THE OPTIMAL EIGENVALUE COUNT IN AUBRY’S SPECTRAL SPHERE THEOREM
FOR DIMENSIONS AT LEAST FOUR

ANASS NIFA

ABSTRACT. For every n > 4, we determine the least number of positive Laplace eigenvalues whose
pinching above the Lichnerowicz bound forces sphere topology under Ric, > (n — 1)g. This number
is n, for both homeomorphism and diffeomorphism, also in the simply connected class. At every
sufficiently small prescribed positive volume V, a fixed simply connected nonspherical manifold with
second homology Z?* admits a smooth family for which the first n — 1 positive eigenvalues tend to n,
while the nth remains uniformly separated from n. The geometric input is a fixed-volume degeneration
of core-admissible doubles from a preceding paper. Applying it also to the sphere, and using measured
spectral convergence, gives families on nonhomeomorphic manifolds, with the same fixed volume and
Ricci lower bound, for which every scalar Laplace eigenvalue has the same limit. Their common metric-
measure limit is $" 2 * S;,,q, where g = V/o, and o, = Vol(S", gsn). For ¢ = 1/m, m > 2, we identify
its canonical Laplacian with the invariant round-sphere Laplacian and compute all multiplicities:
at[:—l+t’" , ={t+n-1).

g ¢ (1= 11— pe =L )
When g = 1/m is sufficiently small and m > 3, the nth positive eigenvalue tends to 2(n + 1). All families
have constant volume density and a uniform positive lower bound on the volumes of unit balls.
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1. INTRODUCTION

Let n > 2. For a closed connected Riemannian n-manifold (M, g), write
0=21M,g) <A(M,g) < A(M,g) <
for the spectrum of A, = —div, V, with multiplicities. Set
M, ={(M", g) : M closed and connected, Ricg > (n—1)g}.

Lichnerowicz’s inequality gives A; > n on M,. Aubry’s spectral sphere theorem [1, Theorem 1,

p. 388] gives a constant ¢, > 0 such that
(M, g) e M, AWM, g)<n+c, = M=gxS" (1.1)

For each n, fix once and for all one such constant ¢, > 0; throughout, ¢, denotes this Aubry constant.
Here =, and =4t denote homeomorphism and diffeomorphism, respectively.
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Definition 1.1. For C € {top, diff}, let kc(n) be the least positive integer k for which there is an ¢ > 0,
depending only on n and k, such that

(M, g) e M,, MM, g)<n+e = M=cS". (1.2)
Let k&¥(n) be defined by imposing in addition 7;(M) = {1}.

Equation (1.1) shows that all four integers in Definition 1.1 are at most n. Aubry left open the
determination of the least index k for which pinching Ay above the Lichnerowicz bound forces M to
be diffeomorphic to S” [1, p. 388]. His examples with 1,_; — n have underlying manifold S”; they
establish the sharpness of the n-eigenvalue theorem for Gromov-Hausdorff convergence, but do not
establish topological or differentiable sharpness.

For n > 4, put

cP"/ 2 n even,
On = My = Qn#(=Qh). (1.3)
S"2 % S2 podd,

The projective spaces carry their complex orientations and the products their product orientations;
—Q, denotes orientation reversal. Put o, = Vol(S", gs»).

Theorem 1.2. Let n > 4. The manifold M, in (1.3) is simply connected and
Hy(M,; Z) = Z°. (1.4)

There is g, € (0, 1) such that, for every q € (0, q,), M, carries a smooth family (g;)s>o satisfying

Ricg, > (n —1)g;, dvg, = dug,, Vol(M,, g5) = qon. (1.5)
Fori<a<n-1,
lim A,(My. g:) = . (1.6)
and, for every s > 0,
An(Mp, gs) > n+ cy. (1.7)

Moreover, for every x € M, and 0 < r < 7,

n
Volg (B,(x)) > qo, (1) (s> 0). (1.8)
/1
Corollary 1.3. For everyn > 4,
kop(n) = kaite(n) = kigp(n) = kigr(n) = n. (1.9)
Proof. Equation (1.1) gives the upper bound n for all four quantities. Fix ¢ = ¢,/2,1 < k < n—1, and
€ > 0. By (1.6),
Ak(Mn, gs) < An—l(Mn; gs) <n+e
for all sufficiently large s. Since Hy(M,;Z) = Z? and H,(S";Z) = 0, M, is not homeomorphic

to S". Since m;(M,) = {1}, no k < n has the defining property of any of the four quantities in
Definition 1.1. O

Reference [6, Theorem 8.1 and Lemma 5.1] supplies the geometric input: for every n > 4, every
core-admissible Q", and every sufficiently small ¢ > 0, it furnishes a fixed-volume family on Q#(—Q)
with

Ricg, > (n—1)gs, dvg, = dvyg, Vol(Q#(—Q), gs) = qon,
(0#(-0), g) —— §" 2 x S},

Sections 2-4 derive the sharp eigenvalue count from this family. The inclusion $"~% & $"72 x Sinq 1S
isometric, and hence the limit contains n — 1 orthogonal antipodal pairs. Proposition 2.5, obtained
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by combining Theorem 2.4 with the persistence of this finite distance configuration under Gromov-
Hausdorff convergence, therefore gives

Aa(Q#(_QL gs) —n (1 <a<n- 1)-

This pinching argument uses no general eigenvalue-continuity theorem for the singular limit. To-
gether with Aubry’s upper bound (1.1) and the topology of the doubles, this yields the sharp sphere-
recognition thresholds. The full-spectrum conclusion below additionally uses De Philippis—Gigli’s
noncollapsed measure convergence [4] and Gigli-Mondino-Savaré’s spectral convergence [5].

The fixed-volume families also give a common limit for every eigenvalue on two different manifolds.
Write L, = S"% * S1, ¢ Where S%,rq has length 27 . The eigenvalues of L, ; below are those of the
nonnegative Laplacian associated with its Cheeger energy and its n-dimensional Hausdorff measure;
the convention is fixed in Section 5.

