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LOCAL SPECTRAL SECTIONS AND TOPOLOGY OF EIGENSPACES

ANASS NIFA

ABSTRACT. Let A > 0 be an isolated Laplace eigenvalue on a closed connected smooth manifold of
dimension at least two. We construct a local right inverse of its symmetric spectral-cluster matrix in
the reference conformal class. The inverse is 1/2-Holder continuous and smooth off the initial matrix.
The exponent is optimal at a conformally unstable reference. Metrics at which the cluster derivative is
surjective approximate the reference while preserving both A and its multiplicity. This proves weak
conformal stability. A separate signature bound gives unrestricted strong stability through multiplicity
seven, with failure possible at eight. In either the full metric space or a conformal class, the fixed-cluster
multiplicity locus is a C! embedded submanifold precisely at strongly stable points.

The same second-variation argument gives local matrix sections for A, + V under scalar potentials
supported in any prescribed nonempty interior open set, with the metric and the Dirichlet or Neumann
realization fixed. Here the reference eigenvalue may be any real number. The analytic step is a sign-
changing principal symbol for every nonzero contracted cokernel Hessian; each resulting quadratic
form has infinite positive and negative index. Finite-dimensional regular-zero arguments then give
exact realizations.

The local sections realize Grassmannians as retracts of internal spectral-gap spaces. Localized,
volume-preserving metric variations on round spheres yield prescribed spectral subbundles; a pairwise-
isometric family of metrics near a scaled round metric on the four-sphere has fixed exterior geometry,
positive Ricci curvature, and a nontrivial rank-three bundle for the first three positive eigenvalues,
counted with multiplicity. For the fixed round two-sphere, localized potential sections are smooth at
zero and realize every smooth real vector bundle of positive finite rank over a compact smooth manifold
in a suitable finite spectral cluster.
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An isolated eigenvalue of multiplicity m determines a finite-dimensional spectral projection. After
choosing a local orthonormal frame, the restriction of the operator to its range is a map to Sym,,(R).
Its derivative, its local image, and the bundles defined by its separated spectral projections are different

objects. This article studies all three for scalar Laplacians and for Schrédinger operators.

At an arbitrary reference metric, the Laplace cluster map admits a local 1/2-Hélder section within
the conformal class. For a fixed Schrédinger operator, the corresponding section can be chosen among
potentials supported in any prescribed nonempty interior open set. The construction preserves the
complete cluster matrix, rather than only its unordered eigenvalues. We also prove a sharp signature
restriction on first-order metric obstructions and use the local sections to realize vector bundles as

spectral subbundles of the scalar operators.
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1.1. Perturbation, stability, and prescription. Arnol’d formulated the comparison between multiple
eigenvalues and the strata of real symmetric matrices [4]. Uhlenbeck established generic simplicity
and eigenfunction transversality for variable metrics [25]. Bleecker-Wilson [9] and Bando-Urakawa
[6] developed perturbation-theoretic criteria for splitting multiple eigenvalues. Colin de Verdiére
introduced strong and weak spectral stability and exhibited failures of the strong condition [11].
The quadratic obstruction criterion originates in Colin de Verdiere [11]; Besson reduced it to the
pointwise identities used below [8, Sections 4A and 7A]. The relation between these formulations and
the preceding perturbation criteria is discussed in [14, Sections 1.1 and 2.2]. We recall that reduction,
with our sign convention, in Proposition 2.1.

Teytel establishes codimension and noncrossing results for differentiable self-adjoint families under
a transversality hypothesis [24]. Micheletti-Pistoia gave a sufficient condition for the local multiplicity
locus to be a manifold of codimension m(m+1)/2—1 and verified it for double eigenvalues on surfaces
[21]. Greilhuber-Kepplinger prove that the exceptional metrics at which strong stability fails have
infinite transversality codimension [14]. Their unrestricted result covers multiplicities at most six,
and their examples include multiplicity eight. Theorem A excludes the remaining multiplicity-seven
case of [14, Question 4.7]. Theorem C addresses the possibility in [14, Question 4.8] that an unstable
point nevertheless lies on a smooth multiplicity locus. For the first positive eigenvalue of the square
torus, [14, Proposition 4.3] proves that the conformal multiplicity locus is not a submanifold. Their
Lemma 4.5 proves weak conformal stability in dimension two when the conformal cokernel is one-
dimensional and an isometric involution reverses its two-point kernel. Theorems B and C do not
require either of these additional hypotheses. The generic avoidance theorem of [14] is distinct from
the local-section assertion proved here. All numbered comparisons refer to the fourth arXiv version.

Stability also enters inverse spectral constructions. Colin de Verdiere prescribes finite parts of
the Laplace spectrum, with multiplicities, on a fixed closed manifold of dimension at least three [10,
Theorem 1.2]. Lohkamp refines this prescription with additional geometric constraints [20]. For a
compact manifold of dimension at least three with nonempty boundary, He—~Wang prescribe total
volume and an initial Dirichlet list 0 < a; < a; < --- < ay [17, Theorem 1.1]. The strict first inequality
is required by simplicity of the first Dirichlet eigenvalue. These existence theorems do not require the
resulting metric to approximate an arbitrary specified metric. Theorem B is local at every reference:
it prescribes the entire cluster matrix and has an exact level-preserving approximation statement. For
the boundary problem, the generic simplicity and double-eigenvalue results of Gomes—Marrocos [13]
are likewise distinct from the interior-supported all-multiplicity realization in Section 9.

