PRIME-ORDER COMPLEMENTS IN PLANAR GRAPH JACOBIANS

ANASS NIFA

ABSTRACT. Let (A, b) be a finite abelian group with a nondegenerate symmetric pairing into Q/Z, and
let r(A) be its least number of generators. For infinitely many primes ¢, we realize (A, b) L (x/¢) as the
entire paired Jacobian of a simple planar biconnected graph, with one nonzero integer x independent
of ¢£. The primes avoid any prescribed finite set. Every vertex has degree two or three. The graphs have
arbitrarily large prescribed girth, treewidth at most two, and cycle rank max{1, r(A)}, which is optimal.
For each cycle rank they are subdivisions of one fixed planar multigraph. We construct a family whose
complementary orders form a primitive arithmetic progression; an explicit cofactor determines the
complementary pairing. Dirichlet’s theorem gives the prime-order conclusion. A separate construction
retains outerplanarity, allowing parallel edges and unbounded degree. Finally, for r > 3, the paired
Jacobian of K,r is the orthogonal sum of 2"~! — 1 hyperbolic planes over Z/2"Z. The case Ky contradicts
the exceptional-pairing conjecture of Gaudet, Jensen, Ranganathan, Wawrykow and Weisman.
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1. INTRODUCTION

The Jacobian of a finite connected graph carries more information than its underlying abelian
group. Its canonical symmetric pairing takes values in Q/Z, and a group isomorphism need not
preserve this pairing. We study realization with the pairing prescribed. The main result realizes every
finite nondegenerate symmetric pairing after adjoining one orthogonal summand of prime order. The
realizing graphs are simple, planar and biconnected. Their cycle rank is the smallest possible, their
degrees are two or three, and their girth has an arbitrary prescribed lower bound.

A finite paired group is a finite abelian group A with a symmetric bilinear map b : Ax A —» Q/Z
such that b(x, A) = 0 implies x = 0. Isometries preserve both the group and the pairing. Write L for
orthogonal sum, A, for the p-primary subgroup with its restricted pairing, and r(A) for the least
number of generators of A. The zero group has order and exponent one, and r(0) = 0. For coprime
integers a, n with n > 2, put

(1) = (Z/nZ, (x,y) — % (mod Z)). (1.1)

A cyclic pairing with denominator one denotes the zero group. For a connected graph G, put
B(G) = |E(G)|—|V(G)| + 1. Graphs are finite, undirected and connected. They have no loops; parallel
edges are permitted unless simplicity is stated, and every edge has weight one. A graph is biconnected
if it has at least three vertices and remains connected after deletion of any vertex. It is outerplanar if
it has a plane embedding with every vertex on the boundary of the unbounded face.

The integral cut and flow lattices give two presentations of the Jacobian [1]. Shokrieh identifies its
monodromy pairing by rational potentials and by the inverse of a reduced Laplacian [14, Theorem 3.4
and Proposition 3.7]. We use the positive Laplacian: vertex degrees on the diagonal and negative
edge multiplicities off the diagonal. With this convention, the cut lattice gives the monodromy
pairing, whereas the flow lattice gives its negative. Section 8 proves this sign relation integrally. The
decomposition of finite pairings into cyclic and rank-two summands is due to Wall [15]; Miranda
treats the 2-primary normal forms [10]. We give the splitting arguments needed below rather than
assume canonical normal forms.

1.1. Prime-order complements and minimum cycle rank.

Theorem 1.1. Let (A, b) be a finite paired group. For every pair of integers h > 1 and g > 3, there are
infinitely many primes ¢ not dividing 2h|A| and simple planar biconnected graphs G, such that

(Jac(Ge). bg,) = (A, b) LY, ik, (1.2)

where the nonzero integer k is independent of . Every vertex has degree two or three, the girth is at
least g, and the treewidth is at most two. Set d = max{1, r(A)}. All the graphs G, can be chosen as
subdivisions of one fixed planar multigraph Qg, depending only on d, with

B(Gy) = d, #v € V(Gy) : deg(v) =3} =2d — 2. (1.3)

The graph Q1 is a triangle; Qg is cubic for d > 2. The number d is the least possible cycle rank among all
connected graphs with a paired Jacobian as in (1.2).

The graph Qg is independent of the pairing, its exponent, and h, g. Its subdivision lengths depend
on these data. When d = 2, Q4 has two vertices joined by three parallel edges; the final graphs are
theta graphs. They are not required to be cubic: only the vertices inherited from Qg have degree three.
Nor is outerplanarity part of this conclusion. The prime ¢ and the isometry class of its cyclic pairing
are not prescribed in advance. Choosing h divisible by a prescribed finite set of primes excludes that
set from all complementary orders.

We prove a formula for every member of a family, before imposing primality. Theorem 9.3
constructs positive coprime integers u,v, a nonzero integer x, and subdivisions I'; of Qy, for every
integer ¢ > 0, such that

(Jac(Ty), br,) = (A, b) L <ufvt>, ged(u + vt, 2h|Alk) = 1. (1.4)
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Only one path length varies with t. Dirichlet’s theorem on primes in an arithmetic progression [6]
then gives Theorem 1.1. No assertion about prime values of a polynomial of degree greater than one
is used.

There are two distinct probabilistic antecedents. Nguyen and Wood [11, Theorem 1.22] prescribe
an underlying finite group together with a cyclic complement whose prime factors avoid a fixed finite
range. Hodges prescribes the pairings on finitely many primary subgroups of random graph Jacobians
[9, Theorem 1.1 and Corollaries 10.2, 10.5]. His theorem extends Wood’s result for the groups [16];
Clancy, Kaplan, Leake, Payne and Wood had treated the paired symmetric-matrix model [5]. Shen
subsequently obtained quantitative universality for paired cokernels of symmetric random integral
matrices with independent upper-triangular entries [13, Theorem 1.2]. These results distinguish
a prescribed primary part from a prescribed entire cokernel. The assertion in Theorem 1.1 is the
simultaneous prescription of the pairing on A, a complement of prime order, and the stated geometric
restrictions with minimum cycle rank. No random-matrix or random-graph theorem is used in its
proof.

The graphs in the construction are subdivisions of ladders. Chen and Mohar compute sandpile
groups for polygon flowers [3] and for polygon rings, including ladder families [4]. The facial cycle
basis and its tridiagonal determinant recurrence are established constructions. Here the lengths of
the paths shared by adjacent faces are independent congruence variables. Their choice prescribes the
primary pairings; a further choice of the diagonal entries makes the complementary determinant a
primitive arithmetic progression.

1.2. Outerplanar realization and prescribed primary parts.

Theorem 1.2. Let (A, b) be a finite paired group, and let h > 1 be an integer. There exist a biconnected
outerplanar loopless multigraph G and a nondegenerate pairing c on a finite cyclic group C such that

(Jac(G), bg) = (A, b) L (C, ), ged(|C|, 2h|A]) = 1. (1.5)
The group C may be zero.

Section 7 proves this by a tridiagonal reduced Laplacian construction. Corollary 9.4 subsequently
makes |C| prime, with infinitely many possible primes. These outerplanar graphs may have parallel
edges and unbounded degree. Thus the outerplanar conclusion is separate from the simple subcubic
conclusion of Theorem 1.1. A complement cannot be omitted uniformly: the hyperbolic pairing on
(Z./27)? is not the entire paired Jacobian of any graph [7, Proposition 26]. Corollary 2.5 proves this
obstruction from the Laplacian energy identity.

Corollary 1.3. Let S be a finite set of primes, and let (A, b,) be a finite paired p-group for each p € S.
For every integer g > 3, there are infinitely many pairwise nonisomorphic simple planar biconnected
graphs G of maximum degree at most three and girth at least g such that

(Jac(G)p blyac(c),) = (Ap. bp) (P €S). (1.6)
The groups A, may be zero.

Apply Theorem 1.1 to (A, b) =Lpes (Ap,bp) and h = [],c5 p. The complementary prime is
outside S, so its primary parts at those primes vanish. Distinct complementary primes give different
Jacobian orders and hence nonisomorphic graphs. An independent proof in Section 8 gives the
vertex-replacement and subdivision formulas used to compare cycle lattices.

Without the graph restrictions, the existence in Corollary 1.3 already follows from the positive
limiting probabilities in Hodges’s theorem. His Laplacian has the opposite sign; replacing the
prescribed pairing by its negative gives the present convention. The additional restrictions here are
imposed together. Degree two could not replace degree three in a universal statement: a simple
biconnected graph with maximum degree two is a cycle, whose Jacobian is cyclic. None of these
results asserts exact realization of every finite pairing without a complementary summand.
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1.3. Complete graphs and hyperbolic pairings. For N > 2, put

T

H = (0 1), £y = ((Z/NZ)Z, (x,y) — = 5y (mod Z)). (1.7)

1 0

This is the hyperbolic pairing. For N = 2" the notation agrees with [7, Section 2.4].

Gaudet, Jensen, Ranganathan, Wawrykow and Weisman conjectured that 82lrk is not the entire
paired Jacobian of a graph for positive integers r, k [7, arXiv version 2, Conjecture 27]. Their
observation that £ can occur as a primary subgroup does not contradict this assertion. The following
is an isometry of the entire paired group and does contradict it.

Theorem 1.4. For every integer r > 3,
(Jac(Kyr), b, ) = £42 7Y, (1.8)

In particular,
(Jac(Ks), bx,) = & (1.9)

The group Jac(Ky) and the associated integral lattices were already computed in [1, Section 9,
pp- 194-195], which also discusses their Witt classes. Proposition 3.1 gives the pairing in explicit
divisor coordinates:

(Jac(Ky), bxy) = ((Z/NZ)N-Z, IN‘Z;JN‘Z) ,  N>3. (1.10)

Here J; is the all-ones matrix. For N = 2", r > 3, the half-norm of the numerator reduces to a
hyperbolic quadratic form over F,. Successive integral changes of basis lift a hyperbolic quadratic
basis to a bilinear hyperbolic basis modulo 2”. This proves the isometry, not only equality of Witt
classes.

1.4. Cyclic pairings and their antecedents. Every nondegenerate pairing on a nonzero cyclic group
is <%> for some n > a > 0 with gcd(a, n) = 1: if z is a generator and b(z, z) = a/n, a common divisor
d > 1 would put the nonzero element (n/d)z in the radical.

The negative continued fraction n/a = [by, ..., b,]™, with b; > 2, determines a linear lattice with
matrix

Ci=b;, Ciiv1 = Ciy1i = —1, Cij=0 (li—jl>1). (1.11)

Greene realizes this matrix as a graph lattice [8, Section 3.3, p. 466]: join consecutive basis vertices,
adjoin one further vertex, and add edges to it until the basis vertices have degrees b;. Thus C is
already a reduced Laplacian in that construction. The inverse-matrix pairing formula then gives
cyclic realization. We include the argument to specify an integral generator, a rational potential and
the vertex bound.

Proposition 1.5. For n > a > 0 with gcd(n, a) = 1, there is a connected planar loopless multigraph
G(n, a) and a generator z € Jac(G(n, a)) such that

ord(z) = n, boina)(z, 2) = % (mod Z). (1.12)

The graph has at most n vertices. In particular, (Jac(G(n, a)), bg(n,q)) = <%>

Corollary 1.6. Every finite paired group of odd order is the paired Jacobian of a connected planar loopless
multigraph. For a nonzero group A, the graph can be chosen with at most |A| vertices.

