bn, bn) = +1. By continuity
of the degree and by shrinking V,, if necessary, we can suppose that deg(¢, B,, V,,) # 0.
Since, ¢(9Q) has empty interior while V), is open, there exists z, € V, with z, ¢ #(9Q). As
deg(¢; Bp; zn) # 0, we have B, n ¢ (z,) # @. Consequently, there exists at least one connected
component C,, of ¢$~(z,) in B, and therefore C, C I'y. On the other hand, sup,5 |x — x| <
%|3?,, —xo| = 0by construction. Since U, C Q while x, € 99, this implies that B,n Uy = @ for all n
sufficiently large, and we also infer that z, = ¢(x,) = ¢(xp) = zo by continuity of ¢, for arbitrary
X, € Cp C Byn ¢~ (z,). Since ¢(dU,) is compact, we have z, € ¢(Up) \ ¢(aU) for all sufficiently
large n. As a consequence, besides C, C B, NIy, ¢~'(z,) has a second connected component Cn,
now contained in Up NT'y. C, and C,, are both compact subsets of Q. By Lemma 4.1, there exist
disjoint open sets G, G cc Q with C, € G, C,, ¢ G and z, € (¢(G) N $(G)) \ ($(3G) U H(3G)).
By additivity of the degree and since that ¢ is K-homotopic to the natural embedding ig, we
obtain that 1 = deg(¢, GUG, z,) = deg(¢, G, z,)+deg($, G, z,) = 2. This gives us the desired
contradiction.

Let y € ¢(Q) \ ¢(9Q) and suppose that ¢~1(y) is not connected. We therefore have at least two
connected components, say C, and C‘y, both of which are compact subsets of Q. By Lemma 4.1,
there exist disjoint open sets G, G cC Q with Cy CG, éy c Gand y € (¢(G)n (G \ ($(G) U
$(3G)). By additivity of the degree and since that ¢ is K-homotopic to the natural embedding
i, we obtain that 1 = deg(¢, G U G, y) = deg(¢, G, y) + deg(¢, G, y) = 2. This gives us
the desired contradiction. Now let y € ¢(9Q) and suppose by contradiction that there exists
a connected component Cy, of ¢~!(y) such that C, n 9Q = @. Then C, € €,(¢) and therefore
Cy CTy = Q\ ¢ 1(#(99Q)) which means that y ¢ $(9Q),

Let K C Q be compact with int K = @ and suppose there exists a non-empty open set U C ¢(K).
In particular, U\ ¢(9Q) # @. Since ¢ is continuous, there exists xy € K and an open neighborhood
Gy of xo such that ¢(Gy) C U. Let B(xp, r) C Gy be an open ball. In the proof of Proposition 3.1,
we proved that im7(¢; B(a, 1)) = {y € R*>\ ¢(dB(a,r)); deg(d; B(a,r);y) # 0} = #(B(a,r)) \
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$(dB(a, r)). By continuity of the degree, #(B(a, r)) \ #(dB(a, r)) is then an open, in particular
int $(Go) # @. Choose a non-empty open set G C Gy := Qn ¢! (int $(Gy)) # @ such that
G N K = @. This is possible because Gy is open and K is closed with empty interior. Now let
x1 € Gand y := ¢(x;) . Since ¢(Gy) C U C ¢#(K), ¢~1(y) also contains a point x, € K. Let
C; and C, be the connected components of ¢ 1(y) with x; € C; and x; € Cy, respectively. By
(ii), we have one of the following two possibilities: C; € Q and C; = Cy, or C; N 9Q # @ and
Cy N 9Q # @. In both cases, 9G N C; # @, because C; is connected, contains x; € G and has to
reach another point outside of G. With the same argument, we even get that 3G n C; # @ for all
open G C G with x; € G. In other words, ¢(x;) € ¢(3G) for all x; € G C G. But as in (i), we can
find an open ball B C G such that ¢(B) \ ¢(dB) # @, which is a contradiction.