Theorem 1.4. Let n > 4. There is q.(n) € (0, q,] such that, for every fixed q € (0, g.(n)), there are
smooth families (hg)s>o on S™ and (gs)s>0 on M, satisfying

Ricy, > (n—1)hs, Ricg, > (n—1)g;, (1.10)
dop, = dup,, dvg, = dvg,, (1.11)
Vol(S", hs) = qon, Vol(M,, g5) = qon. (1.12)

With H" denoting the normalized Hausdorff measure,
mGH

(Sna dhg’ dvhs) meH (LH,Q7 dana H”), (Mn’ dgsa dvgs) (Ln,qa dan7 Hn) (113)
; §—00 ’ $—00 ’
For every fixed integer j > 0,
lim A;(S", hy) = lim A;(My, &) = A;(Lng, H"). (1.14)
$§—00 §—>00

Both families have diameter at most & and satisfy
Vol (B(x)) > qon(r/7)" (0 < r < 7), (X, ks) = (8", hy) or (M, gs). (1.15)
The two manifolds are simply connected, but Hy(S"; Z) = 0 and Hy(M,; Z) = Z°.

Taking V.(n) = g.(n)o, gives the same statement at each prescribed volume 0 < V < V.(n).
In particular, the two topologies have no positive separation in any fixed finite list of eigenvalues,
even when the Gromov-Hausdorff distance is included (Corollary 5.3). The convergence in (1.14) is
coordinatewise; it asserts neither exact isospectrality at a finite parameter nor convergence in the
supremum norm over all eigenvalue indices.

For every integer m > 2, the link L, ;/,, is the quotient of the round sphere by the cyclic action
that rotates one real two-plane and fixes its orthogonal complement. In Section 6 we compute its
spectrum. The eigenvalue #(£ + n — 1) has multiplicity

L¢/m]
t+n-—2 t—mr+n-—2
,m) = +2 .
= (D172 5 (TN
For every m > 3 with 1/m < g.(n), it follows that A, — 2(n + 1) on both families. In dimension four,
A1, Az, A3 > 4 and Ay, ..., Ag = 10 (Corollary 6.5).

2. SPECTRAL PINCHING FROM DISTANCE CONFIGURATIONS

Manifolds and metrics are smooth. A closed manifold is compact without boundary. Balls are open:
Bi(x)={y:d ¢(x,y) < r}. Tensor inequalities are inequalities of quadratic forms. The notation dv,
denotes the Riemannian density, or its positive volume form when an orientation is fixed. Smoothness
of (gs)s>0 means joint smoothness in (s, x), up to s = 0.

Distances on subsets are restricted ambient distances. For m > 1, S™ has its unit round metric and
geodesic distance; the points of S° = {—1, 1} are at distance 7. Homology means singular homology
with integral coefficients.
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Lemma 2.1 (Lichnerowicz). Let n > 2 and (M, g) € M. Then A,(M, g) > n for every a > 1.

Proof. Let u € C*(M;R) \ {0} satisfy Agu = Au with A > 0. The integrated Bochner identity and
integration by parts give

/12/ u? dvg = /|V2u|2 dvg + /Ricg(Vu,Vu)dvg,
M
/|Vu| dvg—/l/ u? dvg.

The trace identity try Vu = —Agu and the Cauchy-Schwarz inequality give [V*u|* > (Agu)?/n. Hence

2
AZ/uzdvgz (A—i-(n—l))L)/uzdvg.
M n M
A 2
0<(n—-DA[—--1 /u dvg.
n M

Since (n — 1)A /,, u* dvy > 0, one has 1 > n. O

Therefore

Definition 2.2. Let k > 1 and n > 0. A metric space (Z, d) has property P(n) if there are points
X150 s Xks Y15 -+ Yk € Z such that

d(xg,ya) >m—1n (1<a<k), (2.1)
d(xa, x3) — % < (1<a#b<k) (2.2)
For (M, g) € M, and ¢ > 0, put
E.(M,g) = @ ker(Ag — A).

n<A<n+e

The sum is over the distinct eigenvalues in [n, n + ¢]; it is a finite-dimensional subspace of C*(M;R).

Lemma 2.3 (Bertrand [2, Lemma 2.2, pp. 330-331]). For every integer n > 2, there exists a function
n b (0,1) = (0,00), withlim; o 7,(t) = 0, such that the following holds. For every (M, g) € M, every

0<n<e<1,andeveryp,q € M withdy(p,q) > m —n, there isv, € E.(M, g) satisfying
| cos dg(p, )= vp||L°°(M) < ta(n/e). (23)

Theorem 2.4 (after Bertrand). Let n > 2 and 1 < k < n+ 1 be integers. For every ¢ > 0, there exists
n = n(n, k, &) > 0 such that

M, g) e M,, (M, dy) has property Pr(n) = M(M,g) <n+e.

Proof. Set e = min{e/2,1/2}. Then 0 < e < min{1, ¢}. Since 7,(¢) — 0 as t | 0, there is t, € (0, 1) such
that 7,(t) < 1/(4k) for 0 < t < t5. Choose
0 < 1 < min{ety, 1/(4k)}.
Let x1, ..., Xk, V1, ..., Yk realize Pr(n). For each b, Lemma 2.3, applied with (p, q, €) = (xp, y», €), gives
vp € Eo(M, g) such that
lop — cos dg(xp, oo < 7n(n/e).
Let B = (vp(x4))1<a.b<k- On the diagonal, |B,, — 1| < 7,(n/e). For a # b,

| cos dg(xp, x0)| = )sin (dg(xb,xa) - %)‘ <.

The maximum absolute row-sum norm therefore satisfies
2k —1
<

1
B — Iiconsoo < KTy + (k-1 ~.
1B = Koo < kea(/€) + (k= 1 < == < -




OPTIMAL EIGENVALUE COUNT 5

If 21221 cpUp = 0, evaluation at the x, gives Bc = 0. Hence
leleo = Ik = B)elleo < [k = Bloosoollcleo < 3licleo  if ¢ # 0,

a contradiction. Thus vy, ..., v are linearly independent and dim E.(M, g) > k. Since all positive
eigenvalues are at least n by Lemma 2.1,

MM, g)<n+e<n+e.