This corollary follows from cyclic realization, the odd-primary decomposition and identification
of one vertex in each graph. It is therefore a consequence of the antecedents just described. Gaudet
et al. obtain odd-order realization under the generalized Riemann hypothesis [7, Theorem 2] and
prove realization of cyclic 2-primary pairings [7, Theorem 25]. The continued-fraction proof used
here requires no unproved number-theoretic hypothesis.



PRIME-ORDER COMPLEMENTS IN GRAPH JACOBIANS 5

Bosch and Lorenzini realize every finite pairing by an arithmetical graph [2, Proposition 5.2]. Such
a graph includes a primitive positive vertex-multiplicity vector R satisfying MR = 0; the constructions
permit nonconstant R. This category is larger than ordinary graph Laplacians, whose kernel vector is
1. In particular, their theorem is not an exact ordinary-graph realization theorem. The distinction is
retained throughout this paper.

1.5. Congruences and the determinant construction. For a nonsingular symmetric integral matrix
C, write

D(C) = (z¢/CcZ (x,y) — x"C"'y mod Z).

If D(C),, has exponent p¢, the congruence D = C (mod p***') preserves its entire p-primary pairing
(Lemma 7.2), including p = 2 and e = 0. We construct a presentation of A, with r(A,) rows and
append unimodular rows to reach the common size max{1, max, r(A,)}. Entrywise Chinese remainder
congruences then give one tridiagonal matrix of size max{1, r(A)}.

For a tridiagonal matrix with diagonal entries g; and adjacent entries —c;, its leading principal
determinants satisfy

N=1 A=a, A=al-c A,

At every extra prime dividing []; ¢;, suitable diagonal congruences give A; = 1. At all other extra

primes the recurrence excludes a common divisor of two consecutive A;. Consequently, if D = det L

and F is the preceding principal determinant, then gcd(D/|A|, F) = 1. Varying only the last diagonal

entry gives (1.4). The class |A|[e;] generates the whole complementary group; its self-pairing in the

graph is —|A|F /(u + vt). Both the complementary order and the numerator are thus determined.
The preceding manuscript [12] also uses rational potentials. Its graph H;;; has pairing

<%>J-[t/2] 1 <%>J-U/2J (t>1); (1.13)

see [12, Corollary 6.5]. This pairing has a self-value 5/8, whereas the self-values of £ belong to
iZ /Z.. Tt therefore does not give the isometry (1.9). None of the proofs below depends on a theorem
from that manuscript.

Section 2 fixes the pairing convention. Sections 3 and 4 prove the complete-graph formula.
Sections 5 and 6 give cyclic and odd-order realization. Section 7 proves finite-congruence invariance
and the outerplanar completion. Section 8 proves the integral cut-flow comparison and the vertex-
replacement formulas. Finally, Section 9 constructs the primitive progression, realizes its matrices on
Qg, and proves the optimal cycle rank.

2. RATIONAL POTENTIALS AND REDUCED LAPLACIANS

Let V = V(G), and let m,,, be the number of edges between distinct vertices v, w. The positive
Laplacian is

(LGx)v = Z mvw(xv - xw)- (2-1)
Define
Div’(G) = {D ez : Z D, = o] , Jac(G) = Div’(G)/LgZ" . (2.2)
veV

The image LgZ" lies in Div’(G) because Lg is symmetric and has zero row sums. For the graph on
one vertex this group is zero. An empty matrix has determinant one and presents the zero paired
group.

For x € RY, expansion of (2.1) gives

x'Lox = Z Myw (X, — x0)%. (2.3)
{v,wicv
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Connectedness implies kerg Lg = Q1: equality to zero in (2.3) implies equality of the coordinates at
the ends of every edge. Symmetry and the rank |V| — 1 then give

LGsz[DGQV : ZDU:O}. (2.4)

veV
A vector xp € QY with Lgxp = D is called a rational potential for D.

Lemma 2.1. For every nonsingular integral matrix C of size d, one has
|z?/CczZ¢| = | det C|. (2.5)
For d = 0, both sides are one. A positive definite real symmetric matrix has positive determinant.

Proof. Induct on d. The assertion for d = 0 follows from the stated conventions. For d > 0, the first
column is nonzero. If a, b are two integers not both zero, put g = ged(a, b) > 0 and choose u,v € Z
with ua + vb = g. Then

<—bu/g a;g> <Z> ) <§> det <—bu/g a;g> -

Apply these operations to the first column, permitting also row permutations and changes of sign.
A permutation first puts a nonzero entry in the first row; successive two-row operations eliminate
the remaining entries. For a one-row matrix, a change of sign makes the entry positive. There is
U € GL4(Z) such that

_ (&8 w
Uc_(0 C1>’ g>0, (2.6)

where C; is nonsingular. Multiplication by U induces an isomorphism of cokernels and changes the
determinant at most by a sign.

Projection onto the last d — 1 coordinates induces a surjection from the cokernel in (2.6) onto
Z971/C, 247" If the last coordinates of a representative are C; z, subtraction of (UC)(0, z)" leaves a
multiple of e;. Moreover,

ke, = (UC)m,2)! — Ciz=0 — z=0, k= gm.

Thus the kernel is cyclic of order g. Every fibre of the surjection is a coset of that kernel. By induction
the order of the cokernel is g| det C;| = | det C|, proving (2.5).
For the last assertion, induct on the size of a positive definite real symmetric matrix. Write it as

C=(g’g).Thena>0,andfory¢0,

y'(D-a'bbNy=(-a"b"y,y) C(-a"'bTy,y) > 0.

Subtracting b;/a times the first row from row i + 1 gives det C = adet(D — a~'bb") > 0 by induction.
The size-one assertion is a > 0. ]

Lemma 2.2. Assume|V|> 2, fixo € V, and let A be the matrix obtained from Lg by deleting row and
column o. Then A is positive definite, and restriction to V \ {0} induces an isomorphism

Jac(G) = ZV N/ AZ VNS, (2.7)
In particular, Jac(G) is finite and has order det A.

Proof. Given y € RVM% extend it by x, = 0. Then yTAy = x"Lsx > 0. Equality implies that x is
constant; its coordinate at o is zero, so y = 0. This proves positive definiteness.
Restriction p : Div’(G) — 7"\ has inverse

Y=z (V== W (2.8)

ES0]
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For v # o, one has p(Lge,) = Ae,. The identity L1 = 0 gives p(Lge,) = — Y, A€y. Hence
p(LcZ"V) = AZVN, proving (2.7). Finally, det A is a nonzero integer and Aadj(A) = (det A)I. The
cokernel is generated by |V| — 1 elements and annihilated by det A, so it is finite. Lemma 2.1 gives its
order det A, which is positive because A is positive definite. g

Lemma 2.3. For D, E € Div’(G), the formula
bo([D],[E]) = D"x¢ (mod Z), Loxg = E, (2.9)

defines a nondegenerate symmetric bilinear pairing on Jac(G). In the reduced coordinates of Lemma 2.2,
it is
bo([ul,[v]) =u"A v (mod Z). (2.10)

Proof. Two rational potentials for E differ by a constant vector, which pairs to zero with D. Replacing
Dby D+Lgf, with f € ZV, changes D"xg by fTE € Z. Replacing E by E + Lgh, with h € ZV, permits
replacing xg by xg + h and changes the value by DTh € Z. Thus (2.9) is well defined. Potentials add
under addition of divisors, so the pairing is bilinear. If Lgxp = D, symmetry follows from

DTxE = XBLGXE = ET.X'D. (2.11)

Suppose [D] pairs to zero with every class. Subtract a constant from xp so that xp, = 0. Pairing
with e, — e, and using (2.11) gives xp, € Z for every v. Therefore D = Lsxp is principal. For (2.10),
extend A~'v by zero at o. The resulting vector has Laplacian p~'v: equality holds away from o, and
the remaining coordinate follows from the zero sum. Substitution in (2.9) proves the formula. [

Lemma 2.4. Let e be an edge of a connected loopless multigraph, with distinct endpoints v, w. Put
D = e, — e, choose Lgx = D, and set p, = x, — x,,. Then 0 < p, < 1. If G — e contains a path fromv to
w, then p, < 1.

Proof. For an edge f with endpoints ay, by, put df = xq; — xp,. Its square is independent of their
order. The energy identity gives

pe=D"x=x"Lox = p* + Z djzc. (2.12)

f=e
The vector x is not constant, since Lgx = D # 0. Connectedness therefore gives p, > 0. The inequality
pe > p? implies p, < 1. If p, = 1, every dy with f # e is zero. Along a path from v to w avoiding e,

summing the signed values dy would then give x, — x,, = 0, a contradiction. g

Corollary 2.5. If bg(z,z) = 0 for every z € Jac(G), then Jac(G) = 0. Consequently, £+ is not the
paired Jacobian of a graph for any k > 1.

Proof. For every edge e = vw, Lemma 2.3 gives bg([e, — ey ], [e, — ew]) = pe mod Z. The hypothesis
and Lemma 2.4 imply p, = 1. Hence G — e has no path joining the endpoints of e. Choose a spanning
tree by successively adjoining an edge reaching a new vertex. An edge outside that tree would have
its endpoints joined by the tree path, contrary to the preceding conclusion. Thus G is a tree.

Fix a root o. For each edge e of the tree, let w, be its endpoint farther from o and v, its other
endpoint. Let f, be the characteristic function of the component of G — e containing w,. Only e joins
that component to its complement, so L f, = e, — e,,. For every vertex v, summing these identities
over the root path from o to v expresses e, — ¢, as an integral Laplacian. These differences generate
Div’(G); hence Jac(G) = 0. For 82“‘, the self-pairing of (ay, by, ..., ak, by) is >,; a;b; = 0 mod Z,
whereas its group has order 22 > 1. This proves the last assertion. g

We will also use the following elementary matrix convention. If B is a symmetric integral d x d
matrix, then (B/N)(x, y) = x'By/N modulo Z is a bilinear form on (Z/NZ). If P is invertible
modulo N, the map x — Px is an isometry

, P'BP . B
((Z/NZ) N ) — ((Z/NZ) ,N). (2.13)
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Changing the numerator matrix by a matrix divisible by N does not change the pairing. In particular,
the congruence in (2.13) is a congruence over Z/NZ; no integral unimodularity of a lift of P is
required.

Lemma 2.6. Let Gy,...,G; be connected loopless multigraphs with chosen vertices o;. Form G by
identifying all the o; to one vertex. Then

(Jac(G), bg) = L (Jac(G), b, (219)

If the G; are planar, so is G.

