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SCALAR AND TENSOR EIGENVALUE BOUNDS FOR
CONFORMALLY KAHLER EINSTEIN FOUR-MANIFOLDS

ANASS NIFA

ABSTRACT. We prove scalar and tensor eigenvalue estimates for conformally Kéhler Einstein four-
manifolds. For the Chen-LeBrun-Weber metric, Ric, = Ag, the first positive scalar eigenvalue
satisfies 4A/3 < A{°(g) < 1951A/1000. Thus this metric admits a destabilizing conformal variation,
as asserted in Hall-Murphy’s Conjecture 5.3. The upper bound follows from boundary moments of
an affine quotient on the moment polygon and a positive-coefficient polynomial identity. For any
closed Einstein four-manifold conformal to a positive-scalar-curvature Kahler metric, put m = b; >0
and p = max s;/ min s, using the complex orientation. We prove AIT < (4A/3)(1 — p~*) for the full
Lichnerowicz operator, with strict inequality for a nonconstant conformal factor. For the Chen-LeBrun—
Weber metric, this gives two TT eigenvalues below 7A/6, proves the instability of its normalized
Ricci-flat cone, and, together with the scalar bound, gives at least three positive directions for the
entropy Hessian modulo diffeomorphisms and scaling. Finally, under det W* > 0, the stable cones
over closed oriented positive Einstein four-manifolds are precisely those over the round sphere and
the Fubini-Study projective plane.
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The Hessian of the shrinker entropy at a positive Einstein metric has distinct restrictions to

conformal and transverse-traceless variations. The first is expressed by the scalar Laplacian; the
second by the Lichnerowicz operator. We estimate both spectra for the Chen-LeBrun-Weber metric
and deduce conformal instability of the compact metric and instability of its normalized Ricci-flat
cone.

Page constructed a non-Kahler Einstein metric on CP24CP > [27]. Derdzinski related the Einstein

equation of a conformally Kéhler four-metric to the scalar curvature of its Kéhler representative

[11]. Chen-LeBrun-Weber subsequently constructed the Einstein metric on CP2#2CP° by finding
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metric, Ricci-flat cone.

a bilaterally symmetric critical class of the extremal Calabi functional [8]. LeBrun’s classification
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shows that these are the only non-K&hler Einstein—-Hermitian metrics on compact complex surfaces
[23, Theorem A].

Hall-Haslhofer-Siepmann proved instability of the Page cone and posed the corresponding
question for the Chen-LeBrun—Weber cone [14]. Hall-Murphy studied the scalar spectra [15, 16].
Their later numerical calculation identified a Rayleigh quotient below the conformal instability
threshold in the exchange-anti-invariant subspace, and led to their Conjecture 5.3 [17]. Biquard-
Ozuch proved compact instability by a harmonic-form construction with trace-free tensors [3]. The
scalar estimate below is strictly less than 2A. The TT estimate, after normalization to Ric = 3g, is
strictly less than the cone threshold 15/4.

The two calculations use different established identities. The tensor argument combines the
divergence penalty of [25] with the conformal identities of Biquard—Ozuch. The scalar argument
uses an affine quotient of moment functions and a specialization of the weighted toric integration
formulas of Apostolov—Maschler [1]. Hall-Murphy had already used Donaldson’s boundary formula
for scalar spectral bounds and recorded Haslhofer’s suggestion to apply it to the CLW spectrum [18].
Here the resulting quotient is bounded by a polynomial identity at the algebraic parameter of the
conformally Einstein class.

1.1. The cohomological estimate. All manifolds and metrics are smooth. A closed manifold is
compact and has no boundary. Let (M", g) be closed and connected, with Ricg = Ag. We use the
curvature convention

R(X,Y)Z =VxVyZ —VyVxZ —Vx y|Z, K(X,Y) =(R(X,Y)Y,X) (1.1)
for an orthonormal pair. The action on symmetric covariant tensors is

(RT)(X,Y) = ). T(R(e, X)Y, &). (1.2)

A local orthonormal frame is denoted by (e;). All tensor norms are induced by the metric; a two-form
has squared norm |a|* = % i 0{1-2]-. Integrals on an unoriented manifold use the Riemannian density.

In particular, R(g) = Ricg. Put
A =—divV, (8T);=—V'Tyj, Ly =V'V+2Al - 2R (1.3)

Thus Lg is the full Lichnerowicz operator and & = Ly — 2A[ is the Einstein operator. A tensor
is transverse-traceless, or TT, if T = 0 and try T = 0. Write 0 = A§’(g) < A{°(g) < -~ for the
scalar spectrum, with multiplicities. The eigenvalues of L, on the closed L? TT space, counted
with multiplicity, are written /1]T~T( g) in increasing order. The realization of this operator is given
in Lemma 2.2. An inequality involving A}"T includes the existence of at least j TT eigenvalues. For
a quadratic form g on a vector space, ind"(g) denotes the supremum of the dimensions of linear
subspaces on which g is negative definite.

On an oriented four-manifold, b; and b; are the positive and negative indices of the real inter-
section form. When a Kahler metric is specified, the orientation is its complex orientation.

Theorem A. Let (M*, g) be closed and connected, with Ricg = 3g. Suppose g = fZko, where fo > 0 is
smooth and ky is Kdhler with positive scalar curvature si,. Set
m=by(M)>0, p= Mk (1.4)
minyy Sk,
Then

4
TT
Am () <4 o (1.5)
If fo is nonconstant, the inequality is strict. If f, is constant, then

dimker(Lg|rT) > m. (1.6)
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The ratio in (1.4) is unchanged by a constant rescaling of ky. For Ric, = Ag, A > 0, the corre-
sponding bound is

4A _
Inl(g) < 4 =p7). (1.7)
Indeed, g = (A/3)g has Ricg = 3g, and the Levi-Civita connections agree. With ¢ = A/3,
try T=c'try T,  8;T=c"'6,T, L;T=c"LgT. (1.8)

Thus the TT subspaces agree and eigenvalues scale by ¢!

1.2. The scalar estimate and conformal instability.

Theorem B. Let g be the Chen-LeBrun—Weber Einstein metric with Ric; = Ag, A > 0. Then

4 1951

“A<AT(g) < —A<2A 1.9

3 1(g) 1000 (1.9)
For a first positive scalar eigenfunction 1y, the conformal variation g = (1 + t)g satisfies

D*vg(y g, Y g) > 0. In particular, g is linearly conformally unstable as a shrinking Ricci soliton.

Here v is Perelman’s shrinker entropy; its normalization and the second-variation formula used
in the proof are given in Section 7. The lower inequality in (1.9) is the strict Lichnerowicz-Obata
bound. The upper inequality gives the conformal-instability assertion of [17, Conjecture 5.3], first
stated in 2014. Its proof uses exact moments of the Einstein metric.

Choose the moment coordinates so that the Kahler representative has polygon (4.10), and use the
homothetic Einstein metric g = s2k, where s = Scaly. For q = x1 — X3, the function ¢/s is smooth
and has zero g-mean. With the four moments in (6.17), the exact identities are

A K Re(a/s) _ 2]V _, 1951

2V A IK 1000
The required integrals have rational primitives. The conformally Einstein parameter is isolated as
the unique root in (1, o) of an explicit degree-ten polynomial. Reduction modulo this polynomial,
followed by a translation with positive coefficients, proves the strict inequality in (1.10); see Section 6
and Appendix A.

Hall-Murphy’s approximate anti-invariant quotient was already below 2A [17, Section 5]. The
estimate below uses that antisymmetric subspace but does not identify the first eigenvalue or its
multiplicity. It is an upper bound for the Einstein metric itself. The scalar-to-tensor operator is that
of Cao-Hamilton-Ilmanen [5], written explicitly in [15, Definition 5.2 and Theorem 5.4].

(1.10)

1.3. The Page and Chen-LeBrun—-Weber cones. Let gp and gcrw denote the Page and Chen-LeBrun—
Weber metrics, normalized to have Einstein constant 3. Their existence and conformally Kahler
descriptions are due to Page [27], Derdzinski [11], and Chen-LeBrun-Weber [8].

Theorem C. The following inequalities hold:

7 7
A(ge) < 2 Ay (gerw) < 5 (1.11)

Both Ricci-flat cones have infinite negative index on smooth TT tensors with compact support in the
regular cone.

Hall-Haslhofer-Siepmann proved the instability of the Page cone and of the relevant Kahler—
Einstein cones, and the stability of the Fubini—Study cone [14, Theorems 1.2-1.4]. In the preprint of
2011 they stated the Chen-LeBrun—-Weber cone assertion as Conjecture 1.5. Conjecture 1.7 in the
same paper concerns the compact metric as a Ricci shrinker. Biquard-Ozuch established the compact
instability result [3, Theorem 7]; their conformal identities are used in the proof of Theorem A.

These two stability assertions require different bounds. With Ric, = 3g, a negative Einstein-
operator eigenvalue is equivalent to ATT(Lg) < 6, whereas a negative separated cone variation is
obtained when A'"(L,) < 15/4. The latter value is the Hardy threshold; see [21, Theorem 1.2] and
Proposition 8.1. Thus (1.11) gives 15/4 — A;FT > 1/4 for each of the asserted eigenvalues. It does not



4 ANASS NIFA

assert that the full Lichnerowicz eigenvalues are negative. For the Chen-LeBrun-Weber metric it
gives two Einstein-operator eigenvalues below —5/2.

Hall-Murphy obtained scalar Laplace estimates for these metrics [15, 16]. Their later numerical
study also provided evidence for the cone inequality of [14, Section 7.2], by estimating the scalar-
curvature derivative appearing in its sufficient condition [17, Section 5.1]. That computation is
not used here. The estimate p < 2 follows instead from polynomial identities for the affine scalar
curvature on the moment polygon. The coefficients are compared explicitly with the corrected
formulas of [16] in Section 4.2. Numerical scalar and TT spectra for the Page metric have also been
studied by Hennigar-Kunduri-Sievers—Wang [19]; their numerical spectral computation is distinct
from the estimates proved here.

1.4. Stable cones under a half-Weyl condition. We use the following definition of cone stability,
with the same transversality requirement as [14]. If G = dr® + r?g, set

0t = [ (WO, ~ koM. Hic) duc. (112

The cone is stable if Qc(H) > 0 for every smooth compactly supported symmetric tensor with
dgH = 0. All supports are contained in the regular cone. No boundary condition at its vertex is
imposed or required.

Theorem D. Let (M?*, &) be closed, connected and oriented, with
Ricg = 3g, det Wy > 0. (1.13)

Its Ricci-flat cone is stable if and only if (M, g) is isometric, as a Riemannian manifold, to the unit-round
S* or to CIP? with the Fubini-Study metric of Einstein constant 3. For every other metric satisfying (1.13),
m1(M) is either {1} or Z./2. Set

bo(M) —1 M)=1
m(M) = o M) =1, m(M)=1, (1.14)
bo(M)+1, m(M)=27Z/2.
Thenm(M) > 1 and
7
VERIWNEIRS > (1.15)
In the second case,
dimker(Lg|tt) > bo(M) + 1. (1.16)

Every unstable cone in this theorem has infinite compactly supported TT index.

The geometric classification in Theorem D is supplied by Wu’s Theorem 1.3 [29], LeBrun’s
Einstein—Hermitian classification [23, Theorem A], and his anti-holomorphic double-cover theorem
[24, Proposition 1 and Theorem B]. The half-conformally-flat case uses [2, Theorem 13.30]. The
spectral estimate for a free anti-holomorphic quotient uses anti-invariant harmonic forms on the
cover: their products with the anti-invariant Kahler form are invariant tensors and descend. The
dimension of this space is bo(M) + 1; see Proposition 9.2.