1.2. The spectral map. Let (M", g) be closed, connected, and smooth, n > 2. Put
Ag = —dng Vg, 0= Ao(g) < A](g) < Az(g) < e (1.1)

For an integer k > 4, the C¥ metrics form an open subset of the Banach space of C* symmetric
two-tensors. Local smoothness assertions are taken in these Banach spaces at a smooth reference
metric. All constructed finite-dimensional families consist of smooth metrics. Smooth metrics carry
the C* topology. On a fixed compact support, smooth functions and tensors carry the induced C*
topology. A statement involving all C¥ norms permits constants depending on k; it does not assert a
bound uniform in k.

Fix A > 0 of multiplicity m and a bounded interval I € (0, o0) containing A and no other eigenvalue
of g. On a sufficiently small neighborhood U of g, a smooth orthonormal frame of the entire spectral
cluster defines

L : U — Sym,,(R), L(g) = ALy, specL(g’) = spec(Ag) N1, (1.2)
with multiplicities. The construction is given in Section 2. We write

trL(g") I

Mg = Lg) - = £, (13)
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Definition 1.1 (Colin de Verdiére; cf. [14, Definition 4.4]). For a metric parameter space M, the pair
(g, A) satisfies the Strong Arnold Hypothesis if DL(g) : TgM — Sym, (R) is onto. It satisfies the Weak
Arnold Hypothesis if, in every sufficiently small neighborhood U of g in M, there is § > 0 such that

each continuous map L : U — Sym,,(R) with sup,, ”t - L” < § attains ALy,

The terms stable and unstable mean, respectively, that the Strong Arnold Hypothesis holds or fails
in the specified parameter space. The full metric space and a fixed conformal class are distinguished
throughout.

1.3. The sharp signature bound.

Theorem A (Signature bound). Let uy, ..., uy, be linearly independent real A-eigenfunctions. If a nonzero
C € Sym,,(R) satisfies

ZCiju,-ujZO, ZCU dui®duj=0, (1.4)

then C has at least four positive and four negative eigenvalues. Consequently every positive eigenvalue
of multiplicity at most seven satisfies the Strong Arnold Hypothesis for unrestricted metric variations.
Multiplicity eight admits failure.

The additional condition supplied by the eigenfunction equation is a positive weighted trace
condition on the second fundamental form of a spherical immersion. The Gauss equation then
excludes signatures with one index at most three. The proof occupies Section 4.

1.4. Local sections and multiplicity loci.

Theorem B (Local sections and exact approximation). Let (M", g) be closed, connected and smooth,
n > 2, and let A > 0 have multiplicity m. For the cluster matrix (1.2), there are § > 0 and a map

<+ B5(0) € Sym,,(R) — G(M, g)
satisfying
FO) =g L) =M +Y,  [L) =LY < |y - Y72 (1.5)

Here G(M, g) is the smooth conformal class of g. The estimate holds for every fixed integer k > 4, and
& is smooth off zero. At a strongly conformally stable reference it may be chosen smooth at zero. At an
unstable conformal reference no exponent greater than 1/2 is possible in a uniform estimate at zero.

There are also smooth conformal metrics g — g in C* with L(g;) = AL,, at which the conformal
cluster derivative is surjective. In particular, every positive eigenvalue satisfies the Weak Arnold Hypothesis
in its conformal class.

Theorem C (Multiplicity loci). Let S = {g’ € U" : T(g’) = 0}, in the full metric space or in a fixed
conformal class. At a strongly stable pair it is a smooth submanifold of codimension m(m + 1)/2 — 1.
At an unstable pair it is not a C' embedded submanifold. The latter conclusion holds in the C* metric
spaces for each integer k > 4, at a smooth reference metric.

The operator with kernel

R(x,y) Z Cijui(x)u;(y)
Lj

and the use of unique continuation to exclude infinite-order diagonal vanishing occur in [14, Proposi-
tion 3.1 and Lemma 4.5]. We retain this operator and identify the first nonzero homogeneous diagonal
term, prove that it is harmonic for the frozen metric, and compute the resulting principal symbol.
Its two signs imply infinite positive and negative index for every nonzero scalar component of the
cokernel Hessian. The convention in [14] is the nonpositive Laplacian; throughout this article the
Laplacian is nonnegative.
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The passage from an indefinite Hessian to local solvability belongs to the theory of quadratic maps
developed by Agrachev [1]. Agrachev-Sarychev give a finite-dimensional reduction, a regular-zero
criterion, and a rescaling argument for nonlinear level sets [3, Lemmas 9.2-9.3 and Proposition
9.4]. Section 7 proves the version needed here, including surjectivity after finite-codimensional
restrictions and two regular zeros with prescribed vanishing mixed terms. The analytic input specific
to the Laplacian is the assertion that every nonzero scalar cokernel Hessian has both indices infinite.
Section 8 then gives a single pairwise 1/2-Holder section, exact approximation on the same spectral
level, and the tangent-space obstruction for the multiplicity locus.