Proof. A one-vertex factor may be omitted, since its degree-zero divisor group is zero. If all factors
have one vertex, the assertion follows from the same observation. Otherwise, delete the identified
vertex. No edge joins the remaining vertices of distinct G;, so the reduced Laplacian of G is the block
matrix diag(Ays, ..., A;), where A; is the reduced Laplacian of G; at o;. Its cokernel is the direct sum
of their cokernels, and its inverse is diag(A7', ..., A; ). Equations (2.7) and (2.10) give (2.14). For
planarity, regard an embedding of each G; as an embedding in the sphere, choose a face incident with
o; as the outer face, and place the drawings in discs with disjoint interiors meeting only at the point
representing the identified vertices. No interiors of edges from different drawings meet. The resulting
graph is connected and has no loops. (]

3. THE PAIRING OF A COMPLETE GRAPH

Proposition 3.1. Let N > 3 and number the vertices of Ky by 1,...,N. For1 < i < N — 2, set
D; = e; — en—1. The homomorphism

(Z/NZ)V? — Jac(Ky), (@) — NZZ a;[Di] (3.1)
i=1
is an isomorphism, and
b (D ID,]) = 25 (mod Z), 32
Consequently (1.10) holds.
Proof. The Laplacian is
L=NIN—JN. (3.3)

Since Y,,(D;), = 0, one has LD; = ND;. Thus N[D;] = 0, and (3.1) is well defined.
For an arbitrary D € Div’(Ky), set t = Dy. The N-th coordinate of Le; is —1; hence D’ = D + tLe;
has D}, = 0. It still has coordinate sum zero and represents the class of D. Therefore

N-2
D = Z Di(e; — en—1). (3.4)
i=1
This proves surjectivity of (3.1).
Suppose Y N2 a;D; = Lf for f € ZN, and write S = Y\, f,. The N-th coordinate gives 0 =
N fy — S. The i-th coordinate, for i < N — 2, consequently gives

a = Nfi—S=N(f - fu). (3.5)

Thus every g; is divisible by N, proving injectivity.
The vector D;/N is a rational potential for D; by (3.3). Since D{D; = §;; + 1, Lemma 2.3 gives
(3.2). 0
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4. HYPERBOLIC REDUCTION AT THE PRIME TWO

4.1. Quadratic forms over IF,. Let W be a finite-dimensional vector space over F,. A quadratic form
q : W — T, has an associated bilinear form

B(x,y) = q(x + y) = q(x) = q(y). (4.1)

We call ¢ nondegenerate when f is nondegenerate. The hyperbolic quadratic plane has coordinates
(a,b) and g(a, b) = ab. A hyperbolic basis of a 2k-dimensional quadratic space consists of vectors
u;, v; with

q(u) = q) =0,  Plw,vj) =&, P, uj) = pvi,vj) = 0. (4.2)
Define the integer

S(g) = Y, (-1, (4.3)
xeW
Lemma 4.1. A nondegenerate quadratic form on a 2k-dimensional F,-vector space is hyperbolic if and
only if S(q) > 0. In that case S(q) = 2.

Proof. For k = 0, the space consists of its zero vector, q(0) = 0, and S(g) = 1; its empty basis is
hyperbolic. Suppose k > 1 and S(g) > 0. The number of zeros is

22k 4 g
+8)

#q(0) = ——

(4.4)
Choose u # 0 with g(u) = 0. Nondegeneracy supplies v with f(u,v) = 1. Put v’ = v + q(v)u. Equation
(4.1) gives q(v") = q(v) + q(v)f(v, u) = 0 and S(u,v”) = 1. The vectors u,v’ are independent, since
pairing a relation au + bv” = 0 with u,v” gives b = a = 0. Their polar matrix is H, so U = span{u, v’}
is nondegenerate. For each x € W, the vector

x — B(x,v")u— B(x, u)’ (4.5)

is orthogonal to u and v’. This proves W = U + U™*. If au + bv’ € U*, pairing with u and v gives
b =a=0.Thus W = U L U*. The complement is nondegenerate: an element of its radical would
be orthogonal to both summands, hence to W.

On U, the quadratic form is g(au + bv’) = ab, so S(q|y) = 2. For an orthogonal decomposition
the quadratic form is the sum of its restrictions, and summing independently over the two summands
gives

S(q) = 25(qly). (4.6)

Thus the character sum of the complement is positive. Induction gives a hyperbolic basis of U+, and
adjoining u, v’ gives one of W. Conversely, each hyperbolic plane has character sum 2; multiplicativity
gives S(q) = 2F for an orthogonal sum of k such planes. O

Let B be a symmetric integral matrix with even diagonal. The expression xBx is even for every
integral x. Define

x'Bx

(mod 2),  xeF: (4.7)

gs(x) =
This is independent of the integral lift, because replacing x by x + 2z changes the half-norm by
2x"Bz+2z'Bz=0 (mod 2). (4.8)

Expanding (x + y)"B(x + y) gives its polar form %" (B mod 2)j. Thus gz is nondegenerate when det B
is odd.

Lemma 4.2. For a nonnegative integer d = 6 (mod 8), the quadratic form qg associated with B = I;+ J4
is hyperbolic.
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Proof. The diagonal of B is 2. Expanding the determinant by multilinearity in the columns of I; + 117
gives
det(Iy + J;) =1+d. (4.9)

Indeed, terms containing two columns equal to 1 vanish; the term containing none is 1, and each of
the d terms containing exactly one is 1. Since d is even, (4.9) is odd. Therefore gp is nondegenerate.
Represent x € ]thi by a vector with entries 0, 1, and let w be the number of its nonzero entries.
Then
w(w + 1)
2

For integral w > 0, both (—=1)"+1/2 and Re((1 + 1)i*) have the successive values 1,—1,—1,1 as w
runs modulo four. Hence the binomial formula gives

d d
S(gs) =Y. (\‘i)(—m(wﬂ)/z = Re((l +i) ) (i)i‘”> (4.11)

w=0 w=0

x"Bx = w+ w?, qs(%) = (mod 2). (4.10)

= Re(1 + )% = 24/, (4.12)
For the last equality, write d = 8¢ + 6 and use (1 +i)® = 16 and (1 + i)’ = 8 — 8i. Lemma 4.1 now
proves the assertion. U
4.2. Lifting modulo powers of two.

Lemma 4.3. Let B be a symmetric integral 2k x 2k matrix with even diagonal and odd determinant. If
qs is hyperbolic, then for every integer s > 2 there is a matrix P € GLy(Z/2°Z) such that

P'BP = H**  (mod 2°). (4.13)

Proof. Fix s > 2 and induct on k. For k = 0, the empty matrix is invertible on the zero module and
satisfies the asserted congruence. For k > 0, choose a hyperbolic basis of gp, and lift its vectors to
integral vectors whose reductions form that basis, denoted u, v, wy, ..., Wag—s. Their column matrix
has odd determinant, so it is invertible modulo 2°. The first pair satisfies

u'Bu=v"Bv=0 (mod 4), u'Bv=1 (mod 2). (4.14)
Suppose 2 < j < s and u'Bu is divisible by 2/. For ¢ € {0, 1}, replace u by u + £2/"1v. Its norm is
u"Bu + e2/u" Bv + £22%77% " By. (4.15)

The last term is divisible by 22/, hence by 2/*1. Write u"Bu = 2/m and choose ¢ = m (mod 2). Since
u"Bv is odd, m + eu" Bv is even; hence (4.15) is divisible by 2/*!. This replacement does not change u
modulo two or the oddness of u" Bv. Starting at j = 2 and repeating up to j = s — 1 gives

u'Bu=0 (mod 2°). (4.16)

When s = 2, (4.16) already follows from (4.14) and no replacement is made.

Choose an odd integer c satisfying c u"Bv = 1 (mod 2°) and replace v by cv. Its norm is still
divisible by four, and now u"Bv = 1 (mod 2°). Put a = v"Bv/2, an even integer, and replace v by
v — au. The new norm and mixed pairing satisfy

(v—au)'Blv—au)=v'Bv—2au'Bv+a’u'Bu=0 (mod 2°), (4.17)
u'Blv—au)=1 (mod 2°). (4.18)

Both replacements preserve v modulo two. Renaming this vector v, the Gram matrix of u,v is H
modulo 2°.
For each remaining vector set

w! = w; — (w, Bv)u — (w, Bu)v. (4.19)



PRIME-ORDER COMPLEMENTS IN GRAPH JACOBIANS 11

Set a; = w] Bv and B; = w, Bu. Then
(W)"Bu=p;i—ayu'Bu—fw'Bu=0 (mod 2°), (4.20)
(w)"Bv=a;—o;u'Bo— Bw'Bu=0 (mod 2°). (4.21)

The two coefficients subtracted in (4.19) are even: the reductions of w; are orthogonal to those of u,v
in the original hyperbolic basis. Hence w/ = w; (mod 2). The full column matrix is still invertible
modulo 2°. Let C = ((w] )TBWQ,', j. It is symmetric, has even diagonal, and has odd determinant,
because modulo two it is the nonsingular complementary Gram matrix.

For y € Z?2, the equality

qc(y) = CIB(Z Fiw] ) (4.22)

follows by taking the half-norm of )} ; y;w/. Thus qc is the hyperbolic complement of the first plane
in gg. The induction hypothesis gives a congruence of C to H**~) modulo 2°. Extend that change of
basis by the identity on u, v and compose it with the preceding column matrix. This proves (4.13). [

Proof of Theorem 1.4. Set N = 2" and d = N — 2. Since r > 3, one has d = 6 (mod 8). Proposition 3.1
gives the pairing matrix (I; + J;)/N on (Z/NZ)?. By Lemma 4.2, its associated quadratic form over
F, is hyperbolic, and Lemma 4.3, with s = r, gives an invertible congruence

I+ J; = H*?  (mod 2"). (4.23)
Apply (2.13) and use d/2 = 2"~! — 1. Taking r = 3 gives (1.9). O
Corollary 4.4. Forr >3 and t > 1, the paired group 5TV s realized by a simple graph.

Proof. Identify one vertex in each of t disjoint copies of K-. Edges within one copy remain distinct,
and distinct copies share no vertex other than the identified one; hence the resulting graph is simple.
Apply Lemma 2.6 and Theorem 1.4. U

5. CONTINUED FRACTIONS AND CYCLIC PAIRINGS

The path-and-root graph in this section is Greene’s linear graph-lattice construction [8, Section 3.3,
p. 466]. We give the integral presentation and the rational potential determining its pairing.

5.1. The integral matrix.

Lemma 5.1. Let n > a > 0 be coprime integers. There are integers by, ..., by > 2 and

So=n, s;1=a, S>s>->8=1 $41=0 (5.1)
satisfying
Si-1 = bisi — sit1 1<i<o. (5.2)
They give
n B 1
—=[by,., by =bj ——, t<a. (5.3)
a b 1
2 1
b,

For ¢ = 1, the continued fraction is [b1]~ = b;.

Proof. Start with s = n,s; = a. Aslong as s; > 0, set

bi = Fi_ll ’ Siv1 = bisi — si1. (5:4)

Si
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The inequalities b; — 1 < s;_1/s; < b; give 0 < b;s; — si-1 < s;. Since s;i_1/s; > 1, one has b; > 2.
The positive remainders strictly decrease, so a first zero is reached. A common divisor of s;_1, s;
divides si.1 = b;s; — si—1, and a common divisor of s;, sjy; divides s;_; = b;s; — si+1. Therefore
ged(si, siv1) = ged(si—1, i), and the last positive remainder is ged(n, a) = 1. There are at most a
positive remainders beginning with s;, which gives ¢ < a. For i < ¢, divide (5.2) by s; to obtain
siz1/si = b — 1/(si/si+1). Ati = £, the ratio is s,_1 /s, = b,. Successive substitution gives (5.3). O

Lemma 5.2. For the integers in Lemma 5.1, let C be the symmetric tridiagonal matrix

bi, i=},
Cj=1-1, li-jl=1, (5.5)
0, li—jl>2
Then
detC=n,  (CHy = % (5.6)

and the integral vector s = (si,..., ;)" satisfies
Cs = ne;. (5.7)

Proof. Let A; be the determinant of the trailing submatrix on indices i, ..., £, with Ap; = 1and Ay = 0.
Expanding along its first row gives

A = biAiy1 — Ajys. (5.8)

For the second term, the minor matrix obtained by deleting the first row and second column has first
column (—1,0,...,0)". Its determinant is —A; 5. Multiplication by the entry —1 and the cofactor sign
—1 leaves this term unchanged. For a block of size one, the recurrence reads Ay = b;- 1 —0 = by,.
Equations (5.2) and (5.8), read backwards from the two terminal values, give A; = s;_1. Thus A; = n
and A; = a. The (1, 1) cofactor formula gives (C™1);; = Ay/A; = a/n, including ¢ = 1.