Catino—-Dameno have extended the conformally Kahler reduction under weaker conditions on the
eigenvalues of W* [7]. Their result concerns the geometry of the link, not the numerical TT estimate
(1.5). We retain the hypothesis det W* > 0 in Theorem D. No classification without a half-Weyl
hypothesis is asserted.

1.5. The variational argument and its antecedents. The orthogonal decomposition of metric varia-
tions into conformal, diffeomorphism and TT parts has a long history; see Koiso [20] and Besse [2,
Chapter 4]. The argument in Section 2 evaluates the full-Lichnerowicz quadratic form on these parts.
For an Einstein n-manifold with Ric, = Ag, A > 0, define, on smooth trace-free tensors,

Jo(T) = (L, T, T)pp — —

n—1

16T17.. (1.17)
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For 7 < nA/(n — 1), the exact identity is
ind~ (Jg -1 - ”iz) = #{A € spec(Lglrr) : A< 7}, (1.18)

where eigenvalues on the right are counted with multiplicity. This is the shifted divergence-penalty
theorem of [25]. Its proof, including the spectral realization of the TT restriction, is reproduced
in Section 2. No elliptic realization of the critically penalized operator on all trace-free tensors is
assumed.

The conformal operator has separate antecedents. The Weitzenbock formula used by Biquard-
Ozuch comes from Biquard—-Rollin [4, (4.6)]. Delay established a conformal covariance formula on
symmetric two-tensors [9]; Biquard-Ozuch give the four-dimensional formulation and the harmonic-
form identities used below [3, Sections 1-2]. The distinction between conformal covariance and
preservation of the TT condition is essential: their weights are different. Related constructions of
TT tensors by differential operators are discussed by Delay [10, pp. 27-29, 54-59]. None of these
operator constructions is claimed here as a new conformal covariance theorem.

After a constant rescaling of the Kéhler representative, write g = f2k with s = 6/ f. If Qy is the
Kahler form and w is harmonic and anti-self-dual, the tensor T,, = f(w o Q) is trace-free, and

TT) = [ =2 L do (1.19)

The Einstein equation for the conformal factor yields

1 1

It follows that f~ > 2/p®, with a uniform strict inequality when f is nonconstant. Combining
(1.18)—(1.20) on the m-dimensional harmonic-form space proves (1.5). The pointwise composition,
conformal powers and strictness argument are given in Section 3.

The affine scalar curvatures of the Page and Chen-LeBrun-Weber Kahler representatives are
established toric data [14, 15, 16]. Their determination uses Donaldson’s boundary integration
identity [12, Section 2]. Section 4 recomputes the needed moments and proves p < 2 throughout the
displayed parameter ranges. Neither the affine formulas nor the cone Hardy threshold are claimed
as new results. The cone criterion and the broader tensor decomposition are treated in [21, 22];
Section 8 proves the quadratic-form identity for the compactly supported tensors used here.

The principal estimates are (1.5), with its cohomological multiplicity and strict form, and (1.9).
The first gives a two-dimensional TT subspace on which D?v is positive definite. The second gives
an orthogonal divergence-free representative of a conformal variation with positive second variation.
Hence the positive entropy index modulo diffeomorphisms and scaling is at least three (Corollary 7.2).
The cone consequence and the quotient dimension of the kernel lead to Theorem D. The geometric
classification theorems, conformal covariance, weighted toric identities and entropy second variation
are the quoted theorems specified in the corresponding proofs. The scalar identity is a specialization
of existing toric formulas; its application gives the strict scalar bound for the CLW metric. For the
wider deformation and stability theory, see the survey [28]. The paper concerns closed Einstein links
and their regular Ricci-flat cones; it does not treat arbitrary Ricci-flat fillings or unrestricted positive
Einstein four-manifolds.

2. A DIVERGENCE PENALTY AND THE LOW TT SPECTRUM

In this section n > 3, Ricg = Ag, and A > 0. All pairings are real. The symbol H"(E) denotes
the Sobolev space of sections of a metric vector bundle E, with derivatives of order at most r in L2
Unless indicated otherwise, norms and pairings use g. Put

n

QD) = (LT, T)es en=-——7 J(D)=QT) = cal 6Tl (2.1)
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For smooth functions and one-forms, define

Pv =V + %g, Kow=6w+ %Ug, (5% w)ij = %(V,-wj +Vjw;). (2.2)
Here §w = —V'w; and K(dv) = Pv. Both operators in (2.2) take values in the trace-free tensors.
2.1. Commutation identities.

Lemma 2.1. Let Ay = dé + §d on one-forms. Then

Ay = V'V + Al V*V(dv) = dAv — A dv, (2.3)
-1
268w =V'Vo +dSw — Ao, SPv=d <n Av — Av> , (2.4)
n
Le(ag) = (Aa)g, Le§"w = 6" Ago, (2.5)
LgPv = PAv, LyKow =KAo, (2.6)
tr(LyT) = A(tr T), OLgT = ApdST. (2.7)

Proof. Write RPy;; for the components of R(9;, d;)dk. The covector commutator and its rank-two
consequence are
([Vi, Vjlw)k = —RPiij0,,
([Vi, Vi1 T)ke = —=RP ki Tpe — R i Ty
The first equality follows by applying the definition of curvature to the scalar pairing of a covector
and a vector. Applying it to each factor of a covariant tensor gives the second equality. Contracting
the first equality gives

(2.8)

V'V w; = V;V'w; + Ric; P wp. (2.9)
Expansion of déw + §dw and substitution of (2.9) give the first identity in (2.3). Since d* = 0,
Agd = dA; its application to a function gives the second identity. Expansion of §§ gives

2(68*w)j = ~V'Vw; — V'V = (V'Vw); + (ddw); — Ao;. (2.10)

Applying this with w = dv gives 6V?v = dAv — A dv. Since §(ag) = —da, (2.4) follows.
For a variation g + tT, the derivative of the connection is
o = ViT* + vV, TF = V' T3, (2.11)
Put B, = Ff‘j Differentiating
6 _ ot ¢ ¢ P ¢ P
R'tij = oY — 9Tl + TL,Th —T,T%
and using I‘f} = F?i gives
(DR)g(T)fkij = viB[jk - va[ik, (D RIC)g(T)l] = vaPﬁ - VJ'Bppi. (212)
In components,
ViB'jx = 9;B'ji + T}, Bf j — TV B\ — T4 B,
Subtraction cancels the terms containing Ffj-. Substitution of (2.11) gives
2(D RiC)g(T)l’j = VPVjTip + VpViij - VPVPTU- - VjVi trT. (213)
For the first contracted derivative, (2.8) gives
8" ([Va, V1 )ip = —g"“R%iajTgp — §7*R 1 Tig-
The curvature symmetries identify the two contractions as —(RT); j and Ric; 9T;,, respectively. Thus
VPV, Ty, — V9P Ty = Ric; P Ty, — (RT);;. (2.14)
Interchanging i, j gives the other contracted derivative; the Hessian of tr T is symmetric. Hence
Z(D RiC)g(T)ij = - VPVPTU + V,VP ij + vjvapi - V,Vj tr T

) (2.15)
+ Ric; P Ty; + Ric; P Ty — 2(RT);;.
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Consequently
2(DRic)y(T) = L, T —25*8T - V*tr T. (2.16)
Naturality under the flow of w* gives (DRic)g(6*w) = Ad*w. Also tr §*w = —w. Substitution in
(2.16) yields
Ly§* 0 = 2A8" 0 + 25" 88w — V¥ 5w
=2A8*w + §*(V'Vo + dSw — Aw) — V8w (2.17)
=5 (V'V+ANo.
The last equality uses §*d(8w) = V2(8w). The identity for ag follows from Vg = 0 and R(g) = Ag.
Taking w = dv gives LgV?0 = V2Av. Hence
2 A%
LgPv=V°Av+ —g = PAv,
n (2.18)
. ANdw
LglCa) =94 AHC{) + Tg = K:AH(A)

For the last equality, Ay = §d§ = AS follows from 6% = 0 and from the definition of the scalar
Laplacian. For a test function a and a test one-form w, formal self-adjointness and integration by
parts give
(tr(LgT), a)r2 = (Lg T, ag)r2 = (T,(Aa)g)2 = (Atr T, a)p,
<5LgT, (A)>L2 = <LgT, 5*60>L2 = <T, 5*AH(A)>L2 = <AH5T, a))LZ.
These equalities prove (2.7). g

(2.19)

2.2. The TT realization. The analytic results used in this subsection are stated explicitly. For a
smooth strongly elliptic differential operator A of order two on a vector bundle over a closed manifold,
weak elliptic regularity and the global elliptic estimate give

ueH', AueH = uecH™ lulgr < Cr(|Aulgr + |ulz), 1 € Zxo. (2.20)

The equation is interpreted in distributions. We also use the compact embedding H™*! < H" on a
closed manifold and the spectral theorem for compact self-adjoint operators. The compact embedding
is [13, Lemma 1.3.4(a), p. 29]. For (2.20), the parametrix construction in [13, Lemma 1.3.5 and the
vector-bundle extension, p. 30] gives an operator E of order —2 and a smoothing operator S such
that EA = I — S. Hence, in distributions,

u = E(Au) + Su, IECAW)| gr+2 < Cr|Aulgr, ISu|gree < Crllule. (2.21)

The mapping properties are [13, Lemma 1.3.4(c), pp. 29-30]. They prove both weak regularity and
the estimate in (2.20). The compact self-adjoint spectral theorem is [13, Lemma 1.6.2, pp. 42-43]; its
application to elliptic operators on vector bundles is [13, Lemma 1.6.3, pp. 43-45]. The page numbers
refer to the 1984 edition.

Lemma 2.2. The restriction of Lg to distributionally TT tensors is self-adjoint on
HY(S*T*M)n T, T ={T € L*(S’T*M) : tr T = 0, 8T = 0 in distributions}. (2.22)

It is bounded below and has compact resolvent. Its eigentensors are smooth. Its eigenvalues obey the
min—max formula on smooth TT subspaces.

Proof. The trace is continuous from L? to L?, and divergence is continuous from L? to H™!. Thus 7
is closed. Write Ly = V*V + V, where V = 2AI — 2R is a smooth self-adjoint bundle endomorphism.
Set C = maxy |V]op and choose b > C + 1. Then, on H'(S*T*M),

g(T) := Q(T) + b T, > IVTI3. + | TIZ.. (2.23)

Here Q is extended to H! by its integral formula, and g;, (S, T) denotes the symmetric polarization
of qp. The integral formula gives |q,(S, T)| < Cp|S|g1| T|z1. Together with (2.23), this verifies the
continuity and coercivity hypotheses of Lax-Milgram. That theorem gives, for every U € L?, a unique
weak solution Vi € H' of (Lg + b)Vy = U. The principal symbol of L, + b is |£[°I. Equation (2.20),
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applied with r = 0, gives Vi; € H?. Pairing the weak equation with Vi first yields |Vy |y < U]z
by (2.23). The same regularity estimate then implies |Vy|gz < Cp|U]|2. Thus Ay : U - Vyisa
bounded map L? — H?. The Rellich embedding H?> < L? makes A, compact. For U, U, € L?, the
weak equations give
(Ap Uy, U)pe = qu(ApUr, ApUp) = (Uy, Ap Uy 2.