O

Let X and Z be nonempty compact metric spaces. A correspondence between them is a subset
R C X x Z whose two coordinate projections are surjective. Its distortion is

disR = sup ldx(x, x") — dz(z,2)|.
(x,2),(x",2")ER

The Gromov-Hausdorff distance satisfies
deu(X,2) = %i%f dis R. (2.5)

The infimum is over all correspondences between X and Z.

Proposition 2.5. Letn > 2 and 1 < k < n+1 be integers. For every ¢ > 0, there exists 6 = 5(n, k,e) > 0
such that the following holds. Let Z be a compact metric space containing points Xy, ... , X, Y1, ---» Yk With

Ay y) =n (1<a<k),  dg(xexp)= g (1<a=b<k). (2.6)

For every (M, g) € M,,
don((M,dy),2) <6 = n<AM,g)<n+e (1<a<k). (2.7)
In particular, if (Mj, g;) € My and (M}, dg,) — Z in Gromov—Hausdorf distance, then

lim A,(M;,gj) =n (1<a<k).
Jj—oo

The same conclusions hold whenever Z contains an isometric copy of S=1.

Proof. Let n = n(n, k, ¢) be given by Theorem 2.4, and set § = n/4. By (2.5), the strict bound
dou((M, dg), Z) < & gives a correspondence R C M x Z with dis R < 2. Its surjective projection to
Z gives points X, y; € M such that

(yg, xa): (ya; ya) € R

For these points,
dy(%0§) >m-28>m—n  |dFuF) - 2| <25<n (axb)

Hence Pi(#) holds. Theorem 2.4 gives Ax(M, g) < n + ¢; Lemma 2.1 and the eigenvalue ordering give
(2.7).

For a convergent sequence and each ¢ > 0, there is i, such that n < A,(M;, g;) < n+ ¢ fori > i,
and 1 < a < k. Thus A,(M;, gi) > n. If 1 : Sk=1 5 7 is an isometric embedding, set x, = 1(e,) and
ya = 1(—e,) for the standard basis e;, ..., ex of R¥. Their distances are precisely (2.6). For k = 1 this
uses the stated metric on S°. O
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3. FIXED-VOLUME DEGENERATION OF CORE-ADMISSIBLE DOUBLES
For tangent vectors v, w to the boundary of a Riemannian manifold, set
II(v, w) = _<VUV, W> = <vu Vout, W>, Vout = —V,
where v is the inward unit normal.

Definition 3.1. Let n > 4. A closed connected oriented smooth n-manifold Q is core-admissible if there
are a smoothly embedded closed n-disc Dg C Q, a metric hg on Py = Q \ intg D, a diffeomorphism
Po : sl 9P, and constants kg, p1o > 0 such that

Bo(holary) = gsm1, Bollaryhy = KQ&sm1, Ricp, > pohg. (3.1)
Set Mo = Q#(—Q).
For nonempty compact metric spaces A, B of diameter at most 7, their spherical join is
A+xB=([0,7/2]x AxB)/ ~,

where the equivalence relation is generated by (0, a, b) ~ (0, a,b’) and (7/2,a,b) ~ (n/2,d’, b). Its
distance, in the convention of [6, Section 5.1], is

da.s([t,a,b],[u,d,b’]) = arccos( cos t cos ucos da(a, a’)

, (3.2)
+ sin ¢ sin u cos dg(b, b ))
For0< g <1,let Sgnq be the circle of length 27 q with its intrinsic distance, and set
L”sq = Sn—2 * Sén’q' (3.3)

Theorem 3.2 (Fixed-volume degeneration [6, Theorem 8.1 and Lemma 5.1]). Let n > 4 and let Q"
be core-admissible. There is gy = qo(n, Q) € (0, 1) such that, for every q € (0, qo), My carries a smooth

family (gs)s>o satisfying

Ricg, > (n—1)g;, dvg, = dvyg, Vol(My, gs) = qon, (3.4)
and
GH
(MQ, dgs) s_)—oo> Ln,q- (3.5)

This theorem is the direct combination of [6, Theorem 8.1] with the identification of the limit link
in [6, Lemma 5.1]. After replacing the constant supplied by [6, Theorem 8.1] with its minimum with
1/2, we may and do take gy € (0, 1). The initial stationarity and Ricci-closability conclusions of that
theorem are not used here.

Lemma 3.3. Letn > 4 and 0 < g < 1. The map
1S Log i(x) =10, x, z],

where z € Sénq is arbitrary, is a well-defined isometric embedding. In particular, Ly, 4 contains n — 1 pairs
satisfying (2.6) with k = n — 1.

Proof. The join relation makes : independent of z. Since spherical distances belong to [0, 7], (3.2)
gives

dp, ,(((x), 1(x") = arccos(cos dgn—2(x, x')) = dgn2(x, x7).
For the standard basis e, ..., e,-; of R"!, put x, = i(e,) and y, = 1(—e,). Then

d(x4, y,) = arccos(—1) = 7, d(xg, xp) = arccos(0) = /2 (a # b).
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Proposition 3.4. Let n > 4, let Q" be core-admissible, and fix 0 < q < qo(n, Q). Every smooth family
(gs)s>0 satisfying (3.4) and (3.5) satisfies

sh_{?o Aa(Mp, gs) =n (1<a<n-1). (3.6)
If Mo #4ier S™, then also
(Mg, g)=n+c,  (s>0). (3.7)
Proof. Fix ¢ > 0. Let § = 8(n,n — 1, ¢) be the constant in Proposition 2.5. By (3.5), some s, satisfies
dou((Mo, dg,), Lng) < 8 (s> s0).
By Lemma 3.3 and Proposition 2.5,
n< (Mg, gs) <n+e (s>s,, 1<a<n-—1).
This proves (3.6). If 1,(Mo, g;) < n + ¢, for any s, (1.1) would give Mgy =gjsr S”. O
For a closed connected smooth n-manifold M and g > 0, define
Gq(M) = {g : Ricg > (n—1)g, Vol(M, g) = qon},
where g ranges over the smooth Riemannian metrics on M.