The first coordinate of Csis bys;—s2 = so = n. For 1 < i < ¢, the i-th coordinate is b;s;— sj—1 — Si41 =
0. The last coordinate, when ¢ > 1, is bys; — s;—1 = Sgp1 = 0. When ¢ = 1, the first-coordinate
computation alone applies. This proves (5.7). O

5.2. The planar graph. For n, a as above, take vertices o,vy,...,v,. Join v; to viy; by one edge for
1 <i < ¢ For each i, join v; to o by exactly

¢ = bi— 1y — Ljcp (5.9)

parallel edges. This defines G(n, a). If £ = 1, then ¢; = b;. If £ > 2, then ¢;, ¢, > 1 and all other ¢; > 0,
because every b; > 2.

Lemma 5.3. The graph G(n, a) is connected, planar and loopless. Its reduced Laplacian at o is C, and
¢
V(G(ma)l=t+1<a+1<n,  |E(Gna)l=) bi—t+1. (5.10)
i=1

Proof. For ¢ = 1, the two vertices are joined by b; > 2 edges, which can be drawn as disjoint arcs
except at their endpoints. For ¢ > 2, the vertices v; form a path and o is joined to its two endpoints,
so the graph is connected. Place o, v, ..., v, in this cyclic order on a convex polygon. Draw the path
on its boundary and draw one straight segment from o to each v; for which ¢; > 0. The interiors
of these segments are disjoint. For each segment, replace it by ¢; nearby arcs, choosing disjoint
thin neighborhoods away from the vertices and disjoint sectors at each vertex. This yields a planar
embedding with the prescribed parallel edges. Every edge has distinct endpoints, so there are no
loops.

The degree of v; is b; by (5.9); there is one edge between consecutive path vertices and no edge
between other pairs of path vertices. Thus the reduced Laplacian is exactly (5.5). There are ¢+ 1
vertices. The length bound in Lemma 5.1 gives the vertex inequality. The path has £— 1 edges, and
>i¢ = ;b —2(£— 1), including ¢ = 1. Adding the two counts proves the edge formula. ]
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Proof of Proposition 1.5. Use the graph of Lemma 5.3. By Lemma 2.2, write its Jacobian as Z‘/CZ’,
and denote the class of e; by z;. For 1 <i < ¢, the i-th column relation is

ziy1 = bizi — zi, zp = 0. (5.11)

It follows by induction on i that every z; is an integral multiple of z;. For ¢ = 1, this conclusion holds
without any relation. Thus z = z; generates the group.
Equation (5.7) gives nz = 0 and the rational potential C~'e; = s/n. By (2.10),

s a

bona)(z,2) = ;1 = (mod Z). (5.12)
If kz = 0, bilinearity implies ka/n € Z. Since gcd(n, a) = 1, one has n | k. Therefore z has order
exactly n, and bilinearity determines the full pairing from (5.12). The required graph properties and

size bound are those of Lemma 5.3. O

Example 5.4. For n = 17,a = 3, one has 17/3 = [6,3]” and

C_<‘1 3>’ T (1 6)' (5.13)

The graph has one edge vjv, five edges ov; and two edges ov;. The class of v; — o generates its
Jacobian and has self-pairing 3/17. For a = 1 the construction is the graph on two vertices with n
parallel edges, realizing <%> For a = n — 1 the remainder sequence is s; = n — i; all b; = 2 and the

graph is the cycle on n vertices (the two-edge cycle when n = 2), realizing <@>

6. ORTHOGONAL SUMS AND ODD-ORDER GROUPS

Proposition 6.1. Every finite orthogonal sum of nondegenerate cyclic pairings is the paired Jacobian of
a connected planar loopless multigraph. For a nonempty sum 1}_, <Z—j>, withnj > a; > 0 coprime,

t .
one can use at most 1 + ijl a; vertices.

Proof. Realize the j-th summand by G(nj, a;) and identify the vertices denoted by o. The graph has
1+2;¢ < 1+ };a; vertices. Proposition 1.5 and Lemma 2.6 give its pairing and planarity. The
empty orthogonal sum is realized by a single vertex, whose degree-zero divisor group is zero. [

Lemma 6.2. Every nondegenerate symmetric bilinear pairing on a finite abelian group of odd order is an
orthogonal sum of nondegenerate cyclic pairings.

Proof. Let n be the exponent of A, and write n = Hp p'. For each prime divisor p choose an integer
e, which is 1 modulo p"» and 0 modulo each g'* for g # p. Such integers exist because the prime
powers are pairwise coprime, by repeated use of Bézout’s identity. Modulo n they satisfy 3’ , e, = 1
and e,eq = 0 for p # q. Thus

A=A, Ay =eA={xeA:prx=0} (6.1)
P

Indeed, x = ), epx, and applying e, to a relation among these summands shows that its g-th
summand is zero. Moreover, p'?e, is divisible by n, whereas e, — 1 is divisible by p"#; these two
divisibilities give the equality defining A, in (6.1). For x € A, and y € A, with p # g, the value b(x, y)
is annihilated by both p’» and ¢"s. Bézout’s identity therefore gives b(x, y) = 0. Each restricted
pairing on A, is nondegenerate: an element in its radical is orthogonal to every primary summand
and hence is zero.

It remains to treat a nontrivial p-group, with p odd. Let its exponent be p". The orders of its
elements are powers of p, so their least common multiple is their maximum. Choose x of order p".
The character b(x,—) has order p”, since p"~'b(x,—) = 0 would imply b(p"'x, A) = 0 and then
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p"1x = 0. Consequently some y € A has b(x, y) of order p” in Q/Z; otherwise every value of that
character would be annihilated by p"~!. Choose integers u, v, w modulo p” with
u v w
b(x,x) = o b(y.y) = o b(x,y) = PR fw, (6.2)

where the fractions denote classes modulo Z.

If ptutakez = x;if ptov,takez =1y Ifp|uandp |v, take z = x + y. Then b(z,z) =
(u+2w+v)/p", whose numerator is a unit modulo p because p is odd and p { w. In all cases there is
z with

b(z,z) = 1% pte. (6.3)

Its order is exactly p”: its self-pairing has that order, and the exponent of A is p”.

Let C = (z). For any t € A, the value b(t, z) belongs to p~"Z /7. Multiplication by the unit c is a
bijection of Z,/p"Z, so there is a unique k modulo p" such that b(t,z) = kb(z, z). Then t — kz € C*.
If kz € C*, (6.3) implies k¢ = 0 (mod p"), hence kz = 0. Thus

(A, b) = (C,blc) L (CH, b|cw). (6.4)

An element of C* pairing to zero with C* also pairs to zero with C, hence with all of A; it is zero.
The complementary pairing is therefore nondegenerate. Its group has smaller order than A, since
|C|] = p” > 1. Induction on |A| completes the proof for the p-group, and (6.1) completes the general
case. ]

Proof of Corollary 1.6. For A # 0, Lemma 6.2 gives an orthogonal sum of cyclic pairings of orders
ni,...,n; > 3. Choose coprime representatives 0 < a; < n; for their self-pairing numerators and
apply Proposition 6.1. The number of vertices is at most

t t t
1+ Y a; <1+ 3.(m-1)<[[n;=1Al (6.5)
j=1 j=1 j=1

For the middle inequality, expand [];(1 + (n; — 1)): the constant and linear terms give the left-hand
side, and all higher terms are nonnegative. The zero group is realized by the one-vertex graph. [

7. CYCLIC COMPLETION OF ARBITRARY FINITE PAIRINGS

7.1. Localization and finite congruences. For a nonsingular symmetric integral matrix C of size d,
put

D(C) = (z4/cZ’, (Ix],[y]) —> x"C'y (mod Z)). (7.1)

Lemma 2.1 gives the finite order |det C|. Replacing x by x + Cz changes the pairing by z"y € Z;
replacing y gives the corresponding assertion. Symmetry follows from (C™})T = C~1. If [x] pairs to
zero with every coordinate class, then C~'x € Z¢, so [x] = 0. Thus (7.1) is a finite paired group.

For a prime p, let R, = Z,) C Q, the ring of fractions whose denominator is prime to p. Its units
are the fractions whose numerator and denominator are both prime to p.

Lemma 7.1. The map induced by Z° C Rg identifies the p-primary part of D(C) with
(RE/CRE, ([x].[y]) — x"C™'y (mod R,)). (7.2)

The coefficient group Q/R,, is identified with the p-primary subgroup of Q/Z by the inverse of the
natural quotient map.

Proof. A rational class of p-power order has a representative a/p. If this representative belongs to
R,, then p* | a; hence the natural map is injective on these classes. For any fraction a/(p*s) with
pts, choose b € Z with bs = a (mod p*). Then

a b a-bs
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This proves the asserted coefficient isomorphism.

Write A = Z¢/CZ?, and let the exponent of A, be p€. The primary decomposition proved in (6.1)
does not require oddness of |A|. Every primary subgroup at a prime other than p maps to zero in
Rg / CRZ : it is annihilated by a power of that prime, which is a unit of R,. If [x] € A, maps to zero,
write x = Cy with y € Rg. Choose s prime to p with sy € Z¢. Then s[x] = 0 in Ay. An integer b
with bs =1 (mod p°) gives [x] = bs[x] = 0. Thus the map on A, is injective.

For y € RY, choose s prime to p with sy € Z¢ and decompose [sy] € A into its primary parts. Let
x € Ay, be its p-primary part. In the localized quotient, s[y] equals the image of x. Choose b with
bs =1 (mod p°). Multiplication by s is invertible on the localized quotient; therefore the image of
bx is [y]. This proves surjectivity. The equality of pairings follows by applying the coefficient map to
the formula in (7.1). O

Lemma 7.2. Let C, D be nonsingular symmetric integral matrices of the same size. Suppose the exponent
of D(C), is p¢, where e = 0 means that this group is zero. If

D — C € p**! Maty(Z), (7.4)
then D(D),, = D(C),, as paired groups.
Proof. By Lemma 7.1, the exponent hypothesis is peRg C CRg. Apply C! to each vector p®e;. The
resulting vectors lie in RY; equivalently,
C™' € p~*Maty(Ry). (7.5)
Set E=D— Cand U = I + C"'E. Equations (7.4) and (7.5) imply
U eI+ p“ Maty(R,), detU =1 (mod pR,). (7.6)

Thus det U is a unit of R, and U™ = (det U)~!adj(U) has entries in R,. Since D = CU, one has
DR{ = CRY.
The identity U™} — I = —U~Y(U - I) gives

D' - C'=-U"'CTEC™" € pMaty(R)). (7.7)

Indeed, the two inverse factors contribute p~2¢ and E contributes p?**!. For x,y € RY, the value
x"(D™! = C™')y consequently belongs to R,. The identity on the common quotient preserves the
pairings in (7.2). Apply Lemma 7.1. This proof also applies to p = 2 and to e = 0. g

7.2. Binary summands at the prime two.

Lemma 7.3. Every finite paired group is an orthogonal sum of nondegenerate cyclic pairings and pairings
((z/NzZ)*,B/N), N=2", r>1, (7.8)

where B is symmetric integral with even diagonal and odd determinant.