Moreover (AU, U);2 = qp(ApU) > 0 when U # 0. Consequently A, is self-adjoint, positive and
injective. Its range is exactly H?: one inclusion follows from the estimate above; for V € H?, put
U = (Lg + b)V € L? and apply uniqueness of the weak solution to obtain A,U = V. Moreover,
(ran Ap)* = ker A, = 0. Let Ape; = pje; be its compact-operator spectral resolution, where p; > 0.
The inverse has domain

dom(A,") = {Z ajej : Z ,r_)172|aj|2 < 00} =ran A, = H°. (2.24)
J J
In this basis A} is multiplication by the real numbers p}l, and is therefore self-adjoint on this domain.
Thus A,' — b1 is the self-adjoint realization of L.
IfU€eT and V =(Lg + b)'U, then (2.7), interpreted weakly, gives

(A+b)trV =0, (V'V+A+b)SV =0. (2.25)
Pairing with tr V and 8V, respectively, gives
|dtr V|2, + b|tr V|2, = 0, VSV, + (A + B)|SVZ. = 0. (2.26)

The second pairing is legitimate since V € H?and 5V € H'. Thus Ve T.ForUe Tt and Z € T,
(ApU, Z)12 =(U, ApZ);2 = 0. Hence Ay, also preserves T . Its restriction to 7 is compact, positive
and injective, and

ran(A,|7) = H:n T. (2.27)

Indeed, the inclusion from left to right has been proved. If V € H*n T, then U = (Ly + b)V is TT by
(2.7), and A, U = V. The range is dense in T, since its orthogonal complement is the kernel of Ap|r.
Let Aplre; = oje; be its spectral resolution. Then ¢; > 0, and

dom((Ab|7)_1) = {Z ajej : Z aj_2|aj|2 < oo] =H’nT. (2.28)
J J

The inverse acts by O'j_l on e;. Subtracting bl gives the self-adjoint TT realization of L, and its
orthonormal eigenbasis. The elliptic estimate

ITlgree < Co(lLg Tlar +1Tl2) - (r20) (2.29)

iterated on an eigentensor gives smoothness. The orthogonal projection onto 7 commutes with A;.
It therefore commutes with (L, + b)'/2 on its domain. Since g has domain H!, the restricted form
has domain H' n 7. Its spectral partial sums converge in the g, norm, which is equivalent to the H'
norm by (2.23) and the continuity bound above. Thus, if (e;) is an orthonormal TT eigenbasis and
H= Zj ajej € H'n T, then

IHE. =Y &% o) =) ATa (2.30)
j j
The second series is interpreted by the lower-bounded quadratic form. The span of ey, ..., e, has
maximal Rayleigh quotient A1, Every m-dimensional subspace contains a nonzero vector orthogonal
to ey, ..., em—1, whose Rayleigh quotient is at least A1T. This proves the min—-max formula on smooth
TT subspaces. To identify the negative index, let q be the number of TT eigenvalues strictly below 7.
It is finite: the corresponding resolvent eigenvalues satisfy p; > (b + 7)~! when b + 7 > 0, and no
such eigenvalues occur when 7 < —b. The span of these g eigentensors is negative for Q — 7| - |°.
Any space of dimension greater than g contains a nonzero vector orthogonal to them. Equation
(2.30) makes the latter vector’s shifted quadratic form nonnegative. Thus this index is exactly g. U
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2.3. Orthogonal decomposition.
Proposition 2.3. Every smooth trace-free symmetric tensor has a decomposition
T=H+Py+V, H e TT, V=235, on=0. (2.31)

The three tensor summands are unique and depend linearly on T. They are pairwise orthogonal for
the L? inner product and for the bilinear form induced by Q. Their divergences are also orthogonal.
Moreover,

Q(PY) = cul SPYIF. + cnAIPYI7., (2:32)
Q(V) = 2|8 V3. + 2A| V.. (2.33)
Proof. On trace-free tensors, K* = §. By (2.4),
1 1 1
B :=86K=-Ag—AI+ <—) dé. (2.34)
2 2 n
With the convention o(9;)(§) = i}, its principal symbol is
1 1 1
oo(B)(&) = 5|§|ZI + (2 - n) ER®EL. (2.35)

It has eigenvalue |£]?/2 on &+ and (n — 1)|£]?/n on RE. It is therefore elliptic. Furthermore,
(Bw, w)p2 = |Kol, ker B = ker K. (2.36)

For { e ker B, (6T, {);2 = (T, K{);2 = 0. The elliptic spectral theorem for /3 on the closed manifold
applies: its symbol is positive by (2.35), it is formally self-adjoint, and its form is nonnegative by
(2.36). Let ({;) be an orthonormal eigenbasis, B{; = B;{;, with f; > 0. The orthogonality just proved
permits the series

w= Y BT, (). (2.37)
ﬁj>0
Write u; = (6T, {j)12 and f. = min{f; : f; > 0} > 0. Then
DBl < BT, Y, BB wif = IS TIE.. (2.38)
ﬁj>0 ﬂj>0

Thus the series belongs to the operator domain, satisfies Bw = §T, and is orthogonal to ker /3. The
elliptic regularity in (2.20), iterated with smooth right-hand side, gives w € C*. If two such solutions
existed, their difference would belong to both ker /3 and its orthogonal complement, and would be
zero. Set H = T — Kw. Then H is TT and is orthogonal to im K.

Since fM dwdvg = 0, solve Ay = dw with fM i dvg = 0. The scalar Laplacian has kernel the
constants, so this solution exists and is unique. Set n = v — dy. Then 6y =0, and Kw = Py + 6*n.
Equation (2.34) gives

n—1
n

B(dv)=d (

Indeed, SAgw = Adw and §dSw = ASw; the coefficient of Adw is 1/2+ (1/2—1/n)=(n—1)/n. In
particular, §n = 0 implies §8n = 0. Thus B preserves exact and coclosed one-forms. These spaces
are orthogonal, since (du, n);2 = (u, dn);2 = 0. It follows that

(PY, 8 n)e =(dy, Bp)e =0, (5P, 88 n). = 0. (2.40)

The identities Ly(Pv) = PAv, Lg(6*n) = 6*Agn and §Agn = 0 show that L, preserves the last two
spaces. Equation (2.7) gives preservation of the TT space. For summands T;, T; in distinct spaces,
(LgT;, Tj)12 = 0 because Lg T; remains in the space of T;. This proves the asserted Q orthogonality. If
two decompositions exist, subtract them and pair with each of the three differences. Each difference
has zero squared norm. This proves uniqueness of the tensor summands and therefore their linear
dependence on T.

Av — Av) . SBw= (";1A - A) S (we C™(T*M)). (2.39)
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Put @ =(n—1)/nand u = Ay — Ay. Then 5Py = du and

IPYIZ = (du,dy)z,  Q(PY) = (PY, PAY) 2 = (du, dAY) 2. (2.41)
Differentiation of the definition of u gives dAy = ¢,(du + A dy), proving (2.32). For the coclosed
part, (2.34) gives

8V =Bn=3Aun—An  |VI{ = (5, By (2.42)
Thus

Q(V) = (Awn, By = 2| Bl + 2A(n, B)z, (2.43)
which proves (2.33). O

Theorem 2.4 (Shifted index identity). For every t < c,A,
ind™ (J — 7l - %) =#{j : 4] (g) < r}. (2.44)
The index on the left is the supremum of the dimensions of subspaces of smooth trace-free tensors on
which the indicated form is negative definite.
Proof. Substitute (2.31) into (2.1). Orthogonality and (2.32)-(2.33) give
J(T) = 7l Tl = Q(H) — tlHIf + (enh = DIPYIL:
+ (2 - Cn)”5V"]242 + (ZA - T)”V"IZJZ
Since n > 3, ¢, < 2.Indeed, 2—c, = (n—2)/(n—1) >0, c,A—7 > 0,and 2A—7 > (2—c,)A> 0. If W
is a negative subspace for the form on the left, the map T — H is injective on W: a nonzero element
in its kernel would have nonnegative energy. Its image is negative for Q — 7| - [?,. Conversely, on

TT tensors the two forms agree. Lemma 2.2 identifies the latter index with the right-hand side of
(2.44). O

(2.45)

Corollary 2.5. Suppose a space V of smooth trace-free tensors has dimension m and, for some < c, A,
J(T)<PITIE. (T eD). (2.46)
Then AL1(g) < B. If the inequality in (2.46) is strict for every nonzero T, then ALT(g) < B.

Proof. For every 7 with f < 7 < ¢,A, V is negative for J — 7| - [?,. Theorem 2.4 gives at least
m TT eigenvalues below 7. Letting 7 | S gives the first conclusion. In the strict case, the set
{T €V :|T|p: = 1} is compact. Let

Po = max J(T). (2.47)

Tey
1Tl 2=1

Continuity gives an attaining tensor Tp; the strict hypothesis at T gives fy < . Homogeneity
implies J(T) < ,BO||T||i2 on V. The first conclusion, applied to f, yields ALl < B, < B. O

Remark 2.6 (The critical coefficient). The coefficient ¢, cannot be increased while preserving finite
negative index on the subspace im P. Let Av = pv and |v];2 = 1. Equation (2.3) gives |[V?0|* =
(V*Vdv, dv) = (u — A)|dv|* = u(u — A). Since tr V2v = —pv and |g]> = n, expansion of Pv gives

n—1 n—1
L T (nu - A) IPol.. (2.48)
Consequently

n—1
Q(Po) - ylPolz, = [(1 - yn> u+ yA| 1ol (2.49)

For y > c, this coefficient is negative at every sufficiently large scalar eigenvalue. If v;,v; are
orthonormal scalar eigenfunctions with eigenvalues y;, y1;, integration by parts gives

n—1
(Pvj, Pvj)p2 = (Ili —A> 1S, 0j) 12

4 (2.50)

n—1 n—1
<5Pv,~,5ij)Lz:< " ,u,-—A)< . ,Uj_A) Hikvi,vj) 2.
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Both pairings vanish for i # j. For all sufficiently large i, |Pv;|* > 0 by (2.48). Their finite spans have
arbitrarily large negative dimension. No ellipticity assertion for the critically penalized operator on
all trace-free tensors is used in Theorem 2.4.

3. CONFORMAL HARMONIC FORMS AND A SPECTRAL BOUND

3.1. The conformal identity. For an oriented metric k in dimension four, write A> = A*™ @ A™.
Associate to a two-form « the skew-adjoint endomorphism A, defined by k(A,X,Y) = a(X, Y). For
a € A~ and f € A*, put

(a ok )X, Y) = k(AzApX, Y). (3.1)
The endomorphisms of opposite duality commute. Their product is self-adjoint and has zero trace.
Use the bases

A+ . elZ + 634, 613 _ 624, 614 + 623

A el2 3t G134 24 L4 23 (3.2)
Denote the associated matrices by I and I;. Their entries are obtained from (Ap)! j = aji, and
multiplication gives
IH" = —1%, 'L =I; I, tr(I';)=0 (1<ab<3). (3.3)
Expanding A, and Az in these bases proves commutation and zero trace. Also (A(,,Aﬂ)T = ApAg =
AqAg, which proves symmetry.
If k is Kahler, its Kahler form Q satisfies Aq = J, J? = —I, and vkQ = 0. Therefore
0ok O = 2lof}. (3.4
Indeed, multiplication by the orthogonal endomorphism J preserves the Hilbert-Schmidt norm, and
|Aulis = 2|lwf2. Thus © — w ok Q is injective.
We use the following conformal operator identity, independently of the TT projection in Section 2.
Delay’s conformally covariant tensor operator [9] precedes the construction used here. The conformal

identities in the next proposition are those of Biquard—Ozuch. Its conformal covariance is the external
input specified below.