Corollary 3.5. Let n > 4, let Q" be core-admissible, and let 0 < q < qo(n, Q). Then Go(My) is nonempty
and

inf A.M, =n 1<a<sn-—-1). 3.8
<Gy(Mo) a( Qo g) ( ) ( )
IfMQ Zdiff Sn, then
inf A,(M, s >n+cy. 3.9
€Go(Mo) n( Q g) n ( )

Proof. The metrics of Theorem 3.2 belong to G,(Mp), so this class is nonempty. Fix 1 < a < n—1and
e > 0. By (3.6), some s satisfies 1,(Mp, g;) < n + ¢. By Lemma 2.1,

n< inf A,(Mp, g) < A.(Mop, <n+e.
2<GaMy) a( Qg) a( Qgs)

Letting ¢ | 0 gives (3.8). If My is not diffeomorphic to S”, (1.1) implies 1,(Mg, g) > n + ¢, for every
g € G4(Mp), which gives (3.9). O

4, NONSPHERICAL FAMILIES AND OPTIMALITY
Lemma 4.1. Let n > 4. The manifold Q, in (1.3) is core-admissible and

m(Qn) ={1},  HAQwZ)=Z.
Its double M, satisfies
m(M) = {1}, Hy(Mw:Z) = Z%.

Proof. If n = 2m with m > 2, Burdick’s theorem [3, Theorem C] supplies a Ricci-positive metric on
CP™ \ int D*™ whose boundary is round and has positive-definite outward second fundamental form.
If n is odd, then n > 5. The manifold S""2 x S? is the unit sphere bundle of the trivial rank-three
vector bundle over S"2. The unit round metric on the base is a core metric: it has positive Ricci
curvature and contains an isometrically embedded closed unit hemisphere [8, Definition 1.2]. The
fibre has dimension 2 and the base is closed. Thus [8, Theorem 5.1] supplies a core metric on Qy; [8,
Lemma 2.18] supplies a Ricci-positive metric on Q, \ int D" with round strictly convex boundary.
In either case, write P = Q, \ int D" for the punctured manifold, denote the resulting metric by
h, and choose 8 : S"! — 9P with f*(h|sp) = R®ggn-1, where R > 0. Set h = R2h. Its Levi-Civita
connection equals that of h, and its outward unit normal is Rvqy, . Thus, as covariant two-tensors,

Ric;: = Ricy, I, = R'II, B*(hlop) = ggni.
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The Ricci tensor and the boundary second fundamental form are positive definite. Compactness of
the corresponding unit tangent bundles gives

Ho = \Hllin Ric;(v,0) > 0, ko = min (ﬁ*IIﬁ)(w, w) > 0.
Uﬁil

|W 8gn—1 =

These are the constants in (3.1).
The cell decomposition of CP™ has one cell in each dimension 0, 2, ..., 2m. Its 2-skeleton is S? and
it has no 1-cells or 3-cells. Hence

m(CP™) = {1}, Hy(CP™;Z) = Z.

If n is odd, the two factors of "2 x S? are simply connected. Since n — 2 > 3, the integral Kiinneth
formula gives

Hy(S" 2 x §%,Z) = Hy(S"%,7Z) ® Hy (8%, Z) = Z.

Thus in both cases Qy, is simply connected with second homology Z.
Choose a bicollar ¢ : S"! x (=2,2) — Q, of 9P, with t < 0in P and t > 0 in D", and put

U =intg, PU (8" " x(-2,1)),

W =intg, D" U ¢(S"" x (~1,2)).
Then UUW = Q,, U =P, W =D"and Un W = ¢(S"! x(-1,1)) = S*!. The deformation
retraction U — P is obtained by replacing positive collar coordinates ¢ by (1 — 7)t,0 < 7 < 1, and
fixing P. In particular, (Q,, P) is a good pair. Collapsing P gives Q,/P = D"/dD" = S"; hence

H;(Qn, P; Z) = Hi(S"; Z).

For n > 4, these groups vanish for 0 < j < 3. The long exact sequence of the pair gives Hy(P; Z) = Z
and

Hy(P;Z) = Hy(Qn; Z) = Z. (4.1)

The group Hy(P; Z) is freely generated by the path components of P; hence P is path connected.
Apply van Kampen to U, W, with basepoint in their intersection. Since W = D" and Un W = §""!
are simply connected, 7;(P) = m,(Q,) = {1}. A bicollar of the connected-sum sphere likewise gives
an open cover of M, whose members retract onto P and —P and whose intersection retracts onto
S"~1. Van Kampen gives

11 (Mp) = 71(P) #p (s-1y m(—P) = {1}.
For this cover, the Mayer—Vietoris sequence contains
Hy(S""Z) — Hy(P; Z) © Hy(~P; Z)
— Hy(My; Z) — Hy(S" 1 Z).

Since n — 1 > 3, the first and last groups vanish. Equation (4.1) gives Hy(M,; Z) = Z*. |

Lemma 4.2. Letn > 2 and (M, g) € M,,. Then diam(M, g) < 7. Foreveryx € M and0 < r < 7,
Voly(B,(x)) > Vol(M, g) (%) . (4.2)

Proof. Let y : [0,L] - M be a unit-speed minimizing geodesic of positive length. Let Ey, ..., E;—

be parallel orthonormal normal fields along y, and set V,(t) = sin(xt/L)E,(t). Nonnegativity of the
index form gives

n—1
0< > I(Va, Vi)
a=1
L 2
t t
= /0 <(n - 1)% cos? % —Ricg(y, ) sin® 72) dt

n—1 ( r?
< ——L).
2 L
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Thus L? < 7%, Compactness and Hopf-Rinow supply a minimizing geodesic between any two points,
so diam(M, g) < . For R > r, the open ball Br(x) equals M. Since Ricg > 0, the Bishop—Gromov
comparison [7, Section 7.1] gives
Volg(B,(x)) _ Volg(Bx(x)) _ Vol(M, g)
rhn 2 Rn - Rn :
The limit R | & proves (4.2). U