Proof. Primary subgroups are mutually orthogonal and nondegenerate by the proof of Lemma 6.2;
that lemma treats all odd primes. Let A be a nonzero 2-primary paired group of exponent N = 2".
Suppose b(x, x) has order N. Then x has order N and b(x, x) = a/N with a odd. For every z € A,
choose k modulo N with b(z,x) = kb(x,x). It follows that z — kx € (x)*. If kx belongs to this
orthogonal complement, then ka = 0 (mod N), so kx = 0. Consequently A = (x) 1 (x)*, and the
second summand is nondegenerate.

Suppose instead that every self-pairing has order strictly less than N. It then belongs to 2N~1Z/Z.
Choose x of order N. If every value of b(x, —) were annihilated by N /2, nondegeneracy would give
(N/2)x = 0, a contradiction. Choose y with b(x, y) = ¢/N, where c is odd. The order of y is N, since
it annihilates this value and divides N. Choose the numerator matrix

2a ¢
= (0 2) 79
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Its determinant 4ad — c¢? is odd. If ax + By = 0, pairing with x and y gives B(a, 8)" = 0 modulo
N. Multiplication by (det B)™! adj(B) gives & = # = 0 modulo N. Thus U = (x, y) is isomorphic to
(Z/NZ)?, with nondegenerate pairing B/N.

For z € A, write (b(z, x), b(z, y))T = v/N and solve Ba = v modulo N. The element u = a;x +azy
satisfies z — u € U*. Nondegeneracy on U gives U N U' = 0,s0 A = U L U*. An element of the
radical of b|y: annihilates both summands and hence is zero. In either case a nontrivial summand
has been removed. Induction on |A| terminates and proves the lemma. For r = 1, the second case has
zero diagonal modulo two; the same inverse-matrix argument applies. ]

Lemma 7.4. Let N = 2", r > 1, and let B satisfy (7.8). Let Q be a finite set of odd primes. Fix a positive
odd integer c satisfying

—c=(B1Y;2, (mod N). (7.10)
There are even integers a, d > ¢ such that, for
_( 4 —¢ _ g2
C_<—c d)’ t=ad—c, (7.11)
one has
C=B"' (modN), gcd(a,c)=1, t>0, gcd <t,2 H q) =1. (7.12)
q€Q
The matrix NC is a reduced Laplacian of a three-vertex outerplanar loopless multigraph, and
D(NC) = ((Z/NZ)*,B/N) L (Cyy), (7.13)

where C; is cyclic of order t and y is nondegenerate. In the congruences, B! denotes the inverse over
Z/NZ.

Proof. The adjugate of B has even diagonal and odd off-diagonal entries. Its multiplication by the
inverse of the odd integer det B preserves those parities. Thus a positive odd ¢ in (7.10) exists. The
moduli N, c are coprime. Choose a > c satisfying

a=(B ™Yy (mod N), a=1 (mod c). (7.14)
These congruences imply that a is even and ged(a, ¢) = 1. For each g € Q with q { a, impose
d=a'(*+1) (mod q), d=(B™Y), (mod N). (7.15)

All the moduli are pairwise coprime, so these conditions have a solution; adding a positive multiple
of their product gives d > c. The last condition makes d even. If ¢ { a, thent =1 (mod ¢).If ¢ | a,
then gt cand t = —c? # 0 (mod q). Also t is odd and ad > c2. This proves (7.12). The choices follow
from Bézout’s identity, applied successively to the coprime moduli.

Take N(a — c) edges between o,v;, N(d — ¢) edges between o, v,, and N ¢ edges between vy, v,. All
multiplicities are positive integers. The reduced Laplacian at o is NC. Draw one copy of each edge as
a triangle and all additional copies on its interior side. This is an outerplanar embedding, with the
three vertices on its exterior triangle. In particular, NC is positive definite by Lemma 2.2.

Choose integers u,v with ua —vc = 1, and put k = —uc + vd. The two matrices

u v 1 —k
oo (20) (0 w0

have determinant one. Multiplication gives

1 k N o0
UC:(O t), U(NC)V:(O Nt). (7.17)

Thus the underlying cokernel is Z/NZ @ Z./NtZ.. This row-and-column equivalence determines the
group only; the pairing is computed below.
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Let ¢ be the coordinate classes in D(NC). The classes té;, té, are annihilated by N, since Nte; =
NCadj(C)e;. If t(xe; + xpe2) € NCZ?, each coordinate is divisible by N. Since ged(t, N) = 1, one
has N | x1, x,. They therefore generate a subgroup isomorphic to (Z/NZ)?. Equation (7.17) shows
that the full 2-primary subgroup has order N?; hence they form its basis. Their Gram matrix is

2(NC) ™ = % adj(C). (7.18)

Choose w € Z with wt = 1 (mod N). Multiplying both basis vectors by w is invertible on this
subgroup, and the new numerator satisfies

w?tadj(C) =t adj(C)=C'=B (mod N). (7.19)

By (7.17) the odd-primary subgroup is cyclic of order t. Primary orthogonality and nondegeneracy of
the entire pairing prove (7.13). g

Proposition 7.5. For N = 2", r > 1, let Ty have three vertices and edge multiplicities N, N, N(N — 1).
Then

(Jac(Tw), bry) = En L {55 ) - (7.20)

Proof. Put t = 2N — 1 and root the graph at the common endpoint of the two edge families of
multiplicity N. The reduced Laplacian and its inverse are

_ N -(N-1) 4_ 1 (N N-1
L—N<_(N_l) N ) Ll_Nt<N—1 N). (7.21)

The product of the two displayed numerator matrices is tI, since N — (N — 1)? = t and the mixed
entries cancel. The argument of (7.17) gives cokernel Z/NZ & Z./NtZ.
As in the proof of Lemma 7.4, té;, té, form a basis of the 2-primary part. Their self-pairings are
t € Z and their mixed pairing is
t(N-1)
N
Thus they give Ey. The element N¢; is annihilated by ¢, by the adjugate identity, and has self-pairing
N?/t. Since gcd(N, t) = 1, this value has order t; hence the element generates the odd part. If
uvN =1 (mod t), the generator vN¢é; has self-pairing 1/t modulo Z. Primary orthogonality proves
the assertion. O

1
=2N -3+ —. (7.22)
N

7.3. Tridiagonal reduced Laplacians.

Lemma 7.6. Let L be an integral symmetric tridiagonal matrix of size d > 2. Suppose

c=-Li1>0 (1<i<d), si= Y. Lij >0, s1,54 > 0. (7.23)
j

Then L is the reduced Laplacian of a loopless multigraph with an outerplanar embedding whose exterior
boundary is a Hamilton cycle. The graph is biconnected. If P is a finite set of primes containing all prime
divisors of H;j;ll ci, then D(L), is cyclic for every prime £ ¢ P.

Proof. Take vertices o, vy, ..., v4, with ¢; edges between v;, v;+1 and s; edges between o, v;. The diagonal
degree at v; is s; + ¢i—1 + ¢; = L;;, where ¢y = ¢4 = 0. The off-diagonal entries are those of L. Choose
one edge from each adjacent family and one edge from each of the two endpoint families. They form
the cycle

0,V1,02,...,0q, O. (7.24)

Embed this cycle as a convex polygon. The segments from o to v; have disjoint interiors. Draw every
remaining parallel edge on the interior side of its chosen segment or polygon side, inside disjoint
narrow strips away from vertices and disjoint sectors at vertices. The exterior boundary remains
(7.24). Deleting any vertex leaves the path obtained by deleting it from this cycle; that path contains
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all remaining vertices. Hence the graph is biconnected. Its connectedness also proves that L is positive
definite.

Delete row one and column d from L. In row i of the resulting matrix, a possibly nonzero entry
has column at least i; its diagonal entry is —c;. Its determinant is therefore

d-1
0 e (7.25)

If ¢ ¢ P, this minor is a unit modulo ¢, so rankg,(L mod ¢) > d — 1. For A = Zd/LZd, reduction of its
presentation gives

A/eA =TF? /(L mod OF¢, dimg,(A/A) < 1. (7.26)

Multiplication by ¢ is bijective on every primary subgroup of A at a prime other than ¢. Hence
AJtA = A;/tA,. Choose x € A, whose class generates this quotient, using x = 0 when it is zero.
Then A; = (x) + tA;. The quotient K = A;/(x) satisfies K = ¢K. For an integer m with f"K = 0,
iteration gives K = £"K = 0. Thus A, = (x) is cyclic. O

Proof of Theorem 1.2. Let P be the set of prime divisors of 2h|A|. For p € P, let p be the exponent
of A,, with e, = 0if A;, = 0. Decompose (A, b) using Lemma 7.3. For each cyclic summand use the
matrix of Proposition 1.5. It has nonnegative row sums and positive endpoint row sums, including a
one-row block. Its adjacent entries, when present, are —1.

For every binary summand, choose c as in (7.10) before choosing its two diagonal entries. Let T
be the set of primes outside P dividing any of these integers c. They are odd because each c is odd.
Apply Lemma 7.4 with Q = (P U T) \ {2} to every binary summand. A binary block N C has positive
row sums N(a — ¢), N(d — ¢); every prime divisor of its adjacent entry —N ¢ belongs to P U T. Denote
the resulting blocks by Ly, ..., L and put

Ly = diag(Ly, ..., Ly). (7.27)
Block inversion, the exact cyclic realizations and (7.13) give
D(Lo)p = (Ap,bla,) (peP),  D(Lo)g=0 (qeT). (7.28)

The last assertion follows because the original summands have no g-torsion and every added odd
order is prime to q.

If Ly has fewer than two rows, append copies of the one-row matrix [b] until it has two rows,
where

b=1+ [] ». (7.29)
pePUT

Since 2 € P, this integer is odd and at least three. It is congruent to one at every prime of P U T; thus
appending these matrices preserves (7.28). Their row sums are positive. This also treats A = 0, for
which the initial matrix has size zero. Continue to denote the enlarged block matrix by Ly; let its size
be d > 2.

Let J be the set of indices i at which two consecutive blocks meet. Define

w= <H Pze"“) <H q> . L=Lo+w ) (e —er)(ei— er1) . (7.30)

peP qeT ie]

For any x € RY, the added quadratic form is w Y 7 (6 — xi+1)> > 0. Each block of L, is positive
definite; hence L is positive definite. Each added matrix has zero row sums. It replaces the zero
adjacent entry at the corresponding block boundary by —w. All other adjacent entries are unchanged,
so every adjacent entry is strictly negative. The row sums remain nonnegative and the first and last
remain positive. Lemma 7.6 therefore constructs an outerplanar biconnected graph G with reduced
Laplacian L and exterior Hamilton cycle (7.24).
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For p € P, the difference L — L is divisible by p?¢*!. For q € T, it is divisible by q and the
g-primary part of D(L) is zero. Lemma 7.2 yields

D(L), = (Ap,bla,) (peP), D@L)=0 (geT). (7.31)

The prime divisors of every adjacent entry of L belong to P U T. Lemma 7.6 shows that D(L), is cyclic
forevery ¢ PU T.