g

5. GLOBAL INVERTIBILITY

Any map ¢ € Wllof (& R?), p >3, with J; = det(V¢) > 0 almost everywhere in Q is automatically
a map of (almost everywhere) finite distortion, with outer distortion :

_ V()P

K 1= 5.1
o(x) 750 (5.1)
The inner distortion of ¢ is defined as
ladjVg(x)l°
K = 5.2
1) =20 (5.2)

Here, adjV#(x) denotes the adjugate matrix of V¢. We always have that (Kp)? > cK; with a constant
¢ > 0, because |F|> > c |adjF| for all F € IM3. The investigation of maps with finite inner or outer
distortion was initiated by [3, Theorem 2] (for p > 3) and strongly influenced by [25] (in particular
for p = 3). Their theory is now well developed [12].

Now, we can state the following global invertibility result for the mappings that are X-homotopic to
the natural embedding ig.

Theorem 5.1. Let ¢ € ® n WHP(Q; R®) with p > 3. Assume that J, = det(V¢) # 0 almost everywhere
inQ and

A (V) Py dx < oo (53)

Then ¢ is a homeomorphism from Q \ ¢ 1($(3Q)) onto (Q) \ #(dQ) and its inverse satisfies ' €
WH(H(Q)\ p(0Q); R).

Proof. From ¢ € W'? we obtain J, € L' and, by Theorem 2.1, J; > 0 almost everywhere in Q. which
clearly implies that ¢ is a mapping of finite distortion. By simple linear algebra , we know that the
adjugate matrix satisfies V¢(x) adjVeé(x) = I Js(x) and hence for every x such that Js(x) > 0 we
obtain

ladjVg()l®  I(Ve(x) ™ Jp()P®

Jo(x)? Jo(x)?

Our assumption (5.3) thus implies that K; € L!. Theorem 4.1 shows that ([; = Plang-1(H(o0)) 1S quasilight

thus by Theorem [20, Theroem 1.1], ¢ is discrete and open. Now let y € ¢(Q) \ $(aQ), since ¢ is
discrete, all connected components of ¢~!(y) consist of a single point and then by Theorem 4.1, we
infer that ¢~1(y) is a singleton. Hence q§ F QN PH(P(9Q)) — P(Q) \ $(9Q) is bijective and since it
is open and continuous, it is a homeomorphism. Hence, by Theorem [12, Theorem 5.9] and Theorem
[12, Theorem 7.1], =1 € W3 ($(Q) \ ¢(9Q); R?) is a mapping of finite distortion and

/ Ki(x)dx = / Vg~ ()P dy (5.5)
Q H(\P(9Q)
]

Ki(x) = = (Vo) Jp(x) (5:4)
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Under higher integrability of the outer distortion we can obtain the following stronger result.

Theorem 5.2. Let ¢ € ® n WLP(Q;R?) with p > 3. Assume that Jy = det(V¢) # 0 almost everywhere

in Q and
V()P \ !
A( ]¢(x) ) dx < o0 (5.6)

for some q > 2. Then ¢ is a homeomorphism from Q onto ¢(Q) and its inverse satisfies ¢! €
WA (Q); R?).

Proof. From ¢ € WP we obtain J, € L' and, by Proposition 2.3, J; > 0 almost everywhere in Q.
which clearly implies that ¢ is a mapping of finite distortion and it is not constant. Then, by [12,
Theorem 3.4], ¢ is discrete and open. Now let y € #(Q), since ¢ is discrete, all connected components
of $~1(y) consist of a single point, and then Theorem 4.1 implies that $(Q) N $(9Q) = @ and that
$#1(y) is a singleton. Hence ¢ : Q — $(Q) is bijective and since it is open and continuous, it is a
homeomorphism. Hence, by Theorem [12, Theorem 5.9], ¢~! € W3($(Q); R?) is a mapping of finite
distortion. O

6. RESULTS ON EXISTENCE

Let the boundary I' = 9Q be Lipschitz-continuous and let I'y be a relatively open subsets of " with
area Iy > 0. Let a stored energy function W : Q x M3 — R be given that satisfies the following
assumptions:

(i) Polyconvexity: For almost all x € Q, there is a convex function 20(x, ) : M3 xIM?> x (0, +o0) — R

such that
W(F) = 20(x, F,adj F,det F) for all F € M? (6.1)
(ii) Measurbility: The function 20(-, F, H, §) : Q — R is measurable for all (F, H, §) € IM> x M3 x
(0, +00).