Proof of Theorem 1.2. Fix n > 4. By Lemma 4.1, Q,, is core-admissible, 7;(M,) = {1}, and Hy(M,,; Z) =
Z%. In particular, M, is not homeomorphic to S". Set q, = go(n, Q,) € (0,1) as in Theorem 3.2.
For every fixed g € (0, q,), that theorem gives (1.5). Proposition 3.4 gives (1.6) and (1.7). Since
Vol(M,, g;) = qon, Lemma 4.2 gives (1.8). O

Remark 4.3 (Dimension four). For n = 4 one may take M, = CP?#(—CP?). For every sufficiently small
fixed q > 0 there are metrics g; such that

Ricg > 3g, Vol(My, g5) = qoy,

M(My, g5), Ao(My, g5), As(My, g5) — 4, Aa(My, g5) > 4+ cq.

The bound in (1.8) is uniform in s and in the center for fixed ¢, but not as q | 0.

5. COMMON SPECTRAL LIMITS

We normalize H" to equal Riemannian volume on smooth n-manifolds. For compact metric-
measure spaces, measured Gromov-Hausdorff convergence, denoted by mGH, means Hausdorff
convergence of the spaces and weak convergence of their measures under isometric embeddings in a
common compact metric space.

Let (X, d, p) be a compact metric space with a finite Borel measure of full support. For a real
Lipschitz function u, put

. . |lu(y) = u(x)|
lip u(x) = limsup ————=,
P ) P a0y

with value zero at isolated points. Define the relaxed energy by
&,(u) = inf {lign inf/(lip w)*dp : u; € Lip(X), u; — uin Lz(,u)} . (5.1)
—00 X
Thus &, = 2Chy, and WY(X, d, p) = {u € L*(p) : €,(u) < oo}. When &, is quadratic, write

E(u,v) = %(Sﬂ(u +v) = Eu— v)).

This is a densely defined closed symmetric form. Its nonnegative self-adjoint operator Ay, is
characterized by

u€D(Axy), Axyu=b <= uc WY(X,d, 1), b € L*(p),
Eu(u,v) =(b,v)12, forallve WYX, d, p).

Density makes b unique. On a smooth closed manifold the operator is —divV and &, (u) =
/X [Vul? dvg. The operators and forms are complexified when complex-valued functions are used.
We use RCD(K, N) for the Riemannian curvature-dimension condition; ncRCD(K, N) additionally
requires u = HN. The Cheeger energy of an RCD space is quadratic. A compact RCD(K, N) space,
N < oo, has compact Sobolev embedding and a self-adjoint Laplacian with compact resolvent [5,
Proposition 6.7 and Section 7.3]. Its eigenvalues, starting at index zero and repeated with multiplicity,
are characterized by
min Eu(u)

) omuew [ully )
WCWL2(X d ) 0#u€e u|4,
dim W= j+1’u L2

Aj(X, 1) =

(5.2)
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This notation is used when Lz(,u) is infinite-dimensional, as it is for all the spaces below. For ¢ > 0,
the same approximating sequences in (5.1) give

WYX, d, cp) = WH(X, d, p), Eep = c&y, Ai(X, ep) = A(X, p). (5.3)
Proposition 5.1. Let n > 2 and V > 0. Suppose that (X;, k;) € M, Vol(Xi, ki) = V, and (X;, di,) SH,

(Z, dy) for a compact metric space Z. Then (Z, dz, H") is a compact ncRCD(n— 1, n) space, H"(Z) = V,
and

(Xi, i, dv) == (2, dz, 1) (5.4)
For every integer j > 0,
AJ‘(XI', k,) —> /1]'(2, Hn) (55)

Proof. The smooth spaces (X, d,, dvk,) are ncRCD(n — 1, n). By Lemma 4.2,
diam(Xl-, kl) <, VOlki(Bl(xi)) > V/]Tn (xl- c Xl)

Fix z € Z and choose basepoints x; converging to z in a realization of the Gromov-Hausdorff
convergence. The preceding lower bound excludes the collapsed alternative of [4, Theorem 1.2].
The other alternative gives pointed measured Gromov-Hausdorff convergence to (Z, dz, H", z) and
the asserted ncRCD condition. The diameter bound gives diamZ < x. A ball of radius greater
than 7 about either basepoint contains the entire corresponding space. The pointed measured
convergence therefore gives (5.4). Testing the weak convergence against the constant function one
gives H"(Z) = V. Singletons have zero H"-measure, whereas H"(Z) = V > 0; hence Z is infinite.
For every positive integer r, choose r distinct points and disjoint balls about them. Full support gives
positive measure to each ball, so their indicator functions are linearly independent in L>(Z, H"). This
space is therefore infinite-dimensional.

Put y; = V" lduy,, pio = V"'H", and xe = z. The resulting probability spaces are RCD(n — 1, o)
and converge in the pointed measured Gromov sense of [5, Proposition 3.30]. For each of them,
including the limit, and every u € L%(y;),

1/2
( / d(x, x)*[u()l? dui(x)> < mlulzgy.

This is the uniform weak logarithmic-Sobolev-Talagrand inequality with constants (7, 0) in [5, Defi-
nition 6.4 and Remark 6.6]. The spaces are complete, separable, of full support, and of unit mass; they
have the common RCD(n — 1, o) bound, pointed measured Gromov convergence, and the preceding
uniform inequality. Thus [5, Theorem 7.8] applies. The source enumerates the zero eigenvalue at
index one and uses the Rayleigh quotient 2 Ch(u)/|ul}3. Its eigenvalue of index j + 1 is therefore A; in
(5.2). Equation (5.3) removes the normalization and proves (5.5). O

Lemma 5.2. For n > 4, the standard sphere S" is core-admissible. Its core may be chosen to be a round
closed ball; the double obtained using the standard boundary identification is diffeomorphic to S™.