Proposition 3.1 (Biquard—Ozuch). There is a natural second-order operator Py on trace-free symmetric
tensors over any oriented Riemannian four-manifold such that, for a positive function f,

Pi(T) = f7P(f7T). (3.5)
If g is Einstein, then

1_, o 2 Scal
Evgvg - Rg = pg + gng5g - Tg (36)
If k is Kdhler and w is a harmonic anti-self-dual two-form, then
Sk
Pr(w e Q) = _Z(w ok Q), Or(w o Q) = 0. (3.7)

Equations (3.5) and (3.6) are [3, Proposition 3 and equation (12)]. Their symbol L denotes the
operator on the left of (3.6), not Lg in (1.3); their & is Kg. Let d* denote the adjoint of the covariant
exterior derivative followed by anti-self-dual projection. It maps A~ @ A" to T*M ® A™. Define

m(a®p)=anp, o)=Y, ¢ ®(el)s,
, l (3.8)
Dy = (I - 307r> d*,  Pr=DiDp— W, .
Here 7 : "M ® At - A3T*M and o : A3T*M — T*M ® A*. For a three-form
1 . 1 . 3
ol == en(ei)+ =) en=*(eul)= =,
2 Zz: l 2 ZL: l 2 (3.9)

(al,a® By =(L,anp) (a € T*M, B e A").
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The first sum is 3¢ before multiplication by 1/2. The second is zero because * (e;1{) = e'A * {. The
second line proves ¢* = . Hence II = I — %Gﬂ satisfies IT* = IT, T1? = IT, #I1 = 0, and Hlxerr = I.
It is the orthogonal projection onto ker 7. The action of W, on A~ ® A* is on the second factor.
These are the constructions in [3, equations (7)—(13)], transported by (3.1). On w ® Q, d* vanishes
because w = 0 and VQ = 0. The Kahler curvature identity W/ (Q) = (s¢/6)Q therefore gives
the first equality in (3.7); this is [3, equation (26)]. For the divergence, the chosen composition is
(0 ok Q)ij = wpiJ? ). Since V] = 0 and wp; = —wjp,

(5k(w ok Q))j = _(viwpi)]pj = (viwip)]pj =0. (3.10)

The identity (3.5) applies to arbitrary Riemannian four-metrics, whereas (3.6) is used only for the
Einstein metric g.

3.2. Normalization and the trial space. The conformal Kahler-Einstein normalization of Derdzinski
[11, Proposition 5], in the form [3, equation (22)], says that f;sy, is a positive constant. It includes
the constant-conformal-factor case. If that constant is c, set

a=(c/6)?  k=dky, f=fo/a (3.11)
Since s,2t, = a s, this choice gives fsi = a™> fysg, = a >c = 6. Therefore

max s
g = ka’ Sk = 6f_1’ 7fmax = 7]( =

3.12
fmin  Min s ( )

The homothety in (3.11) changes neither the complex orientation nor the scalar-curvature ratio.
Let

H; ={we C°(N*T*M) : dw =0, 0 =0, * 0 = —o}. (3.13)

By the Hodge theorem, dim H; = b, (M). Under a conformal change in dimension four the Hodge
star on two-forms is unchanged: the factor for degree p is f* P, which is one when p = 2. A closed
anti-self-dual two-form is coclosed because § = — * d * on two-forms. Hence the space in (3.13) is
the same for k and g. For w € H,_ define

T, =woQ, T, = fT,. (3.14)
trg T, = f 't T, =0, T2 = fPTu; = 22|l (3.15)
Thus both tensors are trace-free and the map w — T, is injective.
Lemma 3.2. For every w € H|,
PyT,=—fT, (3.16)
and
To(T,) = /M (4 - 2f )T, |3 dvg. (3.17)
Here Jy = Qg — 518,()l7..
Proof. Apply (3.5) and (3.7) to (3.14). Since s;/6 = f*,
PyT,=f'PT,=~f 2T, =-f"T.. (3.18)
For Ricg = 3g, Scal, = 12, and (3.6) becomes
4
Ly = 2Pg + gng(Sg +41I. (3.19)

For trace-free tensors T, (K8, T, T)12 = ||5gT||iz. Pair (3.19) with T, and use (3.16). Subtracting the
divergence term gives (3.17). OJ
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Lemma 3.3. The function f satisfies

1 1
Af =2f -1, - Sdog = —. 3.20
of = 2f onan = (3:20)
Consequently
2
7> (3.21)
p

If f is nonconstant, the inequality in (3.21) is strict at every point.
Proof. For u = log f, the connection difference is

VERY —VEY = du(X)Y + du(Y)X — k(X, Y)VFu. (3.22)
In local coordinates, put Ci’} = 5{3 uj+ 5§7 u; — kjjuf and Dyu = VPV, u = —Aru. Then

V,Cl = 2ViVju — ki;Dyu, v,-cf; = 4V,Vu,

ChoCli — Ch Gl = 2uiu; — 2|dulikyj. (3.23)
The curvature difference is the difference of the first two terms plus the last term. Thus
Ric 2 = Ricy —2Viu+ 2du ® du + (Apu — 2|dul?)k. (3.24)
Take the f?k trace. This gives
Scalfzy = F2(s + 6Aru — 6|dul2) = f2(6Af + sif). (3.25)

The second equality uses Aglog f = f7'Arf + f|df[2. Substitute Scalg = 12 and s¢f = 6, and
integrate on the closed manifold. This proves (3.20). It follows that

1 p3
3 3 373
fmin = 5’ fmax =p fmin < ? (3'26)

This proves (3.21). If f is nonconstant, choose x; with f(xy) > fnin. Continuity gives an open
neighborhood U of x and d > 0 such that f>*~f3. > d on U. Thus /M(f3_fr131in) dvi > d Vol (U) > 0.

min

The first inequality in (3.26) is then strict, as are the second and (3.21). O

Proof of Theorem A. By Lemmas 3.2 and 3.3,

Tu(To) < (4— ;) T . (327)

The tensors (3.14) form a space of dimension m. The coefficient in (3.27) is strictly less than 4 = c4A.
Corollary 2.5 proves (1.5). If f is nonconstant, put

4
€=2fn — 5 > 0. (3.28)

Equations (3.17) and (3.21) give J,(T,,) < (4—4/p> —e)| T,,|*. Applying Corollary 2.5 proves the strict
conclusion. If f is constant, (3.20) gives f> = 1/2. Then 64T, = 0, by (3.7) and constant rescaling,
while (3.19) gives L, T,, = (4 — 2f )T, = 0. Injectivity proves (1.6). O

Corollary 3.4. Under the hypotheses of Theorem A, p* < 16 implies that the Ricci-flat cone is unstable.
Ifp < 2, then AT (g) < 7/2.

Proof. The inequality 4 — 4/p> < 15/4 is equivalent to p> < 16. The separated cone calculation is
Proposition 8.1. If p < 2, then 4 —4/p* < 7/2. O
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4. SCALAR-CURVATURE RATIOS FROM TORIC MOMENTS

The two calculations in this section use moment polygons only. For a toric Kéhler surface
with affine scalar curvature, the affine scalar function, up to a positive constant depending on the
angular-period convention, is characterized by

/{’p dx = / pdo for every affine function p. (4.1)
P )

Here do is lattice boundary measure. The identity is Donaldson’s integration formula, in the
normalization of [14, Lemma 7.3]; its affine specialization is all that is used. A positive constant
multiple of £ has the same ratio of extrema. Uniqueness in (4.1) follows because the difference of two
solutions is affine and has zero squared integral over P.

4.1. The Page trapezoid. The Kéahler metric conformal to the Page metric has moment polygon
T, ={(x1,%2) : 1 20, x>0, a<x +x <1}, 0<a<l, (4.2)

as in [14, Section 7.1]. Put t = x; + x,. Integration over 0 < x; < t,a < t < 1, gives

, 1—a/t?
/ Hdx=——— (j=0,1,2), / do=3-a, / tdo = 2. (4.3)
T, jt2 oT, aT,

For the last two integrals the coordinate edges contribute 2(1 — a) and 1 — a?, respectively, while the
edges t = 1 and t = a contribute 1+ a and 1 + a?. If the normalized affine function is Agt + By, (4.1)
gives

3 1- g2
Ao + B() =3- a, AO + BO = 2. (44)

Its solution is
24a 6(1 — 3a%)

, By = .
(1-a)(a? +4a+1) T (1-a)a+4a+1)
To verify both equations, write Dp = (1 — a)(a? + 4a + 1). After multiplication by Dp, their left sides
are, respectively,

A() = (45)

8a(1— a®) +3(1 — 3a*)(1 — @) = (3 — a)Dp,
6a(1 —a*) + 2(1 —3a*)(1 — @) = 2Dp.
Each equality follows by multiplying the displayed polynomials. Since Dp > 0 for 0 < a < 1, these

equations verify the solution. Uniqueness follows from (4.1). The scalar curvature is therefore a
positive multiple of

(4.6)

(1) = 4at + 1 — 3d°. (4.7)
The slope is positive, so

_ 6(1)  1+4a-3d

t(a)  1+a?

(4.8)

The denominator is positive and
2
2 2 2 2 1

20+a*)-(1+4a—-3a°)=5a"—4a+1=5 a—g +§>0. (4.9)
Therefore pp < 2 for every 0 < a < 1. No value of the conformally Einstein parameter is required.
4.2. The Chen-LeBrun-Weber pentagon. The Kéhler representative of the Chen-LeBrun-Weber
metric is bilaterally symmetric. Up to homothety, its polygon is

P, = conv{(0,0), (a,0),(a,1),(1, a), (0, a)}, a>1. (4.10)

The existence and symmetry are part of [8]; the polygon normalization is [14, Section 7.2]. Symmetry
and uniqueness in (4.1) give
Ux1, x3) = A(x1 + x2) + B. (4.11)

Write I;; = fP xixg dx.
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Lemma 4.1. The moments needed for (4.1) are

2 3 2
a“+2a—1 a’+3a°—1
Iy = —F7F7—, Lo=Ip = —F—, (4.12)
2 6
o1 _a4+4a3—1 I _a4+4a3+6az—4a—1 (4.13)
20 = lo2 = 12 ) 1= 24 . .

The boundary moments are

E0=/ do =1+ 3a, E1=/ xlda:/ xdo =ad +a. (4.14)
P, dP, oP,

Proof. The polygon is the square [0, a]* minus the open triangle x; + x, > a + 1. For nonnegative
integers i, j,

ai+j+2 1 a 1 1
L= - xa™ —(a+1-x)y* dx. 4.15
YOG+ DG +1) j+1[ [ ( Y (415)
For j = 0, this is
ai+2 ai+2 -1 ai+1 -1
Lo = - - — + — (4.16)
i+1 i+2 i+1
Substitution of i = 0,1, 2 gives Iy, [10, Io. For i = j = 1, the removed integral is
1 /[ 5a —4a® — 6a* + 4a+ 1
2 / x[a? —(a+1—-x)*]dx = o1 ) (4.17)
1

Subtracting this from a*/4 gives I;. Interchange of coordinates gives Iy; and Ip;.