Let C be the sum of these latter primary subgroups. Only finitely many are nonzero, since D(L) is
finite. If x, generates its £-primary part of order my, then ), x; has order [ [, m,: an integer annihilates
this sum precisely when it is divisible by every m,, and these integers are pairwise coprime. Thus C is
cyclic. Its order is prime to 2h|A| and its restricted pairing is nondegenerate by primary orthogonality.
Combining (7.31) with Lemma 2.3 gives (1.5). O

Remark 7.7. The trivial complementary group is permitted. It cannot be required for every finite
paired group: Corollary 2.5 excludes &, as an entire paired Jacobian; compare [7, Proposition 26].
The complement can therefore always be cyclic but cannot always be zero. Theorem 1.2 does not
prescribe |C| or c; it prescribes primes which do not divide |C|.

8. SIMPLE PLANAR GRAPHS WITH PRESCRIBED PRIMARY PAIRINGS

8.1. Integral cycles and cuts. Give each edge of a connected loopless graph G an orientation. Let
D : ZF9 - 7V(9 send an oriented edge to its head minus its tail. Give the edge group its Euclidean
scalar product. Then DD = Lg. Put

F=kerD, B=D'Z"9, F=F®Q, By=B®Q. (8.1)

The group F is the group of integral cycles. Equipped with the restricted scalar product, it is the
integral cycle lattice. For an integral positive-definite lattice K, define

K'={xeK®Q : (x,K)CZ} (8.2)

The discriminant pairing on K*/K is the scalar product modulo Z. The zero-rank case has zero
discriminant group.

Lemma 8.1. The subgroups F, B are direct summands of Z¥9). Their rational spans are orthogonal
complements. Every integral linear functional on either subgroup extends to the edge group.

Proof. Choose a spanning tree T of G. It exists by adjoining, to one vertex, an edge reaching a new
vertex until all vertices have been reached; connectedness permits each step and no cycle is created.
For each e ¢ E(T), let p, be the signed chain on the unique tree path from the tail of e to its head,
so that Dp, = De. Set z, = e — p, € F. For z € F, subtract ), ¢r(r) 2(€)z.. The remaining cycle is
supported on T. Its coefficient on a leaf edge is zero by the incidence equation at that leaf. Removing
the leaf and repeating gives zero. Thus the z, span F. Their coefficients on edges outside T are
coordinate vectors, so they are independent. They form an integral basis of F. Together with the
tree-edge coordinate vectors, they form a basis of the entire edge group: the inverse substitution is
e=z,+ p.fore¢ E(T).

Fix a root 0. A potential f with f(0) = 0 is uniquely determined by its signed differences on the
tree edges, because integration along the unique root paths recovers every f(v). Every assignment of
integral tree differences gives integral values of f. Therefore restriction to tree-edge coordinates maps
B isomorphically onto Z*(T). Every integral edge vector x consequently has a unique expression
x = b + ¢, where b € B has the same tree coordinates as x and c is supported off T. This proves that
B is a direct summand. Extend a functional on F or B by zero on a chosen complement to obtain an
integral functional on the edge group.

For z € Fand f € Q"(9, one has (z,D"f) = (Dz, f) = 0. The displayed bases give rank F =
|E|—|V|+1 and rank B = |V|—1. Their ranks sum to |E|, so Fg and B are orthogonal complements. [



20 ANASS NIFA

Lemma 8.2. If C is the Gram matrix of an integral basis of F, then
(Jac(G), bg) = (z™=**F /cz™*™*F,—C™  (mod Z)). (8.3)

Proof. Let np, mp denote the rational orthogonal projections onto Fgp, Bg. For z € 79 and f € F,
(nrz, f) = (2, f) € Z, so wpz € F*. The corresponding argument gives gz € B*. Let u € F*. The
functional (u, —) on F extends integrally to the edge group by Lemma 8.1. Every such functional is
(z, —) for some integral edge vector z. Then u — nrz € Fy is orthogonal to F, so u = npz. If u € B,
extend (u, —) on B instead; its integral representative z satisfies u = gz by the same nondegeneracy
argument in Bg.

A direct summand K of an integral free group satisfies (K ® Q) n Z¥(® = K: project an integral
vector onto the complementary summand and use torsion-freeness there. If 7pz € F, then z — 75z €
Bg N 7E©) = B, Conversely, every z € F + B has npz € F. The kernel of z — [nrz] is therefore F + B.
If mpz € B, the vector z — mpz belongs to Fg n ZE(©) = F, and the converse also holds. Thus the two
projections induce isomorphisms

79 )(F +B) — F*/F,  7"9/(F + B)— B*/B. (8.4)
For integral z, z’, orthogonality gives
(npz, np2’) + (pz, mp7’) = (2, 7)) € Z. (8.5)

Hence the two pairings transported to the common quotient have opposite signs. The map D sends
a signed path to the difference of its endpoints. These differences generate Div’(G), so D is onto
that group. It sends F + B onto LgZ" (9. If Dz = L f with f integral, then z — D' f € F; hence the
induced map

79 J(F + B) — Jac(G) (8.6)

is both surjective and injective.
Choose a rational f with Lgf = Dz, using (2.4). Then D(z — DT f) = 0, so 73z = D' f. For
7 € 7E©),
(52, 752") = (D', 2) = fTDZ’ = bo([Dz],[DZ']) (mod Z). (5.7)

The last equality uses Lemma 2.3 and its symmetry. Thus (8.6) identifies the cut discriminant pairing
with bg.

Let fi,..., fx be the chosen cycle basis and let C be its Gram matrix. In these coordinates the
dual lattice is C7'Z*, and the map Z¥/CZF — C~1Z*/Z* sends [a] to [C~'a]. Its scalar product is
(C'a)"C(C'b) = a"C'b. Combining this with (8.5) and (8.7) proves (8.3). O

8.2. Vertex replacement and subdivision.

Lemma 8.3. Let Gy be a loopless plane multigraph whose exterior boundary is a Hamilton cycle. There
is a loopless planar Hamiltonian multigraph H of maximum degree at most three obtained by replacing
vertices by paths. Contraction of these paths induces an isomorphism F(H) — F(Gy) of groups of integral
cycles. If Cy is the Gram matrix of a basis of F(Gy), and ¢y is the column vector of coefficients on a new
edge f in its lifted basis, then the Gram matrix of F(H) is

Co+R~ R= ) 1] (8.8)

f new
No assertion of isometry is made for the contraction map.

Proof. At a vertex of degree d > 4, label the incident half-edges ey, ..., €4 in cyclic order so that e;, e4
are the two exterior Hamilton-cycle half-edges. This order exists because the sector between these
two half-edges is incident to the exterior face. In a small vertex disc replace the vertex by a path
X1i,..., Xg—p. Attach ey, e; to xy, attach e;_;, e4 to x4_5, and attach e; to xj_4 for 3 < j < d — 2. For
d = 4 the middle list is empty. All new vertices have degree three.
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The modification has a planar embedding with the prescribed boundary half-edges. One construc-
tion separates the consecutive pair ey, e; from the remaining half-edges by an arc in the vertex disc,
places x; on that side, and replaces the residual vertex by the same construction. At each step the
separated and remaining boundary endpoints are consecutive intervals; their attachment arcs are
disjoint. Iterating gives the stated path and retains the cyclic order of the old half-edges. Choose
disjoint vertex discs, and leave vertices of degree two or three unchanged. Every old edge still has
distinct endpoints because its endpoints belonged to distinct old vertices. New edges lie on paths with
distinct vertices. Hence H is loopless. The Hamilton cycle enters each replacement at x;, traverses
the entire path, and leaves at x;_,. It visits every vertex of H once, so H is Hamiltonian, connected
and bridgeless.

Orient the old edges as in G, and each replacement path from x; to x;,, where m = d — 2. For a
cycle on H, summing the incidence equations over a replacement path cancels every new-edge term.
Its old-edge coefficients therefore satisfy the incidence equation at the corresponding vertex of Gy.
Conversely, prescribe a cycle on Gy, and let b; be the contribution of old edges at x;. The original
incidence equation is z;-"zl bj = 0. Give the oriented edge x;x;.; the coefficient

j m
aj=Y bi=—> b (1<j<m) (8.9)

i=1 i=j+1
The new incidence equations are
by —a; =0, bj+aj_1—aj=0(1<j<m), by + a1 = 0.

All follow by substitution. The first equation determines a;; the interior equations determine each
subsequent a;. Thus the extension exists, is integral, and is unique. Restriction and extension are
additive inverse maps between the two cycle groups.

For the lifted basis, let a, be the column of coefficients on an old edge e. Its old-edge contribution
to the Gram matrix is Y., ,;q @ed, = Co. Each new edge contributes [ft’}. Adding the contributions
proves (8.8). U

Lemma 8.4. In Lemma 8.3, fix integers M, t > 1. Replace each old edge of H by a path of length 1 + Mt
and each new edge by a path of length Mt, with all path interiors disjoint. Call the resulting graph G;.
In the transported integral cycle basis its Gram matrix is

C;=(10+Mt)Cy+ MtR=Cy (mod M). (8.10)

If Mt > 2, the graph Gy is simple, planar, biconnected, of maximum degree at most three, and has girth
at least Mt. Its number of vertices is strictly increasing as a function of t.

Proof. Orient each subdivided path consistently with the edge it replaces. At each new vertex of
that path, the incidence equation equates its two coefficients. A cycle is therefore constant along
the path; restriction and constant extension identify the integral cycle groups. A path of length k
contributes kaeaz to the Gram matrix if its coefficient column is a,. The old and new contributions
are consequently (1 + Mt)Cy and MR, proving (8.10). Since C, is positive definite and R is positive
semidefinite, C; is positive definite.

Subdivide within the given plane embedding of H. Connectedness is preserved, and every new
vertex has degree two; hence the maximum degree remains at most three. If Mt > 2, each edge is
replaced by a path with an interior vertex. Each new edge has an interior endpoint belonging to
that path only. Within a path the vertices are distinct, and distinct paths have disjoint interiors. The
absence of loops in H now excludes both loops and parallel edges in G;.

The Hamilton cycle contains each of its own edges. For any other edge of H, join its distinct
endpoints by a Hamilton-cycle arc. That arc together with the edge is a cycle. Thus every edge of H
lies on a cycle. Subdivision replaces such a cycle by a cycle through every edge of the corresponding
paths. Thus G; is bridgeless. Suppose that deleting a vertex v disconnects G;. Each component of
G; — v must have at least two edges to v: with only one, that edge would be a bridge. Two distinct
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components would then give deg(v) > 4, a contradiction. The graph has at least three vertices, so it is
biconnected.