Proof. Fix p € S"and 0 < p < 7/2. Let P = B,(p) and D = B,_,(—p), with balls taken in the unit
round metric y. Both are smoothly embedded closed discs, and P = S" \ int D. The standard polar
parametrization f : S""! — 9P gives

B*(ylop) = sin® p ggn1, B*Ilp, = cot psin® p ggn-t.
Set k = (sin p)~2y|p. Constant scaling gives
B (klap) = gsn1, B 1Ilyp i = cos p gsn-1, Ricy = (n—1)sin® p k. (5.6)

Thus (3.1) holds with ks« = cos p > 0 and ps» = (n — 1) sin? p > 0.
Identify P with D" by rx — exp,(prx),0<r<1x¢ S"~1. On its two copies define

Fi(rx) = (sin(;rr/2)x, :l:cos(;rr/z)) es".
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At r = 0, the function sin(srr/2)/r has a smooth positive even extension, as does cos(rr/2). At the
common boundary, use the signed collar coordinate t = 1 — r on the plus copy and ¢t = r — 1 on the
minus copy. Both maps then have the expression

(t,x) — (cos(ﬂt/Z)x, sin(m‘/Z)).

The induced map on the double is smooth, bijective, and of full rank at the centers, on the collar,
and for 0 < r < 1. It is therefore a diffeomorphism. A product collar can be absorbed by a smooth
increasing change of its normal coordinate. g

Proof of Theorem 1.4. By Lemmas 4.1 and 5.2, both Q, and S™ are core-admissible. Let go(n, S™) be the
constant in Theorem 3.2. Since g, = qo(n, Qy), put

¢-(n) = min{gn, qo(n, S"), 1/2} > 0. (5.7)

Fix q € (0, g«(n)). Applying Theorem 3.2 with Q = Q, gives (g;) on M,. Applying it with Q = S",
using the standard boundary identification of Lemma 5.2, gives (h;) on S". Transport by the fixed
double diffeomorphism preserves smoothness, the Ricci bound, and constancy of the volume density.
These families satisfy (1.10)—(1.12), and

GH GH
(M, dgs) — Ln,qs (s", dhs) - Ln,q-
§—00 $§—00

Lemma 4.2 gives the diameter bound and (1.15).

Let s; = oo be any sequence. Apply Proposition 5.1 with V = go, to (M,, g5,) and to (S", h,).
Their limiting measure is 74" on the same metric space Ly 4. This proves (1.13) and (1.14) along every
such sequence, hence as s — . The sphere is simply connected and has Hy(S";Z) = 0 for n > 4;
Lemma 4.1 gives the asserted invariants of M,,. g

Corollary 5.3. Fixn > 4 and 0 < V < q.(n)o,. For every integer K > 1 and every ¢ > 0 there are
smooth metrics h on S™ and g on M,, such that

(8", h), (M, g) € My, Vol(S", h) = Vol(M,,,g) =V,

deu((S", h), (M, 8)) < ¢, max 14;(S", h) = A;(Mp, &)l < e. (5.8)

Both metrics satisfy the local volume bound V(r/x)" for 0 < r < m, at every center, and the two
manifolds are not homeomorphic.

Proof. Put q = V /o, and take the families of Theorem 1.4. The triangle inequality gives
dGH((Sn, hs); (Mn; gs)) < dGH((Sn, hs), Ln,q) + dGH(Ln,q, (Mna gs)) — 0.

For each 1 < j < K, (1.14) gives |1;(S", hs) — A;(M,, g5)| = 0. A single sufficiently large s satisfies all
the finitely many strict bounds in (5.8). Set h = h;, g = g;. The other assertions follow from (1.12),
(1.15), and H,(S™; Z) % Ho(M,; Z). O

For two spaces with discrete scalar spectra, define

o0

dyp(X,Y) = Y 27 min{1, |2,(X) - A,(Y)] (5.9)

Jj=0

The measures specifying the spectra are part of the data; on a smooth manifold they are Riemannian
volume measures. Formula (5.9) is a metric on ordered spectral sequences and a pseudometric on
spaces. Indeed, min{1, a + b} < min{1, a} + min{1, b} for a, b > 0 gives the triangle inequality, and
the sum vanishes exactly when every coordinate agrees.
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Corollary 5.4. The families of Theorem 1.4 satisfy

dcu((S", h), (Mp, gs)) + dsp((sn: hs), (M, gs)) — 0. (5.10)
Consequently, for every 0 < q < q.(n),
hEign(fS") [dGH((Sn’ h): (Mn: g)) + dSp((Sns h)’ (Mn, g))] = O (51 1)
gEQ:(Mn)

Proof. For each integer K > 0, the part of (5.9) with j > K is at most }’ ;. ¢ 27771 = 27K1 Tis finite
initial sum tends to zero by (1.14). Hence the limsup of the full sum is at most 27X~ for every K, and
is therefore zero. The Gromov-Hausdorff term tends to zero by the triangle inequality used in the
proof of Corollary 5.3. This proves (5.10). Both metric classes in (5.11) contain the corresponding
families; nonnegativity and (5.10) prove the infimum identity. (]

6. THE SPECTRUM AT RECIPROCAL ANGLES

Throughout this section, n > 4 and m > 2 is an integer. Realize the round sphere as
S"={(x,2) eER"'@®C : |x* + |z* = 1}.

Let T, be the cyclic group generated by y(x,z) = (x, e¥"/™z), and let x,, : S* — S"/T,, be the

quotient map. The quotient has distance

dgnr,, (Tm U, ) = fyrelgnl dsn(u, yv).

Lemma 6.1. There is an isometry S" /Ty = Ly 1 /m. Under this identification,

1
Vm = H"p . = —(mm)«dvsn. (6.1)

n1/m - m
Proof. Write a point of S" as (cos t x,sin t €/?), where 0 < t < 7/2 and x € S"2. The unused
coordinate is identified at each endpoint. The circle quotient is R/(2 /m)Z with its intrinsic distance;
it has length 2 /m. For two such points, minimizing the round distance over I', gives

arccos (cos tcos u(x,x’) + sin t sin u cos 5) , 6= mi%l |0 — 0" + 27r/m|.
re
Here 0 < § < 7 /m. Since (x, x") = cos dgn—2(x, x’), this is (3.2). The induced map from the orbit space
to Ly, 1/m is surjective and preserves distances, hence is an isometry.