The five edge measures are a, 1, a—1, 1, a. On the diagonal edge x; = a+1—x;, the primitive normal
is (1, 1), so its lattice measure is dx;, not its Euclidean arclength. The corresponding contributions to
the first x; moment are

a® a®—1 1
5 a, 5 ) O- (4.18)
2 2 2
Their sum is a® + a; the edge measures sum to 1 + 3a. O

Proposition 4.2. For every a > 1, the affine solution of (4.1) on P, is positive and satisfies

maxp f
—a” oo, (4.19)
minp, £

Proof. The tests p = 1, x1 give
ZIloA + IO(]B = E(), (120 + Ill)A + IlOB = El. (420)
Set x = a—1 > 0 and define

D(x) = x® + 12x° + 54x* + 120x® + 138x% + 72x + 12, (4.21)
U(x) = x° + 12x* + 44x® + 72x% + 50x + 8, (4.22)
V(x) = x° + 8x* + 24x% + 36x° + 26x + 8. (4.23)
Substitution of Lemma 4.1 gives the identities
D(x)
Too(Ip + I1y) — 2I%, = —==, 4.24
OO( 20 11) 10 144 ( )
x(x? +3x +3)
Eilpo — EoLyo = B E— (4.25)
U(x)
E()(Izo + 111) — 2E1110 = 24 . (426)

Set | = Iy + I; and 0 = IyJ — 2I%, = D(x)/144 > 0. Multiplying the second equation in (4.20) by I,

and subtracting Iy times the first gives 0A = E1Iyy — Eql;o. Multiplying the first by J and subtracting

211 times the second gives 9B = E(J — 2E;I;¢. Substitution of (4.25)-(4.26) yields
24x(x® + 3x +3) _6U(x)
D(x) ’ ~ D(x)’

(4.27)
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The linear function x; + x, has minimum 0 and maximum a + 1 = x + 2 on P,. Hence

fo = B = 65(%), foin = B+ (x + 2)A = 61;/((;)). (4.28)
The last equality follows from
U(x) — 4x(x + 2)(x? + 3x + 3) = V(x). (4.29)
All coefficients of V are positive, so £yin > 0. Finally,
2V(x) = U(x) = x° + 4x* + 4x° + 2x + 8 > 0. (4.30)
Dividing by V(x) > 0 proves (4.19). O

Remark 4.3. The scalar curvature in the normalization of Hall-Murphy [16] is twice the affine
function £ used above. In the parameter a, set

D, = a® + 6a° + 9a* + 4a®> — 3a®> — 6a + 1. (4.31)
Expansion of D(a — 1) gives D,. The coefficients above satisfy
48(1 - a’
2= 80=)
¢ 4.32
o = 12(a® + 7a* + 64> + 2a* — 5a — 3) (4:32)

D,
The first expression is the corrected coefficient in the published erratum. The second is its unchanged
constant term. Multiplication by two leaves max ¢/ min £ unchanged. Thus the scalar-ratio calculation
uses the corrected affine data, independently of a numerical approximation to the Einstein metric.

Proof of the spectral assertion in Theorem C. In the complex orientations, the intersection forms of
the Page and Chen-LeBrun-Weber manifolds are (1) @ (—1) and (1) & 2(—1). Thus their values of
by are 1 and 2. Equations (4.9) and (4.19) give p < 2. Theorem A gives (1.11). 0

5. AFFINE MOMENT POTENTIALS AND THE SCALAR SPECTRUM

5.1. Toric conventions. Let (M*, k) be a closed connected toric Kihler surface, with moment map
4 @ M — P C R?% The torus coordinates have period 27. On the inverse image of the polygon
interior,

k= Uijj dxi de + Uij d@, d€j, (Uij) = (u,’j)_l, dl)k = dx1 dX2 d01 d92 (51)

The symplectic potential has boundary expression u = 3 Y, I, log I, + v, with v smooth on P. Here
I, are the primitive affine defining functions of the facets. Lattice boundary measure on each facet is
Euclidean arclength divided by the length of its primitive normal. In these conventions, Donaldson’s
integration identity is

/Uifq>ij dx = 2/ ddo — / si®Pdx (P e C™(P)). (5.2)
P oP P

We use [12, Section 2] in the normalization of [17, Proposition 2.1]; that proposition explicitly records
the factor 2 associated with the factor 1/2 in u. In particular, the function ¢ in (4.1) is s¢/2. The
complement of the dense torus orbit is the union of the inverse images of the facets and vertices: the
facet preimages are two-dimensional invariant submanifolds and the vertex preimages are points.
There are finitely many. This complement has four-dimensional Riemannian measure zero. Thus
integration of a torus-invariant function over M is (27)? times its integral over P.

An affine function on P will also denote its smooth pullback by p. Let w be a positive affine
function and set h = w™2k. Assume that h has constant scalar curvature k. The Einstein condition is
not imposed in the following proposition.
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Proposition 5.1 (Weighted affine energy). For affine functions q,r on P, put

_ —6 _ 4
A(q, r)—/quw dx, B(q, r)_./ap qrw " do. (5.3)
Then
5 @) dv, = A, 5.9
i3 [ (a0, dr /) doy = BGg.r) = S A 69

Proof. Since h = w2k in real dimension four,
dop, = w™hdve,  |d(q/W)I} dop = w?|d(q/W)I} duy. (5.6)

Multiplication of the first equality by (q/w)(r/w) and integration over the angular coordinates gives
(5.4). Both sides of (5.5) are symmetric bilinear forms in g, r. Their equality follows from equality on
the diagonal by 4B(q,r) = B(q + r,q+r) — B(q — r, g — r). Define

A=/w_4|dq|i dx, B=/qw_5(dq,dw>k dx,
P P

C=/q2w_6|dw|?C dx, Tz/squw_4 dx.
P P

The squared norms in these integrals mean contraction with U" on the polygon interior. They are
integrable because the underlying functions are smooth on the compact manifold. Set I = A(q, q)
and J = B(q, q). The energy divided by 47? is E = A — 2B + C. Affineness of q and w gives

(5.7)

(@w™ij = 2w qig; — Bqw ™ (qiw; + wiq)) + 20¢° w o wiw;. (5.8)
Apply (5.2) to ¢*w™*, which is smooth on P since w > 0. The result is
2A—16B+20C =2] — T. (5.9)
Write Dy = divy V = —Ag. Substituting f = w™! in (3.25) gives
K = w’sg + 6wDpw — 12|dwl}. (5.10)

All factors in the vector field g?w>VXw are smooth on M. Since M has no boundary,
/ divk(qzw_svkw) dvi = 0.
M
Multiply (5.10) by ¢?w™® and integrate. Expanding the displayed divergence and dividing by 472
gives
/qzwsDkw dx = — /(d(qzws), dw)r dx = =2B + 5C. (5.11)
P P

Consequently
xI = T — 12B + 18C. (5.12)

The two linear identities yield

E=A-2B+C=]—-3T+6B-9C=]—%L (5.13)
Replace q successively by g + r and g — r, subtract the two identities, and divide by 4. This proves
(5.5). O

Remark 5.2. Proposition 5.1 is a specialization of the weighted toric integration identities of Apostolov-
Maschler [1, equations (22), (30)—(31)]. Their formula in complex dimension two reads

/w3 Uijd>,~j dx = 2/ dw > do — K/(DWS dx. (5.14)
P aP P

For F = g/w and ® = ¢*/w, differentiation gives ®;; = 2wFF;. Thus (5.14) also proves (5.5).
The proof above derives the same conclusion from the unweighted identity and the conformal
scalar-curvature law.
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5.2. A two-dimensional Rayleigh—Ritz problem. Let Aff(P) be the three-dimensional real vector
space of affine functions on P, and put

Ay = {q € Aff(P) : /qw_5 dx = O}. (5.15)
P

The functional defining this kernel is nonzero: its value at ¢ = w is fP w*dx > 0. Thus dim A, = 2.
For q € Ay, q/w has zero h-mean. A nonzero such function is not constant, since q/w = ¢ would
give cfP w4 dx = 0 and hence ¢ = 0.

Corollary 5.3. Let r; < ry be the two generalized eigenvalues of (B — 5 A, A) on Ag. Then ry,r; > 0 and
AF(h) < rj (=12). (5.16)
Moreover, if V,, = fP wtdx and K,, = fap w2 do, then

2K,

K .
Vi

(5.17)
Proof. The form A is positive definite on Aff(P): an affine function with zero squared integral on a
polygon with nonempty interior is zero. On A, (5.5) identifies the other form with the Dirichlet
energy of g/w. This energy vanishes only for constant functions on the connected manifold, which
were excluded above. Choose an A-orthonormal eigenbasis g, ¢; of this symmetric pair, ordered by
r1 < ry. For real g;, not all zero,

J J 2
S . aA;iq; 1 hid;
Rh<211 z%) — iz N4 j=1,2. (5.18)
w

. <rj
{:1 ai2

The map g — g/w is injective, and its image here has zero mean. These j-dimensional spaces are

admissible in scalar min—-max, which gives (5.16). This principle follows from the compact scalar

resolvent by the same eigenbasis argument as (2.30). Finally, insert ¢ = r = w in (5.5). Its left-hand

side is zero, so K, = (x/2)V,,. O

6. AN EXACT SCALAR BOUND FOR THE CHEN-LEBRUN-WEBER METRIC

6.1. The Einstein class. In this section the Einstein metric is represented as
g =s%k, s = Scaly > 0, Ric, = Ag. (6.1)

We fix the scale of k by (4.10). This fixes the homothety class representative g = s™?k and its constant
A; no numerical value of A is imposed. If k is multiplied by ¢ > 0, then s is multiplied by ¢! and
s~k by t>. Both A5°(g) and A are then multiplied by ¢~>. Their ratio is unchanged.

Let D, be (4.31). By (4.32), write

sq(t) = b(a) + c(a)t, = x1 + Xy,
_ 48(1-a?)
c(a) = D, (6.2)
12(a® + 7a* + 6a° + 2a*> —5a — 3)
b(a) = D, .

The identities ¢ = 2A and b = 2B follow from s; = 2¢1in (5.2). Proposition 4.2 implies s, > 0 on P,
forall a > 1.

View M as the blow-up of CP! x CP! at a torus-fixed point. Write Fy, F,, E € H*(M; Z) for the
two ruling classes and the exceptional class, respectively. Their intersections are

Ff=F;=0, F,-F,=1, F-E=F-E=0, E*=-1. (6.3)
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In the angular-period convention of (5.1), the area of a toric divisor is 27 times its lattice edge length.
This follows by integrating dx A d0 along the edge, with 0 < 6 < 27. The two uncut edges of P,
have length a, and the exceptional edge has length a — 1. Pairing with F;, F;, E therefore gives

[;)7];]=a(F1+FZ)—(a—1)E, x=a—-1>0. (6.4)
Indeed, if [wy]|/(27) = uF; + vF, — wE, its three pairings are v, u, w, respectively; the edge areas give
u=v=aand w= a— 1. Thus the class in (6.4) is (1 + x)(F; + F,) — xE, the class used in [8, Section
3]. The constant 2,7 has no effect on the Calabi energy in real dimension four: Scal;; = ¢! Scaly and
dvs = t?dvy. The CLW construction supplies an extremal metric in a critical class of this family; see
[8, Proposition 7, Corollary 8 and Theorem 27]. Since dx/da = 1, its parameter is a critical point of
the function C(a) defined below. The moments of t are

M, = w’ M, = %’
4 ? 3 2 ’ (6:5)
3a* + 12a° + 6a“ —4a—3
M, = )
12
They follow from My = Iy, M; = 219 and M, = 215y + 21;;. Define the affine Calabi function by
24N
C(a) = / s2dx = b2 My + 2bcM; + ¢* My = (a), (6.6)
P, D,
where
N(a) = 3a° + 14a° + 17a* + 124® — 54*> — 6a — 3. (6.7)

For an extremal metric with this polygon, 47%C(a) is its Calabi energy. The numerator of its derivative
satisfies

N'(@)Da = N(@D,, = 4p(a),  C'(a) = %I‘;g“), 6.58)
where
p(a) = a'® +54° + 6a® — 124" — 34a° — 424°
(6.9)

+ 204> + 21a®> — 7a — 6.