(iii) Behavior as detF — 07:

W(F) — +oo as detF — 0% (6.2)
(iv) Coerciveness: There are constants a > 0 and p > 3 such that

W(F) Z a|F|P for all F € M> (6.3)

Let the density f of the applied body force be such that the linear form ¢ € W(Q) — / f-¢odxis
continuous, and let ¢y € W2(Q) be given in such a way that the set
Q,={pedn WLP(Q; R?); detV¢ # 0ae. inQ, ¢ = ¢y on T} (6.4)
is not empty.
Theorem 6.1. Assume that (;rg J(¢) < +oo, where the total energy J is defined as in (1.2). Then the
by

problem of finding a ¢ such that

€D, and I(p) = q&lggp J(¢) (6.5)

has at least one solution. Moreover, the mapping ¢ : Q — R® is one to one almost everywhere and is
strictly orientation-preserving in the sense that det Vo > 0 almost everywhere in Q. More can be said :

(i) If we have in addition that for all F € IM3,
ladj FI®
(det F)?

with a constant ¢ > 0, then ¢ is a homeomorphism from Q \ ¢~ '(p(9Q)) onto p(Q) \ p(3Q) and
its inverse satisfies ' € W3 (p(Q) \ ¢(3Q); R?).

W(F) > c

(6.6)
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(ii) If we even have that for all F € M3,
|[FP

W) 2 ¢

(6.7)

with constants ¢ > 2 and ¢’ > 0, then ¢ is a homeomorphism from Q onto ¢(Q) and its inverse
satisfies o~ € W13(p(Q); R?).

Proof. We only sketch those parts of the proof which are the same as in [2]. First, the total energy
J(¢) is well defined for the functions ¢ € ®,. Next, since for all ¢ € ®,,, we have det V¢ > 0 almost
everywhere in Q, then (6.3) requires that there be numbers ¢ > 0 and 8 € R such that

I(P) 2 alglf o + B forall ¢ € @, (6.8)

Since the mappings ¢ € W'? — detV¢ € LP/> and ¢ € W'? — adjV¢ € LP/? are sequentially
weakly continuous for p > 3, 2J is convex and by the arguments of [2], then we deduce that
¢ — J, W(V$)dx is sequentially weakly lower semicontinuous on W(Q; R®). Now let {¢/} with
¢! € ®, be an infimizing sequence for the functional J. By (6.8), the sequence {¢'} is bounded in
the space WP(Q;R®). Thus there is a subsequence {¢*} that converges weakly in this space to an
element ¢ € WP(Q; R®) satisfying ¢ = ¢, on Ty. Since WP(Q; R?) is compactly imbedded in the
space C°(Q; R?), then {¢*} converge in C°(Q; R?), and as @ is closed for the C°(Q; R?) topology, ¢ € ®
. Since ¢* € ® and det Vg* # 0 almost everywhere in Q, then det V¢* > 0 almost everywhere in
Q . The behavior of the stored energy function as det F — 0% then implies that det V¢ > 0 almost

everywhere in Q ([1]). Hence ¢ € ®,. By Theorem 2.1, the mapping ¢ : Q — R? is one to one

almost everywhere. The remaining assertions follow from Theorem 5.1 and Theorem 5.2 respectively.
q

The assumptions fQ I(Vo(x)) P J,(x)dx < oo and fQ (%) dx < oo are obtained from (6.6) or

(6.7). O
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