Let F = {(x,0) : |x| = 1} = 8" 2. If z # 0 and y/(x, z) = (x, z), then €?"//™ = 1; hence the action
is free on S" \ F. Fix u ¢ F and put

a = min dg:(u, yu) > 0.
y#1

Choose 0 < r < min{a/4, ds»(u, F)/2}. For v, w € B,(u) and y # 1,
dsn(v, yw) > a— d(u,v) — d(u, w) > a—2r > 2r > d(v, w).

The quotient distance on this ball is therefore dgsn. Its m translates are disjoint and form the full
inverse image of 7,,(B,(u)). Thus 7y, : S"\F — Ly 1 /p \ 71(F) is an m-sheeted Riemannian covering
by local isometries. The restriction of 7, to F is isometric. Both F and r,,,(F) have zero n-dimensional
Hausdorff measure. On an evenly covered open set U in the complement,

Volg: (., (U)) = mH"(U).

The identity also holds for each Borel subset of U. Choose a countable evenly covered open cover
(Us) of the complement and put E; = U; \ U;; U;. The sets E; are a Borel partition. Apply the local
identity to each B n E; and sum, for any Borel set B. Since F and r,,,(F) are null, this proves (6.1). [J
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Lemma 6.2. For f € Lz(Ln,l/m, Vm), pullback identifies the form domain with the invariant Sobolev
space:

feW Lyyjmvm) = fomm € H'(S")m (6:2)
For these functions,
2 1 2 1 2
B = 1 =l 8= 2 [ 19CF o)l dos. (63)

The operator Ar is unitarily equivalent to the restriction of the round Laplacian to L*(S™)'", with

operator domain D(Asn) N LX(S™)'™. The quotient operator has compact resolvent.

n,1/m>Vm

Proof. For f € Lip(Ly1/m), put Ff = f o 7. The quotient map is 1-Lipschitz, so Fy is Lipschitz and
invariant. Conversely, an invariant Lipschitz function v on S” descends to a Lipschitz function: for all
u,weS",

() — v(w)| = [o(u) — v(yw)| < Lip(w)ds:(u, yw) (v € Tm),

and one takes the minimum over y. Off F, the local isometries in Lemma 6.1 give lip Fy = (lip f) o 7.
The exceptional sets are null. Rademacher’s theorem on S” and (6.1) therefore give

1
/ (ip f)? dvpm = — / IVF¢* dvgn. (6.4)
Ln,l/m m Jsn

The norm identity in (6.3) also follows from (6.1).

Lipschitz functions are dense in L?(v,,): continuous functions are dense for a finite Borel measure
on a compact metric space, and Lipschitz functions uniformly approximate continuous functions. The
map Uf = m™/2F '+ therefore extends by completion to an isometry from L?(v,,) into L(S")"™. Let
Av=m"'Y o vey. Reindexing the finite sum gives A> = A, and (v = v o y)* = (v = vo y') gives
A* = A on L%. Each pullback is an isometry on L? and on H'; hence

1
|Avle < - D loeyle=lole,  E=1%S" or H'(S".
v€lm

If v is invariant and smooth v; converge to v in either space, then Av; — Av = v in that space. Thus
invariant smooth functions are dense in both invariant spaces. Each such smooth function is Lipschitz
and descends to the quotient. The range of U is closed and contains a dense subspace; thus U is onto.

Let f; be any sequence in (5.1) converging to f in L*(v,,). Then F; — Ff in L*(S"). Lower
semicontinuity of the classical Dirichlet energy gives

1 1
—E&gn(Fy) < liminf —E&gn(F) = lim inf /(Iip £)2 dvp,.
m >0 m j—00

The energy on S" is understood to be +co outside H'. Taking the infimum proves m~'Es:(Ff) < &, (f).
IfFp e H 1(§MIm, choose invariant smooth v; — F rin H ! and let f; be their descents. Equation (6.4)
gives

o1 1
Ev,(f) < lim —En(v;) = — Esn(Fy).
1—oo m m

This proves (6.2) and (6.3).
Polarization gives Es(U f, Uy) = &,, (f, ). For invariant v € H'(S") and w € H'(S"), invariance
of the round form under each group element gives

85"(1)’ W o }’) = gsn(l) ° }/—1: W) = 85"(1)’ W)

Averaging yields Esi(v, w) = Egn(v, Aw). For invariant b € L?, self-adjointness of A likewise gives
(b, w) =(b,Aw).
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Suppose f € D(AL,,,,.v,)- Putv = Uf and b = UAL
supplies ¢ € WLZ(Ln,l/m, vm) with Uy = Aw. Then

Esn(v, w) = Esn(v, Aw) = &, (f, )
= AL,y v f> V) = (b, Aw) = (b, w).

f. For arbitrary w € H(S), (6.2)

n,1/m>Ym

Thus v € D(Asn) and Agnv = b.
Conversely, let v € D(Agn) be invariant, and put b = Agnv. For every w € H!(S"),

(b, w) = Esn(v, w) = Esn(v, Aw) = (b, Aw) = (Ab, w).
Density of H! in L? gives b = Ab. Set f = U 'vand a = U 'b. For ¢ € Wl’z(Ln,l/m, Vi),
&, (f, ) = En(0, UyY) = (b, UY) = (a, ¥).