Thus the parameter of the CLW metric is a root of p in (1,00). Only this implication from the
geometric construction is used.

Lemma 6.1. There is exactly one root a.. of p in (1, 00). It satisfies
231
— < a. <2 (6.10)
118

Proof. For z = a — 1, the binomial formula gives

p(1+2) = 2% +152° + 962° + 33627 + 6802° + 7202°

6.11
+120z* — 6242° — 7082 — 300z — 48. (6.11)
For z > 0, divide by z° and put H(z) = z3p(1 + 2z). Then
H'(z) = 72° + 902° + 480z* + 13442% + 204022 + 1440z + 120 612
6.12

+ 708272 + 600z > + 14427 > 0.

Moreover lim, |y H(z) = —o0 and lim,_,. H(z) = +o0. Continuity and strict monotonicity give exactly

one positive zero. At that zero, (p(1 + z))’ = z’H’(z) > 0, so the zero is simple. For the rational

lower bound, evaluation gives

262235040278610439893 <
11810

The first numerator is also obtained without rational division: write p(a) = 2}20 P jaj ,setrip =1,

and put

p(231/118) = — 0, p(2) = 288 > 0. (6.13)

rj=231rj + p;118"°77  (j=9,..,0). (6.14)
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Induction gives r; = Y;2; px231¥771181%, s0 ry = 118'°p(231/118). Uniqueness and (6.13) prove
(6.10). The denominator D, = D(a — 1) is positive for a > 1 by (4.21); hence the Calabi derivative
has no pole on this interval. O

6.2. The antisymmetric affine potential. Henceforth a = a. and s = s,,. Put
q = X1 — X, F = q/s (615)

The moment components are global smooth functions, and s is strictly positive. Thus F € C*(M).
The polygon and s are invariant under (xi, x2) — (X2, x1), whereas q changes sign. Therefore

/ Fdvy = 47’ / (x; — x2)s > dx = 0. (6.16)
M P,

It is nonzero since P, has nonempty interior. Define

V=/ s dx, I=/ qzsf6dx, J= q2374d0', K=/ s2do. (6.17)
P, P, apP, aP,

All four numbers are positive. Since Scal, = 4A, Proposition 5.1 and Corollary 5.3 give

K R (F) 2]V
A= —, 2= 2 B%(g) S Ry(F). 6.18
e (9 < Ry(F) (6.19)
Here R,(F) = fM |dF|§ dvg/ /M F? dv,. The identities involving A are asserted only at the CLW
parameter, where (6.1) holds.

For any function f of t = x; + x2, change variables from (x, x3) to (x1, t); the Jacobian is one.
The slice intervals are 0 < x; < tfor0<t<aandt—a<x <afora<t<a+1 Consequently

a a+1
/Paf(t)dx:/() tf(t)dt+/a (2a—t)f(t)dt,

t3/3, 0<t<aq,
/ (x; — X2)2 dx; = /
slice at ¢

(2a—1)>%/3, a<t<a+1.

(6.19)

The second line follows by integrating (2x; — t)* on the stated intervals. On the diagonal facet
t = a + 1, lattice measure is dx; for 1 < x; < a, and

a -1 3
/ Q2xy—a—1)dx, = (a 3 ) . (6.20)
1
The other four facets occur in two exchange-symmetric pairs. Equations (6.19)-(6.20) give
a 4 a+1 20—t
V= dt + dt, 6.21
o o2y
1 a t3 a+1 (Za _ t)3
I=- dt + ————dt 6.22
(o[ ). (622
a t2 a+1 (za _ t)z (a _ 1)3
=2 dt+2 ——dt+ —, 6.23
J /0 s(t)* /a s(t)* 3s(a+ 1)* (6.23)
a+1 5 d a—1
K=2 )y dt+ —+. 6.24
[sota i (6:29

The measure on the diagonal facet is dx;, not V2 dxy.

6.3. The rational inequality. The four integrals above are rational functions of a. For integers j > 0
and p > j+ 1, put

. J ; . v—p+1 _ v—p+1
Lyrbo=city (J )(—b)f”(” +eny TP = (b + eI (6.25)
v
v=0

v—p+1
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If c# 0and b + ct > 0 on [, r], the substitution z = b + ct gives
r
/ t'(b+ct) Pdt=T;,(L,r;b,c). (6.26)
1

Indeed, t/dt = ¢/"}(z — b)/dz; expand (z — b)’ and integrate z"P. The assumption p > j + 1
excludes the exponent —1.

Lemma 6.2. Ata = a,, the moments in (6.17) satisfy

3951TK — 2000J V > 0. (6.27)

Consequently 1051
R (F) < —A. 6.28
¢F) <1000 (6.28)

Proof. Proposition A.2 proves (6.27) from p(a.) = 0 and a, > 231/118. Since I, K > 0, division by
1000IK gives
2]V _ 3951
IK 1000
Subtracting 2 in (6.18) proves (6.28). O

(6.29)

Remark 6.3. The function F is a test function, not an asserted eigenfunction. The proof gives an upper
bound for A}°(g); it does not identify its value or multiplicity. Nor is the space of affine quotients
asserted to be preserved by A,. Hall-Murphy’s numerical value in the anti-invariant subspace [17,
Section 5] is obtained from an approximate metric and is not used here.

7. CONFORMAL INSTABILITY AND THE ENTROPY INDEX

7.1. The scalar lower bound and its equality case. For a nonconstant eigenfunction on a closed
Einstein four-manifold, Ay = Ay, integration by parts and (2.3) give

2 3
=1 <4A—A) l917.. (7.1)

In particular A > 4A/3 when A > 0. Equality gives V2y = —(A/3) g pointwise, because a smooth
tensor with zero squared integral is zero. Obata’s theorem [26] then makes the manifold isometric
to a round sphere. The CLW manifold has b, = 3, whereas S* has b, = 0, so equality is excluded.
Combining this with (6.18) and Lemma 6.2 proves the eigenvalue inequalities in Theorem B.

A
IVl = A4 = DY IE, Vi + V8

L2

7.2. The entropy Hessian. For a closed n-manifold, put

W(g,v,7) = (47r7)™"/? / [7(Scal, +dv*) +v—nle™ dvg,
M

(7.2)
v(g) = inf {W(g, v,7) : >0, veECT(M), (47‘[’[’)_n/2/ e dvg = 1}.
M
At a positive Einstein metric Ricy = Ag, v is critical. We use its Hessian on the space
Sy = {H € C*(S*T*M) : 6H =0, /MtrgH dvg = o}. (7.3)

The Cao—Hamilton-Ilmanen formula, with the proof and normalization in Cao—Zhu [6, Theorem
1.2], states that

D*v (H,H) = (@A - Ly)H, H)p2 (H € Sy). (7.4)

1
4A Volg(M)
To match conventions, their shrinking parameter is 7 = 1/(2A) and their rough Laplacian is —V*V.
On (7.3), the divergence and integrated-trace terms of their operator vanish. Its auxiliary potential
solves (A — A)v = 0 with zero mean. The lower bound A{° > nA/(n — 1) > A, obtained by the

n-dimensional version of (7.1), gives v = 0. The remaining operator is —3V*V + R= 2(2A — Ly),
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which gives the coefficient in (7.4). We retain the prefactor of [6, Theorem 1.2] in all the formulas
below.

Both diffeomorphism and scaling directions lie in the radical of this Hessian. Indeed, Dv/(£Lx g") =
0 for every nearby metric g’, by diffeomorphism invariance. Differentiating in a direction H at the
critical metric gives

D*vo(H,Lxg) + Dvo(LxH) =0, D*v,(H,Lxg) = 0. (7.5)

Differentiating Dvy(g’) = 0 gives D*vy(H, g) + Dvy(H) = 0, hence D*v,(H, g) = 0. These invari-
ances follow from (7.2): pullback of g,v changes the integrals by the change-of-variables formula;
replacing (g, 7) by (cg, c7) leaves both the normalized measure and 7(Scal, +|dv|§) unchanged.

Proposition 7.1 (Conformal eigendirections). Let (M*, g) be closed and connected, with Ricy = Ag,
A > 0. Suppose Agy = Ay, ¥ # 0, and 4A/3 < A < 2A. Then

(2A — A)(3A — 4A)

4A(1 — A) Vol (M) 19l > 0. (7.6)

D*vy(yg yg) =
The metrics g; = (1 + ty)g are positive definite for |t| < ||l. There exists € € (0,]y|}) such that
v(g:) > v(g) whenever0 < [t| < e.
Proof. Integration of the eigenfunction equation gives /,, i/ dvg = 0. Define
H=V*y+QA-A)yg. (7.7)

This tensor equals —S(1/) for the operator defined in [15, Definition 5.2 and Theorem 5.4], where it is
attributed to Cao—Hamilton-Ilmanen. The commutation identities of Lemma 2.1 give, explicitly,

O0H=A-ANdy—-A—-ANdy =0,
L,H = AWV*y + A(A-A)yg = AH, (7.8)
trg H= Ay + 44 - Ay = 31— 4A)¥.
Thus H € S,. Expanding its norm and using (7.1) yields
[H17: = [AA = A) = 22 = A) + 44 = A1y,

) (7.9)
= (A =AN)BA=4M)|Y|;. > 0.
Equations (7.4) and (7.8) give
2A -2
D*v(H,H) = ————|H|% > 0. 7.10

Since V2y = 1 Lyy g, (7.5) implies

D*vo(H,H) = (A— A)?*D*vy(yg, ¥ 8). (7.11)

Substitution of (7.9) proves (7.6). For |t| < [¢/|<l, 1+t > 1 — |t||¢/] > 0. If ¢ denotes the positive
quantity in (7.6), the second variation at this critical metric gives

v((1+ty)g) =v(g) + %c 2 + o(t?) (t = 0). (7.12)

Choose € > 0 so that the absolute value of the remainder is at most ct?/4 for |t| < €. The entropy then
exceeds v(g) for 0 < t| < min(e, |¢/|!). In particular the conformal second variation is positive. []

Completion of Theorem B. The first eigenfunction satisfies the hypotheses of Proposition 7.1, by (7.1)
and (6.28). That proposition supplies a pure conformal destabilizing variation. g

Corollary 7.2. For the CLW Einstein metric, the positive index of D*v, modulo infinitesimal diffeomor-
phisms and scaling is at least three.
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Proof. Constant rescaling of Theorem C gives two L-orthonormal TT eigentensors Ti, T, with
eigenvalues y;; < 7A/6 < 2A. Let H be (7.7) for a first positive scalar eigenfunction. For every smooth
TT tensor T,

(T,H)p2 = (8T, dy)2 +(/1—A)/ Ytrg T dvg = 0. (7.13)
M
The three tensors belong to S, and are linearly independent. The polarized formula (7.4), together
with Ly T; = ¢;T; and LsH = AH, gives
(2A — p)ai + (2A — pp)a3 + (24 — DHY?|HIL
4A Volg(M)

Dzvg(alTl+a2T2+bH,a1T1+a2T2+bH)= .
(7.14)

It is positive for every nonzero (ay, az, b). By (7.5), a positive-definite subspace intersects the dif-
feomorphism and scaling directions only at zero. It therefore remains three-dimensional in the
quotient. g

8. COMPACTLY SUPPORTED VARIATIONS ON THE CONE

Let (M*, g) be closed, with Ric, = 3g, and let G = dr® + r’g. If X, Y are vector fields on M lifted

independently of r, the connection is
v§a, =0, V§X =v$a, = r'X, -
g ' 8.1
VLY = V3 Y — rg(X, Y)a,.