A cycle that contains an interior vertex of a subdivided path must use both incident edges there.
Repeating along the path shows that it traverses the entire path. Every edge belongs to such a path,
so any cycle contains an entire path of length at least M¢. Its length is at least Mt. Let m,, m, be the
numbers of old and new edges of H. The vertex count is

V(G| = |V(H)| + moMt + m,(Mt — 1). (8.11)
Here m,+m, > 0, since H has a Hamilton cycle. Increasing ¢ by one adds M(m,+m,) > 0 vertices. [

Proof of Corollary 1.3. Set (A, b) = L,es(Ap, bp) and h = HpES p, with empty product one. Use the
graph G constructed in the proof of Theorem 1.2. By Lemma 7.6, its chosen plane embedding has an
exterior Hamilton cycle. The complementary order in that theorem is prime to every p € S, including
those for which A, = 0. Thus

(Jac(Go)p, bGyljac(Gy),) = (Ap bp)  (p € 9). (8.12)
Put P = S U {2}, and let p be the exponent of Jac(Gy),, with e, = 0 for a zero group. Define
M =] p* (8.13)
pEP

Choose an integral cycle basis of G, using Lemma 8.1, with Gram matrix Cy. The Hamilton cycle is
a nonzero integral cycle, so this basis has positive rank. Apply Lemmas 8.3 and 8.4. By Lemma 8.2,
D(Cy), has exponent p®; the minus sign there changes no group order or exponent. For every
p € P, equation (8.10) gives C; — Cy € p*®™1 Mat(Z). Lemma 7.2 gives an isometry of the p-primary
discriminant pairings. Negating both pairings preserves that isometry. Lemma 8.2 therefore yields

(Jac(Grp, bG,ljac(Gy),) = (Jac(Go)ps b6y ljac(Gy),) (p € P). (8.14)

Combine this with (8.12).

Choose any integer t with Mt > g. Since g > 3, Lemma 8.4 gives simplicity, planarity, biconnec-
tivity, maximum degree at most three and girth at least g. There are infinitely many such ¢. Their
vertex counts are strictly increasing by (8.11), so the graphs are pairwise nonisomorphic. If S is empty,
the construction starts with the zero paired group and the same proof applies. (]

Remark 8.5. Corollary 1.3 prescribes the entire primary paired groups at the primes in S. The proof
just given does not prescribe the primary groups at other primes or assert that their sum is cyclic. The
stronger construction in Section 9 makes that sum have prime order. Neither construction requires
the final graph to be outerplanar or regular of degree three. The degree bound cannot be replaced by
two in a universal statement. Indeed, biconnectivity implies minimum degree at least two: a vertex
of degree one would be isolated by deletion of its neighbour. A finite connected graph all of whose
degrees equal two is a cycle: following edges without reversal first produces a cycle, and its vertices
have no additional incident edges, so connectedness excludes any remaining vertices. Its Jacobian
is cyclic by Proposition 1.5, applied to m/(m — 1) = [2,..., 2]™. It cannot realize a noncyclic primary

group.
9. PRIME-ORDER COMPLEMENTS ON A FIXED GRAPH
9.1. Tridiagonal matrices with prescribed primary pairings.

Lemma 9.1. Let (A, b) be a finite paired group, and put d = max{l, r(A)}. For every finite set P of
primes containing the prime divisors of 2|A|, there is a positive definite symmetric integral tridiagonal
matrix Cy of size d such that

D(Cy)p = (Ap, by) (p € P). (9.1)
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Proof. Put r, = dimg,(Ap/pAp). A generating set of A maps to a spanning set of this quotient, so
r(A) > rp. Conversely, the cyclic-binary decomposition in Lemma 7.3 supplies r,, generators of A:
a nonzero cyclic block contributes one dimension to A,/pA,, and a binary block contributes two.
Append zeros to these generating lists to obtain the common length r = max, r,. Sum their ith
entries over the primes to obtain elements z; € A, 1 <i < r. The primary projection of A onto A, is
multiplication by an integer which is one modulo exp A, and zero modulo the exponents of the other
primary subgroups. Such an integer exists by the Chinese remainder theorem. Multiplying z; by it
recovers the ith primary generator. Thus zi, ..., z, generate A, and r(A) = max, r,. The maximum
for A = 0 is interpreted as zero.

For each p € P, fix the cyclic-binary decomposition of (A, b,). For a cyclic summand <%> with
n = p’and 0 < a < n, use the one-row matrix [na]. In its cokernel the class a[e; | has order n and
self-pairing a/n; since p { a, it is the entire p-primary subgroup. For each binary summand at two,
use the two-row matrix of Lemma 7.4, with Q empty. Only its 2-primary pairing is relevant here. The
block diagonal sum for the prime p has size r, and has the required p-primary pairing. Append [1]
blocks to obtain a positive definite tridiagonal matrix C®) of size d. If A, =0, take cw =,

Write p = exp Ap, with e, = 0 when A, = 0. Choose every diagonal and adjacent entry of a
symmetric tridiagonal matrix C, to satisfy

Co=C?  (mod p***)  (peP). (9.2)

These congruences are compatible entry by entry. Choose the adjacent entries negative. Increasing

diagonal entries by positive multiples of [],cp % makes each diagonal exceed the sum of the
absolute values of its adjacent entries. Put ¢; = —(Cy);i+1 > 0, ¢co = ¢4 = 0,and s; = (Cp)ii—ci—1—¢; > 0.
Then
d—1 d
x"Cox = Z ci(xi — xi01)? + Z s,-xl-2 >0 (x =0). (9.3)

i=1 i=1

For d = 1, the first sum is empty and the single diagonal entry is chosen positive. Lemma 7.2, applied
separately with reference matrix C(?), proves (9.1). g

9.2. An integral cycle basis on a fixed planar graph. Set Q; equal to a triangle. For d > 2, define a
loopless multigraph Qg on the vertices

U, oo, Ug—1,015 ..., 0g-1-

There is a rung r; = uv; for each 1 < i < d, a top edge u;u;+1 and a bottom edge v;vi4; for each
1 <i< d—1,and two further edges: £ = ujv; and r = uy_jv4-1. These further edges are distinct
from all the rungs. In particular, Q, has two vertices and three parallel edges. The graph has 2d — 2
vertices and 3d — 3 edges; every vertex has degree three. Draw the u; and v; in two parallel rows, with
{ to the left and r to the right. This gives a plane embedding with d bounded faces. In order, these are
the left digon, the d — 2 rectangles, and the right digon.

A tree decomposition of a finite graph consists of a finite tree 7 and subsets X; C V(G), called
bags, one for each vertex t of 7, with the following properties. Every graph vertex belongs to some
X;; every graph edge has both endpoints in some X;; and, for every v € V(G), the set of vertices ¢
with v € X; induces a connected subtree of 7. Its width is max; | X;| — 1. The treewidth is the least

width of such a decomposition. Parallel edges impose the same endpoint condition as one edge.

Lemma 9.2. Let d > 1, and let L be the tridiagonal matrix with diagonal ay, ..., a; and adjacent entries
—C1y...,—Cq4_1. Put

C():Cd:(), S = a;j — Ci—1 — Cj.
Fix an integer g > 3. If d = 1, suppose that a; > 3g. If d > 2, suppose that

g>g(1<i<ad), $1,54 > &, si>2g(2<i<a). (9:4)
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Then a subdivisionT' of Q4 has an integral cycle basis with Gram matrix L. The graphT is simple, planar
and biconnected, all its degrees belong to {2, 3}, its girth is at least 2g, and its treewidth is at most two. Its
cycle rank is d, and it has exactly 2d — 2 vertices of degree three.

Proof. Suppose first that d = 1. Subdivide the three edges of Q; into paths of lengths g, g, a; —2g. The
resulting graph is a cycle of length a;. Its oriented cycle is an integral basis with Gram matrix [a;].
It is simple, planar and biconnected, all degrees are two, and its girth is a; > 3g. Label its vertices
consecutively X, ..., x4,—1. The path of bags {xo, x;, X;+1}, 1 < i < a; — 2, is a tree decomposition of
width two: it covers every edge, and the bags containing a fixed vertex are consecutive. Its cycle rank
is one and it has no degree-three vertex. This proves the lemma for d = 1.

Assume henceforth that d > 2. Replace r; by a path of length c;, £ by a path of length sy, and r by a
path of length sy4. For 2 < i < d, replace u;_;u; and v;_;v; by paths of lengths g and s; — g, respectively.
All interiors are pairwise disjoint. Every replacement length is an integer at least g.

In Qy4, the ordinary rungs and the bottom edges form a spanning tree. Its remaining d edges
are ¢, the top edges, and r. Their fundamental cycles are precisely the bounded facial cycles. They
form an integral basis by Lemma 8.1. Orient all bounded face boundaries consistently in the plane.
Adjacent face boundaries have opposite coefficients on their common rung. On a subdivided path,
the incidence equation at each internal vertex forces the two incident coefficients to be equal, when
the edges are oriented along the path. Thus restriction to the original edges and constant extension
along the replacement paths are inverse isomorphisms of integral cycle groups. The extended facial
cycles zy, ..., zg remain an integral basis. Their scalar products are

Sitcite=a, =],

—¢, j=i+1,

(zzy=17 L (9.5)
—cj, i=j+1,
0, li—j|>1.

This proves the Gram-matrix assertion.

The embedding survives subdivision. Every old edge belongs to a bounded facial cycle, so every
new edge belongs to a cycle. An edge lying on a cycle is not a bridge: its endpoints remain joined by
the rest of that cycle after its deletion. The graph is connected and bridgeless. Its original vertices
have degree three and all other vertices have degree two. Since every old edge has been subdivided,
no two edges have the same endpoints, and no edge is a loop; hence I is simple. If a vertex w were a
cut vertex, each component of I' — w would have at least two edges to w. Otherwise its unique edge
to w would be a bridge. At least two components would therefore imply deg(w) > 4, a contradiction.
Thus I is biconnected. A cycle in T uses entire replacement paths, because their internal vertices
have degree two. It cannot use just one such path: Q,; has no loops. It uses at least two paths, each of
length at least g, and therefore has length at least 2g.

For d = 2, the single bag {u;,v,} is a decomposition of Q,. For d > 3, use the bags

Bi = {uj,v;, U1}, D ={vi, js1, 011} (1<i<d—2), (9.6)

ordered on a path as By, Dy, Bz, Ds, ..., By—, D4—>. The top edges lie in the B;, the bottom edges in the
D;, and every rung lies in a bag containing its two endpoints. The same bags cover the additional end
edges. For an internal index i, the bags containing u; are consecutive among B;_1, D;_1, B;, and those
containing v; are consecutive among D;_y, B;, D;. Endpoint indices give subintervals of the same lists.
This verifies the connected-subtree condition.