Hence f € D(Ay,, ,,v,) With Ay, f = a. This proves the operator-domain identity and unitary
equivalence. The compact embedding H'(S™) < L?(S") restricts to the closed invariant subspaces and
transfers under U to the quotient form domain. Its Laplacian therefore has compact resolvent. [

Theorem 6.3. The spectrum of (L, 1 /m, Vm) consists of the eigenvalues
pe=tt+n-1)  (£=0,1,2,..) (6.5)

with multiplicities
L¢/m]
t+n—-2 t—mr+n-—2
, = +2 E . 6.6
a[(n m) < n—2 ) r=1 ( n—2 ) ( )

Their generating series is
1+t
11— —my

Z al(n,m)t’ = (6.7)

>0

Proof. Let P, be the complex homogeneous polynomials of degree #in the real coordinates Xi, ..., X1,
and put P; = 0 for £ < 0. Write R* = Y X? and D = Y 9% , and set H, = ker(D|p,). For
monomials define (X?, xF ) =a! dqp, Where a! = [, !, and extend sesquilinearly. If § = a + ¢;, then

(XX XP) = (o + Dat = (X%, 9x,XP);

both sides vanish otherwise. Multiplication by R? is therefore adjoint to D, so (R*P;—,)* = ker(D|p,).
Finite-dimensional orthogonal decomposition gives

Pf = H[ @ RZP[_z. (68)

The group preserves R? and commutes with D. Both summands are invariant, so (6.8) is equivariant.
If H € H; and u = H|gr, homogeneity gives H(Rw) = R‘u(w) for R > 0. The polar-coordinate
formula for D gives

D(R'u) = R“*(&(t+n—Du— Agru).

Therefore Asnu = peu. Restriction is injective on H, by homogeneity. The values p, are strictly
increasing because g — pty = 26+ n > 0. Integration by parts makes the corresponding eigenspaces
mutually orthogonal.

Repeated application of (6.8) shows that every polynomial restriction is a finite sum of harmonic
restrictions. Polynomial restrictions contain constants, separate points, and are closed under complex
conjugation. The Stone-Weierstrass theorem makes them dense in C(S"), and hence in L%(S™).
Averaging over I';, shows that the restrictions of H?’", over all £, have dense span in L2(S"). The
operator in Lemma 6.2 has compact resolvent. If an invariant eigenfunction has eigenvalue different
from every p,, self-adjointness makes it orthogonal to the preceding dense span, so it is zero. If its
eigenvalue is yy, subtract its orthogonal projection onto the restrictions of H?’”. The remainder is
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again orthogonal to every harmonic restriction and is zero. Thus the quotient eigenspace at y, has
dimension a, = dim¢ H;m. These complex dimensions are the real multiplicities, since the operators
and the group action are real and their complex kernels are complexifications of the real kernels.

Put p, = dim¢ P;’”. Multiplication by R? is injective, since the polynomial ring has no zero divisors.
Equation (6.8), including invariants, gives

ag = pr— Pe—2. (6.9)

Use the complex linear coordinates xi, ..., X,—1, 2, Z for the polynomial algebra; the last two are
independent algebraic variables over C. A monomial x*zz” is multiplied by e27¢~2)/™ It is invariant
if and only if a — b € mZ. Since these monomials form a diagonal basis for the action, they form a
basis for the invariant subspace when this condition is imposed. As formal power series,

at+b _ 1 mr _ 1+1"
ot —1_t2<1+22t >_(1—t2)(1—tm)’ (6.10)

a,b>0 r>1
a—bemZ

¢ _ 1+
; b= A-n"11 -3 -tm) (6.11)

Indeed, a = b gives ), 1?0 the alternatives a = b + mr and b = a + mr, r > 1, give the other two
equal sums. The n — 1 fixed variables contribute (1 — t)~"~. Multiplying (6.11) by 1 — t? and using
(6.9) proves (6.7). Finally,

d+n-2 1+ ™
Q- D=3 1%, ——=1+2) 1™
n—2 1—-tm
d>0 r>1

Taking coefficients gives (6.6). Its first summand is positive for every £ > 0; hence every value in (6.5)
occurs. U

Corollary 6.4. Let n > 4 and let m > 2 satisfy 1/m < q.(n). Take the families in Theorem 1.4 with
g=1/m. Put A_; =0and A, = 22:0 ay(n,m) for £ > 0. Foreach ¢ > 0 and Ay < j < A,

511_{120 Ai(S", hy) = SILnoqo Aj(My, g5) = £+ n—1). (6.12)

Ifm > 3, this gives
Aj(S" hs), Aj(Mn, &) — n (1<j<n-1), (6.13)
Ai(S" hg), Aj(My, g5) — 2(n+1) (n <j<n—-1+ n(nz—1)> . (6.14)

The volume of every metric in these two families is o, /m.

Proof. By Theorem 6.3, the eigenvalues y, are strictly increasing, each with multiplicity a, > 0. With
the zero eigenvalue at index zero, y, occupies exactly A1, ..., Ay — 1. The limiting measure in (1.14)
is v, by (6.1); hence (6.12) follows. For m > 3 the sum in (6.6) is empty at £ = 0, 1, 2, so

-1
ap =1, a=n-—1, az:n(nf)'
2
Thus Ay = 1, A; = n,and Ay = n+n(n—1)/2. Since y; = nand p, = 2(n+ 1), this gives (6.13)-(6.14).
The volume assertion is (1.12) with ¢ = 1/m. O

Corollary 6.5. Let m > 3 be an integer with 1/m < q.(4). There are smooth families hs on S* and g, on
CP?#(—CIP?), each of volume c4/m, with Ricp,, > 3h and Ricg, > 3gs, such that on both families

/11,/12,/13 — 4, /14,...,).9 — 10. (615)
In particular, 1,(CP*#(—CP?), g,) — 10.
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Proof. In (1.3), Q4 = CP? and My = CIP?4(—CP?). In Corollary 6.4, the two positive multiplicities at
degrees one and two are 3 and 6, while y; = 4 and y, = 10. Their index ranges are 1 < j < 3 and
4<j<o. 0

Remark 6.6. The limits in (6.12) concern each fixed index. They do not assert isospectrality of two
smooth metrics. For m > 3, their common limit has only n — 1 copies of the first positive eigenvalue
n, whereas the round sphere has n + 1. Thus (6.14) is not pinching to the round-sphere spectrum. The
value 2(n + 1) is a limit along the specified families, not a claim about the largest possible constant in

(1.1).
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