These equations follow by substituting G,, = 1, G,; = 0 and G;; = rlg; j in the connection formula.
They give

For lifted vectors X, Y,
Ricg(9,,9,) =0, Ricg(d,,X)=0, Ricg(X,Y)= Ricg(X, Y)—-3g(X,Y)=0. (8.3)

Thus G is Ricci-flat.
Proposition 8.1. Let k be a nonzero smooth TT eigentensor with Lgk = Ak. For ¢ € C7((0,0)), set
H = r*o(r)k, H(d,,-) = 0. (8.4)
Then H is TT and .
Qc(t) = Ikl [ 1w + A= o)) dr. (55)

IfA < 15/4, then Qc(H) < 0 for some @. In that case the cone has infinite negative index on smooth
compactly supported TT tensors.

Proof. Let (€,)4_, be a local g-orthonormal frame and put ey = 9,, e, = r"'€,. At a point where
V8¢, = 0, the components of H and its derivatives are

Hgp = ¢kap, Hyq = Hpo = 0,
(V§H)ap = ¢ kap, (VS H)ap = 7 @(VEK)ap, (8.6)
(VeH)op = —r " gkep,  (V{H)op = 0.
The components with slots b0 equal those with slots 0b. Consequently
trgH = @trgk =0, (66H)g = r_l(,otr‘g k=0, (6cH)p = r_lgo((Sgk)b =0. (8.7)
Squaring all components in (8.6) gives
VOH[E = (o' Ik + r 2@ (VKL + 2IK[%). (8.8)
The constant-curvature-one operator satisfies

Z k(Ri(ei, X)Y, &) = g(X, V) trg k — k(X, Y) = —k(X, Y),
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where Ri(X,Y)Z = g(Y,Z)X — g(X, Z)Y. Substitution in (8.2) gives

(RoH.H)g = r 29 ((Rgk. k) + [K[3). (8.9)
The two additional squared-norm terms cancel in (1.12). Since dvg = r*dr dvg and
/M (VK — 2Bk, k) dvg = (A — 6)]k2, (8.10)
we obtain (8.5).
For y € CZ(R), set
t=logr, o(r) = r73/2)((log r). (8.11)

Then ¢’ = r3/?(y" - 5X)s 50

4 g ne 9 2
/Or(rp)dr—/R<()()+4)(>dt,

© (8.12)
/ redr = /)(zdt.
0 R
The cross term integrates to zero because y is compactly supported. Hence
15
Qctr = Iut: [ ¥ + (1= | a. 613)

Define
o5) = [exp<_1/<1 -2, <1,

0, [t] > 1.

For |t| < 1, every derivative of 7 is a finite sum of terms t%(1—t?)~? exp(—1/(1—t*)) with nonnegative
integers a, b. This follows by induction and the product rule. Since lim, .., s’e™* = 0 for every
b, all one-sided derivatives tend to zero at t = +1. The zero extension is therefore smooth. Also
n(0) = e7! > 0 and supp n = [—1,1]. Set y;(t) = n(t/L). Then

RO dt _ -2 Je(n')*dt (8.14)

Jg XEdt JemPdt

If A < 15/4, it suffices to choose
oo Je(n)dt
(15/4 = 1) fp nPdt
Equations (8.13)—(8.14) then give Qc(H) < 0. For j > 1, set yj(t) = yz(t — 3Lj) and let H; be the
associated tensor. Its support is contained in the compact annulus e3//=l < r < 3L, These annuli
are disjoint. For every finite family of real numbers (a;),

Qc <Z ajHj) =Y atQc(H) <0 if(a;) % 0. (8.15)
j j

Disjoint support and H; # 0 also give linear independence. Thus negative subspaces exist in every
finite dimension. g

Completion of Theorem C. The two bounds in (1.11) lie below 15/4. Apply Proposition 8.1 to either
metric. U

9. QUOTIENTS AND THE HALF-WEYL CLASSIFICATION

The quotient argument uses harmonic two-forms on a finite Riemannian covering. The classifica-
tion theorems are applied after this construction.
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9.1. Harmonic forms on positive Kihler-Einstein surfaces.

Lemma 9.1. Let(Y*, g, ]) be a closed connected Kéhler—Einstein surface with Ricy = 3g. Then b;(Y) = 0
and by (Y) = 1. Moreover
dimker(Lg|tr) > by (Y) = bp(Y) — 1. (9.1)

Proof. For a harmonic one-form «,
0= (Aga, a)re = [Vali: + 3]al?.. (9.2)

Thus a = 0, giving b; = 0 by Hodge theory. On self-dual two-forms, the Weitzenbock formula of [11,

Section 2] is
Scal

Ay = V'V + T1 —-2W*. (9.3)
For a Kéhler surface, W+ has eigenvalue Scal /6 on RQ and — Scal /12 on its orthogonal complement.
These are the Kihler curvature identities of [11, Section 2]. Since Q is parallel, the splitting A* =
RQ @ Q™ is parallel. A harmonic self-dual form therefore has a harmonic scalar coefficient on RQ,
and its component ¢ in Q" satisfies

Scal
0= vyl + Tlllklljz_z = VY2 + 6lyz.. (9-4)
The scalar coefficient is constant and ¢y = 0. Hence H* = RQ and b; = 1. For every w € H™,
Proposition 3.1 and Scal = 12 give

Sg(wog Q) =0, Po(wog Q) = =2(w o Q). (9.5)
Equation (3.19) then gives Lg(w o5 ) = 0. Injectivity in (3.4) proves (9.1). O

Proposition 9.2. Let (M*, 3, J) be a closed connected Kihler-Einstein surface, Ricy = 3%. Suppose o is

a fixed-point-free anti-holomorphic isometric involution. Give M = M /(o) the quotient metric and the
orientation induced by the complex orientation. Then

dimker(Lg|tT) > bo(M) + 1. (9.6)

Proof. An anti-complex linear isomorphism in complex dimension two preserves real orientation:
complex conjugation has real determinant (—1)* = 1, and a complex-linear isomorphism has positive
real determinant. Thus o preserves orientation and commutes with the Hodge star. Being an isometry,
it also commutes with the Hodge Laplacian.

Let O be the Kahler form. Anti-holomorphicity and isometry give

" Q=-Q. (9.7)
If w is harmonic, anti-self-dual and anti-invariant, then
M@ oy Q) = (—0) o3 (-Q) = w o5 Q. (9.8)

It descends to a smooth tensor on M. The covering map is a local isometry, so trace, divergence and
L commute with pullback. Lemma 9.1 makes the descended tensor TT and a zero mode.

Put b = by(M). We compute the dimension of the anti-invariant anti-self-dual harmonic space. By
(9.2), by = 0 on both spaces; Poincaré duality gives bs = 0 as well. Euler characteristic is multiplicative
under the degree-two covering, since a finite triangulation of M lifts to twice as many simplices in
each degree. Thus

24 by(M) = 2(2 + b), by(M) = 2b + 2. (9.9)
By Lemma 9.1, b2+(]\71) =1,s0 bg(i\7[) =2b+1.Letxr : M —> M be the covering. A differential form
on M pulls back to an invariant form. Conversely, on an evenly covered open set, an invariant form
has the same expression on both sheets; these expressions define a smooth form on M. Since 7 is
an orientation-preserving local isometry, 7°Ag = Agr™ and 77(*,) =+ 7*. Pullback is injective, so
these statements give an isomorphism between harmonic forms on M and invariant harmonic forms
on M. Their degree-two dimension is b. By (9.7), the invariant self-dual harmonic space is zero. The
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invariant anti-self-dual space therefore has dimension b. Since an involution has only eigenvalues 1
and —1, its anti-invariant anti-self-dual space has dimension

@b+1)—b=0b+1. (9.10)
Let @y, ..., wp4+1 be a basis of that space, and let S; be the descended tensors. If ); a;S; = 0, pullback
gives (3, a;w;) » Q = 0. Equation (3.4) gives Y; a;; = 0, so every a; = 0. This proves (9.6). O

9.2. Application of the classification theorems. We use the following three precise classification
statements. First, a simply connected closed Einstein four-manifold of positive scalar curvature and
det W* > 0 is either anti-self-dual or globally conformally Kéhler [29, Theorem 1.3]. Second, a closed
Einstein metric Hermitian with respect to a complex structure is Kéhler—FEinstein or is homothetic
to the Page or Chen-LeBrun-Weber metric [23, Theorem A]. Third, a closed oriented Einstein
four-manifold with det W* > 0 is either simply connected, or has fundamental group Z /2 and a del
Pezzo double cover with an anti-holomorphic deck involution; the conformally rescaled metric on
the cover is Kahler [24, Proposition 1]. The cover need not initially be assumed Kéhler-Einstein.

The positive anti-self-dual Einstein classification states that a closed simply connected Einstein
four-manifold with positive scalar curvature and W = 0 is, up to homothety and isometry, S* or CP?
with its Fubini—Study metric and reversed complex orientation [2, Theorem 13.30]. The statement
with W~ = 0 is obtained by reversing orientation.

Lemma 9.3. A closed simply connected Kihler—Einstein surface with Ric = 3g and b, = 1 is isometric
to the normalized Fubini-Study projective plane.

Proof. By Lemma 9.1, b = 1 and b; = 0. Thus y = 3 and the signature is ¢ = 1. Use the
endomorphism norm for W* : A* — A*. The Chern-Gauss—-Bonnet and Hirzebruch signature
formulas, in the Einstein case and the curvature normalization of [2, Chapter 13], are

Scal?
8y = / <|W+|2 + Wk + ca ) dvg,
" 24
127%¢ = /M(|W+|2 - |W7|2)dvg.

Since the Kéhler eigenvalues of W are 2, -1, -1, [WH? =6= Scal® /24. Subtract twice the second
identity in (9.11) from the first. This gives

Scal?
0=8r%-3-24n%-1= / <—|W+|2 +3wp 4 22 > dvg = 3/ W *dv,. (9.12)
M M

(9.11)

24

The integrand is continuous and nonnegative. If it were positive at one point, it would have positive
integral on an open neighborhood. Therefore W~ = 0. Apply the half-conformally-flat classification
just stated, with reversed orientation. The sphere is excluded by b, = 1; the Einstein normalization
fixes the homothety. 0

Proof of Theorem D. Let (M, §) be the universal Riemannian cover. A geodesic projects to a geodesic
of the complete closed manifold M; its lift extends for all time. The cover is therefore complete. Since
Ricy = 3%, Myers’ theorem gives diam(M) < 7. Hopf-Rinow implies compactness. Each fibre of
the covering is closed and discrete in M, hence finite. Thus the cover has finite degree. The lifted
orientation and the local-isometry property preserve the condition det W* > 0. The cover is simply
connected, so Wu’s theorem applies.

Suppose first that Wg = 0. The half-conformally-flat classification gives the round sphere or
the Fubini-Study projective plane as the cover. There is no nontrivial oriented quotient in either
case. Indeed, b;(M) = 0 by (9.2), so y(M) = 2 + by(M) > 2. A cover of degree d > 2 by $* would
instead give y(M) = 2/d < 1. A cover by CIP? would give y(M) = 3/d < 3/2. Thus the cover has
degree one. The round cone is Euclidean away from the origin and Qc(H) = / [VH|* > 0. For the
Fubini-Study cone, stability is [14, Theorem 1.3, proved in Section 5]; that theorem uses exactly the
transverse compact-support condition in (1.12).
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Suppose next that the universal cover is conformally Kahler. Its Kihler representative has
positive scalar curvature by [23, Proposition 1]. The eigenvalues of W for that representative are
sk/6,—sk/12,—s/12, so det Wi = 57/864 > 0. If § = f2k, then W = f~2W}" as endomorphisms
of two-forms. Consequently

3
S
det Wy = f‘ﬁﬁ > 0. (9.13)

The covering is a local orientation-preserving isometry, so this inequality descends to M. LeBrun’s
double-cover theorem now gives 71(M) = 1 or Z/2.