If an edge xy is replaced by xwy --- Wiy, choose a bag containing x, y and attach to it the following
chain of new bags:

{x, y, wil, {y, wi, wal, oo, {y, w1, wih

Every new edge is covered. The bags containing x remain connected, those containing y acquire a
chain attached to one of their bags, and each new w; belongs to one or two consecutive new bags.
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Perform this operation separately for every old edge. All bags have size at most three. The treewidth
is therefore at most two. Subdivision preserves |E| — |V| + 1 = d and changes none of the original
degrees. This proves the remaining assertions. O

9.3. A primitive arithmetic progression of determinants.

Theorem 9.3. Let (A, b) be a finite paired group and put N = |A|. Put d = max{1, r(A)}. For every
h > 1 and g > 3, there exist positive integers u,v, ®, a nonzero integer k, and subdivisions I'y of Qq,
indexed by integers t > 0, such that

(Jac(Ty), br,) = (A, b) L {5:) (9.7)

ged(u,v) = 1, ged(u + vt,2hNk) =1 (t >0). (9.8)

Here a cyclic pairing of denominator one means the zero group. Every T, is simple, planar and biconnected,
has all degrees in {2, 3}, girth at least 2g and treewidth at most two. Only one replacement path changes
with t: the right end path for d > 2, or a fixed edge path of the triangle for d = 1. Its length increases by
wt. In particular,

VIl = VTl + wt. (9.9)
Proof. Let P be the set of prime divisors of 2AN. Apply Lemma 9.1 to (A, —b), and let C, be the
resulting matrix. This sign is necessary because Lemma 8.2 identifies the graph pairing with the

negative cycle discriminant pairing. The integer d depends only on the generator rank of A. For
p € P, write p® for the exponent of A, with e, = 0if A, = 0, and set

M=T]p*". (9.10)

pEP

For 1 <i < d, choose an integer ¢; > g satisfying

—¢; = (Co)ijr1  (mod M). (9.11)
Define the finite set
T={q:qprime, q¢P, qci-cqg_1}. (9.12)
The set T is disjoint from P. If d = 1, the product in (9.12) is one and T is empty.
Choose integers ay, ..., ag subject to
a; =(Co)i (mod M) (1<i<d),
a;=1 (mod q) (ge D), (9.13)

ai=1+c>, (modq) (qgeT,2<i<d).

The moduli M and the primes in T are pairwise coprime, so the Chinese remainder theorem gives
solutions. Each a; may be increased independently by a positive multiple of M quT q- Ifd = 1,
arrange a; > 3g. If d > 2, arrange

M- =g a-ci12g G-Ga-c22g (2<i<d). (9.19)

Let L have diagonal a; and adjacent entries —c;, with ¢y = ¢4 = 0 also when d = 1. Its quadratic form
is
d-1 d
xLx = Z cix; — xiv1)? + Z(ai — Cio1 — )X} (9.15)
i=1 i=1
All coefficients in the last sum are positive; hence L is positive definite. Equations (9.11) and (9.13)
give L = Cy (mod M). Lemma 7.2 yields

D(L), = (Ap,—b,)  (p€P). (9.16)
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Let A; be the determinant of the leading i x i block of L, and put Ay = 1. Expansion in the last row
gives
Ay = ay, A= aiNig—c2 Ay (2<i<d). (9.17)

Indeed, the last diagonal term contributes a;A;_;; the term using the last off-diagonal entry must also
use its symmetric partner and contributes —c? ;A;_,. By (9.13), induction on i gives

Ai=1 (mod q) (ge T, 0<i<d). (9.18)
Every leading block is positive definite by restriction of (9.15), so its determinant is positive. Put
D=A;>0, F=A41>0. (9.19)

By Lemma 2.1, |[D(L)| = D. For a prime p and a positive integer m, let v,(m) be the largest integer
j = 0 with p/ | m. Equation (9.16) gives v,(D) = v,(|Ap|) = v,(N) for every p € P. Every prime
divisor of N belongs to P. Hence

u=D/N € Z-,, ged (u, Hp) =1. (9.20)

pEP

For g € T,one has g Nand D =1 (mod g), so q { u.

Set
K=M]]q v=KF.  w=NK. (9.21)
qeT
These integers satisfy
ged(u,v) = ged(u, NF) = 1. (9.22)

No prime in P U T divides u. If d = 1, then F = Ay = 1, so ged(u, F) = 1. Suppose now that d > 2. If a
prime q ¢ P u T divided both u and F, then it would divide D and F and would divide none of the
¢;. Reducing (9.17) modulo g, the equalities Ay = Ay—; = 0 would imply Ay_, = 0. Repetition would
imply Ay = 0, contrary to Ag = 1. Thus ged(u, F) = 1. All prime divisors of K and N belong to P U T,
which proves (9.22).

For t > 0, define

Ly = L+ otege), c(t) = u+ut. (9.23)
Only the last diagonal entry changes. Its cofactor is F, independent of ¢, and therefore
F
detL; = D + wFt = Nc(2), LiYaa = . 9.24

Since L; — L is divisible by M, Lemma 7.2 preserves (9.16) for every t. The matrix L, is positive definite,
since x"L;x = x'Lx + wtx5 > 0 for x # 0. Each prime divisor of 2AN divides K and hence v, but does
not divide u. Also F | v and ged(u, F) = 1. Consequently

ged(c(),2hNF) =1 (¢t > 0). (9.25)
In D(L,) let x; = N[e4]. The adjugate identity L; adj(L;) = Nc(t)I gives c(t)x; = 0. By (9.24), its
self-pairing is

bp)(xXt, x;) = i\([f; (mod Z). (9.26)

This value has order c(t) by (9.25). Thus x; has order exactly c(t). Its cyclic subgroup is nondegenerate:
if kx; pairs trivially with x;, then ¢(t) | kNF, hence c(t) | k. The sum of the primary subgroups at
primes in P has order N and pairing (A, —b); the order of the entire group is Nc(t). Since c(t) is
prime to every prime in P, (x;) is precisely the sum of all remaining primary subgroups. Primary
orthogonality gives

D(L) = (A —b) L <% . (9.27)
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This also holds when c(t) = 1.

Apply Lemma 9.2 to L; with the fixed parameter g. All lengths remain fixed except that of the
right end path when d > 2, or the third triangle-edge path when d = 1; that length increases by wt.
Its integral cycle Gram matrix is L;. Lemma 8.2 and (9.27) prove (9.7) with k = —NF. Equation (9.25)
proves the second assertion of (9.8); the first is (9.22). Adding wt edges to one subdivided path adds
exactly wt vertices, proving (9.9). All graph-theoretic assertions follow from Lemma 9.2. g

Proof of Theorem 1.1. Apply Theorem 9.3. Dirichlet’s theorem [6] states that if u, v are positive coprime
integers, then u + vt is prime for infinitely many integers ¢ > 0. For each such ¢, put £ = u + vt and
take G, = T';. Equation (9.8) gives ¢ | 2h|A|k, and (9.7) gives the required entire paired Jacobian. Its
order is |Al¢, so different primes give nonisomorphic graphs. The stronger girth bound 2g implies the
stated bound g. The fixed graph is Qg; it depends only on d = max{1, r(A)}.

For any connected graph H, Lemma 8.2 presents Jac(H) by a square matrix of size f(H). Thus
it has at most S(H) generators. If Jac(H) has a quotient isomorphic to A, then f(H) > r(A). A
nontrivial prime-order summand also gives f(H) > 1. Consequently every graph in the statement has
B(H) > d, and the constructed graphs attain equality. In any biconnected graph of maximum degree
three, every vertex has degree two or three. If ny, n; count these vertices, then 2|E| = 2n, + 3n3; and
|V| = ny + ns, so

n
B(H) =1+ ?3
The number 2d — 2 of degree-three vertices is therefore also minimal within that class. g

Corollary 9.4. Theorem 1.2 holds with |C| prime. More precisely, there are infinitely many such primes,
avoiding the prime divisors of 2h|A|, and pairwise nonisomorphic biconnected outerplanar loopless
multigraphs realizing the corresponding orthogonal sums.

Proof. 1f r(A) < 1, Theorem 1.1 realizes the desired sums by cycles, which are outerplanar. Suppose
that r(A) > 2. Perform the construction in the proof of Theorem 9.3 with (A, —b) in place of (A, b).
Then (9.27) has first summand (A, b). The matrices L; have negative adjacent entries and positive row
sums by (9.14) and (9.23). Lemma 7.6 realizes L, as the reduced Laplacian of a biconnected outerplanar
loopless multigraph. Its pairing is the positive discriminant pairing, by Lemma 2.3. Thus its paired
Jacobian is (4, b) L {-XE Dirichlet’s theorem selects infinitely many prime denominators; (9.25)
gives the asserted avoidance. The Jacobian orders distinguish the graphs. g

9.4. A hyperbolic plane and one prime-order summand.

Proposition 9.5. For every prime g = 7 (mod 8), let ©, have two vertices joined by three internally
disjoint paths of lengths 2,6,(q — 3)/2. Then

(Jac(©y), be,) = & L <‘72> (9.28)

The graph is simple, planar and biconnected and has maximum degree three. There are infinitely many
such primes.

Proof. All three lengths are integers at least two. Orient the three paths from the first common
endpoint to the second, in the order 2, 6, (¢ — 3)/2. An integral cycle is constant on each path and has
coefficients (a, f, y) with & +  + y = 0. The vectors z; = (1,—1,0) and z; = (—1,0, 1) are an integral
basis, because («, f§, y) = —fiz1 + yz,. Their Gram matrix is

8 -2 4 -1
Cy = (_2 (q+ 1)/2) =2B;, By = <_1 (q+ 1)/4) , detB; =gq. (9.29)

In particular, det C; = 4q and

L1 ((g+1)/2 2
=5 (U 5)
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The identity B;adj(By) = gl shows that every class of D(C,) is annihilated by 2q. The classes
glei], qle;] are annihilated by two and are independent modulo two: if g(xe; + ye;) € 2B,Z?, then
x,y are even. They form the full subgroup of order four. In the negative cycle pairing their self-
pairings are —q(q + 1)/8 and —2g¢, both integers, and their mixed pairing is —q/2 = 1/2 modulo Z.
Thus this subgroup has pairing &,.

The class 4[e;] is annihilated by g, has self-pairing —32/¢, and therefore has order q. Choose w
with 4w = 1 (mod q). The self-pairing of 4w|e;] is —32w?/q. Since 16w? = 1 (mod g), it equals
—2/q modulo Z. The two primary subgroups are orthogonal and their orders multiply to 4g, proving
(9.28).

Draw three arcs with the same two endpoints and disjoint interiors in the sphere, and subdivide
them into the prescribed paths. This gives a planar drawing. Each path has length at least two and
its interior is disjoint from those of the other paths, so there are neither loops nor parallel edges.
The two common endpoints have degree three and every other vertex has degree two. Deleting a
common endpoint leaves three paths joined at the other endpoint. Deleting an interior vertex of one
path leaves the other two paths joined at both endpoints, with each remaining portion of the broken
path attached at one endpoint. Thus every one-vertex deletion leaves a connected graph. The graph
has at least three vertices, so it is biconnected. Finally, 7 and 8 are positive and coprime; Dirichlet’s
theorem gives infinitely many primes of the form 7 + 8¢, with ¢ > 0. O

Remark 9.6. Theorem 1.1 does not prescribe the prime ¢ or the isometry class of its cyclic pairing. The
proof prescribes a primitive arithmetic progression of possible orders and a constant numerator . It
neither makes the graph regular of degree three nor bounds its number of vertices independently of
. The graph is not asserted to be outerplanar. The number of degree-three vertices depends only
on r(A) and is the least possible within the biconnected subcubic class with the prescribed paired
Jacobian. Corollary 2.5 excludes an exact graph realization of £ without a nontrivial complementary
group; Proposition 9.5 exhibits prime-order complements for that pairing. For r(A) = 2, the fixed
graph Q, has three parallel edges. Thus every finite paired group of generator rank two admits such
prime-order completions by theta graphs with arbitrarily long paths.
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