If 71(M) = 1, LeBrun’s Einstein-Hermitian classification gives three cases. In the Kahler-Einstein
case, Lemma 9.1 supplies by(M) — 1 TT zero eigentensors. If b,(M) = 1, Lemma 9.3 gives Fubini-
Study, already treated. Otherwise by(M) — 1 > 1, and the zero eigentensors give (1.15). In the Page
and Chen-LeBrun-Weber cases, b,(M) — 1 is respectively 1 and 2, and Theorem C gives the same
assertion.

If m1(M) = Z/2, apply the Einstein-Hermitian classification on the double cover. The cover
cannot be Chen-LeBrun-Weber, since its Euler characteristic is 5, which cannot be twice an integer.
Nor can it be the Page manifold: [24, Lemma 1] states that no nonsimply connected smooth oriented
four-manifold has a covering space homeomorphic to CP?#CP°. All of its hypotheses hold here. The
cover is consequently Kahler-Einstein for the complex structure supplied by LeBrun’s double-cover
theorem. If its other Kahler representative is k= u?F, its Kahler form is u2Q. Therefore

0= d(u’Q) = 2udun Q. (9.14)

In a unitary orthonormal coframe, Q = el + 3 Fora = Y. ai€',

a N 5 = 6116134 + (126234 + 036123 + (146124.
The four three-forms are independent. Thus du = 0 and u is constant. The deck involution is
therefore anti-holomorphic and isometric for the Kahler-Einstein metric itself. Proposition 9.2
proves (1.16), with by(M) + 1 > 1. It also gives (1.15).
Every case other than round or Fubini-Study has a TT eigenvalue below 7/2 < 15/4. Proposi-
tion 8.1 gives instability and infinite compactly supported TT index. This proves both implications
of the classification. g

APPENDIX A. AN ALGEBRAIC PROOF OF THE SCALAR ESTIMATE

The notation p, Dy, I, ], V, K is that of Section 6. We prove the required strict inequality by
polynomial identities at the root a.. All polynomials and coefficients used in the proof are specified
below.

A.1. Rational moment formulas. For a > 1, put

f=a+1, By = @’ + 7a* + 6a° + 2a* — 5a — 3,

3 (A1)
C:4(1—a), B; =By + aC, B, = By + tC.

Thus s,(t) = (12/D,)(By + Ct). In particular By, By, B, > 0, since D, > 0 and s, > 0 on [0, a + 1]. Set
V =(12/D,)*V, 1=(12/D,)°I, J=(12/Dy)*J, K= (12/D,)*K. (A.2)

For every a > 1, define V(a), I(a), J(a), K(a) by (6.21)—(6.24) with s = s,. These positive rational
integrals are defined independently of the existence of an Einstein metric at that parameter. The
normalized moments in (A.2) replace s,(t) by By + Ct. Their homogeneity degrees are respectively
—4,—6,—4,—2; hence 2JV /(IK) = 2JV/(IK). Only at a = a. is this quotient related to the Einstein
constant by (6.18).
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For L >0,b > 0and b + cL > 0, define F; ,(L; b, c) = fOL t/(b + ct)~P dt. For the five pairs used
below one has

Fop = L Fy = __F
%27 b(b + cL) 227 3p(b + cL)®’
L?(3b + cL) L*(5b + cL)
— FRg=— " A3
Y47 6b2(b + cL)? 67 20b2%(b + cL)>’ (A.3)
F L2(10b3 + 10b%cL + 5bc*L? + 3L13)
1,6 = .

20b4(b + cL)®

All arguments on the right are (L; b, ¢). To prove these formulas, put y = t/(b+ct)and Y = L/(b+cL).
The derivative is dy/dt = b/(b + ct)> > 0, so the substitution is one-to-one on [0,L]. Also
1—cy=>b/(b+ ct) > 0. Consequently
Y

t=- f yc e o b_ “LJ; o Fipllibo)= b7 /0 YA -y dy.  (A4)
The exponents p — j — 2 are respectively 0,0, 1,1, 3. For the last formula the integral is b~*(Y?/2 —
cY3+3c?Y*/4—c3Y?/5). Substitution of Y proves (A.3); the other four formulas follow by integrating
¥ or y/(1—cy).

Let T; = {x1,x, > 0 : x; + x, < L}. Except for boundaries of measure zero, P, is obtained from
T.+1 by deleting the two translates (a,0) + T; and (0, a) + T;. They are disjoint because a > 1. On
either deleted triangle, with translated coordinates u,v and z = u + v, the integral of (x; — x;)? along
the slice is

3

/z(a+2u—z)Z du=a*z + % (A.5)
The sign of a is reversed on the ot}(l]er triangle, with the same squared integral. Thus
V = Fy4(¢ By, C) — 2F; 4(1; By, C),
I = }F36(6; By, C) — 2a°Fy4(1; By, C) — 2F36(1; By, C),
J = 2F,4(6 By, C) — 8aF;4(1;B;, O) + (a—1)° (A-6)

3B3

a—1

K= 2F0’2([; B(), C) + 7

2

For the third line, subtract the integrands on the two changed pairs of coordinate facets: t*—(2a—t)? =
4a(t — a) for a < t < a + 1. The remaining facet is the diagonal, whose moment is (6.20). The fourth
line is the sum of the four coordinate facets and the diagonal facet.
Define four polynomials in a by
v = (3By + CO)B% — 2(3B; + C)BZ,
i = £(5By + C£)B} — 6a°B(10B; + 10B3C + 5B, C* + C?)
— 2BiB(5B; + O), (A7)
j=26B?B, — 4aBy(3B; + C)B, + (a — 1)’ By B3,
k= Z[Bz + (a - 1)B0
Substitution of (A.3) into (A.6), over a common denominator in each line, gives
v=_" 1= ! [— K= K (A.8)
~ 6BiB2B3° ~ 60BZBIB}’ ~  3ByBiBY = ByB: '

The integrand defining I is positive on an open subset of the polygon, and the integrand defining
K is positive on every open facet. Hence I,K > 0. All factors in their displayed denominators are
positive, so i, k > 0. Define

F(a) = 11853 i(a)k(a) — 20000 v(a)j(a). (A.9)
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Equations (A.2) and (A.8) give the exact identity

8
D
39511K — 2000]V = | — % (A.10)
12 ) 180B3B!B]
Its prefactor is positive for every a > 1.
A.2. Polynomial division and a positive translate.
Lemma A.1. Let p be (6.9). There are polynomials Q, R € Z|a], of degrees 25 and 9, such that
§=pO+R (A.11)
Write Q = Zfio qj@’ and R = 2?=0 rja’. Their coefficients are given in Table 1. Moreover
9
231+ z ;
9
118 R( 118 ) =j§00j21, cj >0, (A.12)

with the coefficients in Table 2.

Proof. For an integer polynomial A, denote the coefficient of @’ by [a/]A, and extend every coefficient
sequence by zero outside its stated range. Products are evaluated by

J
[a')(AB) = ) ([a']1A)([a/"1B). (A.13)
r=0
Using (A.1) and (A.7) in this formula gives, for 0 < j < 35,
10
(@15 =ri+ D prgirs  (Pos.s Pro) = (—6,-7,21,20,0,—42,-34,-12,6,5,1). (A.14)
r=0

Here g, rj are the integers displayed in Table 1. To compute them successively from the stated factors,
put f; = [@/]F and set

9
qj = fi+10 — Zprqj+10—r (j=25,24,...,0),

r=0 (A.15)

10
rj:fj_zprqj—r (0<j<9).
r=0

Thus (A.14) is a coeflicient identity in Z[a], proving (A.11). For instance, the coefficients in degrees
35 and 34 are —2205 = ¢y5 and 276759 = qa4 + 5q5 = 287784 — 11025.
The binomial theorem gives, for each 0 < j <9,

9
k .
cj= Z ( _)rkzsl"‘f1189"<. (A.16)

—. \J
k=j
This sum yields the ten integers of Table 2. Every displayed integer is positive. Formula (A.16) proves
(A.12) and its sign assertion. O

Proposition A.2. At the root a, in Lemma 6.1,

39511(a.)K(a.) — 2000](a.)V(a.) > 0. (A.17)
Proof. Put z, = 118a, — 231. By (6.10), z. > 0. Since p(a.) = 0, Lemma A.1 gives
9
§(a.) =R(a.) = 1187 ) ¢;z] > 11877y > 0. (A.18)
=0

Every other factor on the right of (A.10) is positive. That identity proves (A.17). g
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TaBLE 1. Coefficients for § = pQ + R. The remainder coefficients with index greater

than 9 are zero.

ANASS NIFA

J q; rj J qj
0 —1588589253209596 —9531535506952 461 13 476 232516
1 740732446 020673 —6675730081712563 14 —148476658
2 —277 859321196 300 36878 345425165852 15 —50976 437
3 86595 295758476 14790960 069 851 972 16 —655340412
4 —21232530012 668 —8500831174 448 830 17 —315842653
5 2961425110884 —63 112921934493 674 18 —1962508
6 707 881307862 —24 162316927 159 204 19 223569796
7 —810603807347 —5185708498471564 20 208601668
8 430796582928  12532924481239783 21 107349204
9 —175037 545095 2221544641356 161 22 32506234
10 58852065720 0 23 5004 455
11 —16306 269728 0 24 287 784
12 3391655536 0 25 —2205

TABLE 2. Positive coefficients of 118°R((231 + z)/118).

Cj

O 0 N1 N U W RO~

1453244795 845348307 811 581 388 481 233
171655433 886 954 619 973 704 509 793 399 625
4874552333 819787 686694611 996 698 660
59174508 513273196 527776 438 138 516

401 626 856 903 820 450 846 877 488 926
1669697462701 839 922 689 345 982

4353382 536789351507 350996

6928352208 810973 839332
6097476 398 165753 113
2221544 641356 161

APPENDIX B. OPERATOR NORMALIZATIONS

The following identities relate the conventions used in the proof. For Ric; = 3g on a four-manifold,

Ly = V'V + 61 — 2R,,

Eg =L, —6l,
Py = 3Ly —2I — 2K, 64,

Te(T)

On TT tensors, Py = %Lg — 2I. The three full-Lichnerowicz thresholds used in this paper are

(LgT, T)rz = 318, Tl

property or variational range ‘ threshold for L,
negative Einstein-operator mode A<6
shifted divergence-penalty identity <4
negative separated cone variation A< 15/4.

(B.1)

(B.2)

The value 7/2 is a bound obtained from p < 2, not one of the operator thresholds. The proof of
Theorem C does not compute an eigenvalue exactly, and does not require negativity of L itself.
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The scalar and tensor conclusions use different eigenvalue notation. For Ricy = Ag, the bounds

for the CLW metric are

1951 7 5
23%(g) < %A < 2A, (g < gA <A (B.3)

The final tensor threshold is the five-dimensional cone threshold under the constant rescaling to
Einstein constant 3. The divergence-free conformal tensor in (7.7) is not TT: its trace is (3A—4A) ¢ = 0.

(1]
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