There are interior-supported Dirichlet and Neumann versions. If Z is closed and Z n M° has empty
interior, the construction uses a fixed compact set K € M° \ Z. It realizes every sufficiently small
cluster-matrix displacement Y with

lgy — gvlex < Cr|Y - Ylﬂl/z, 8 =8 (1.6)

The exponent is optimal at a conformally unstable reference. The support set and constants depend
on the reference eigenvalue. The hypothesis that Z n M° has empty interior is used in the global
annihilator equation. No pointwise volume constraint is asserted for these conformal variations.

1.5. Spectral subbundles and internal gaps. Nowaczyk uses nontrivial eigenspinor bundles over
loops of metrics to force Dirac eigenvalue multiplicities and transports those families through surgery
[23]. His argument already uses the obstruction to extending a nontrivial spectral bundle across a
contractible parameter space. Below, local sections realize prescribed real bundles for scalar operators,
with explicit support and geometric constraints. These conclusions concern realization of the bundle,
not a new obstruction principle.

Grassmannians already occur in the topology of spaces of symmetric operators. Agrachev relates
multiplicity filtrations to Thom spaces over Grassmannians [2, Theorem 1]. Berkolaiko-Zelenko
express the local Morse contribution of an eigenvalue crossing in terms of Grassmannian homology
[7]. Our family statements realize such eigenspace topology by scalar Laplacians. The local section
transfers the tautological bundle to a space of metrics with an internal spectral gap. A separate
submersion at a round sphere permits exact preservation of the volume form and localization in
a prescribed open set. These additional metric constraints are not conclusions about arbitrary
symmetric-matrix families.

Theorem D (Spectral bundles). Letm > 2 and 1 < r < m. A local section of T', continuous at zero
and smooth away from zero, realizes the tautological rank-r bundle over Gr,(R™) as the lower spectral
bundle of a family with a gap after the r-th eigenvalue in the cluster. The Grassmannian is a retract of
the corresponding local gap space. Such sections exist at every reference in Theorem B, including unstable
references.

On a round S", every smooth rank-r subbundle of a trivial (n+ 1)-plane bundle over a compact smooth
manifold, 1 < r < n, is realized by the spectral subspaces corresponding to the first r positive eigenvalues
of nearby metrics, counted with multiplicity. Their volume form is fixed, and their perturbations are
supported in any specified nonempty open subset of the sphere.

Let y be the unit-round metric on S* and put g. = y/2. There are a compact set K contained in a
polar cap and a smooth S*-family of metrics gy such that

dvg, = dvy,, g = g onS*\K, Ricg, > 3g;.

The metrics have the same complete scalar spectrum. The rank-three spectral bundle corresponding
to their first three positive eigenvalues, counted with multiplicity, is R @ Ly, where L — CP! is the
tautological complex line. Its second Stiefel-Whitney class is nonzero.

The metrics in the explicit four-sphere family are pairwise isometric. The family is nontrivial in a
marked metric space with a spectral gap, not in the quotient by isometries. Its rank-three spectral
bundle cannot split globally into real eigenline bundles over S2. We do not identify its w, with an
unweighted parity of internal crossings.
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Appendix A computes the obstruction for every fixed even differential order on a flat two-torus.
In particular, allowing all self-adjoint second-order scalar differential variations does not remove
every obstruction. This treats the suggested differential enlargement in [14, Question 4.9], not every
possible enlarged parameter space. The Grassmannian retractions do not determine the connected
components of global multiplicity loci, as asked in [14, Question 4.11].

1.6. Potentials on a fixed manifold. Let P = Ay + V on a compact connected smooth manifold of
dimension at least two, with a fixed closed, Dirichlet, or Neumann realization, and let O C M° be
nonempty and open. Theorem 12.1 treats any real isolated eigenvalue of P. It constructs a local section
of its full cluster matrix with values in one finite-dimensional subspace of C;°(O), with the pairwise
exponent 1/2. The compact support is selected inside the prescribed O. Neither the background
metric nor the boundary realization changes. This support statement is stronger than the relative
metric assertion of Section 9, where the allowed region is the complement of a closed set with empty
interior.

The round-sphere refinement uses an established fact. Colin de Verdiére proves strong conformal
stability for every nonzero round S? eigenvalue [11, p. 186]; [14, Proposition 4.6] reproduces the
argument through multiplication of spherical harmonics. Lemma 13.1 gives the required product
isomorphism explicitly. Analyticity and a compactly supported Gram construction then give a
potential section smooth at zero, with a linear estimate. Theorem 13.3 uses that section to realize
every smooth real vector bundle of positive finite rank over a compact smooth manifold in a suitable
finite cluster on this fixed surface, with support in a prescribed disk. The product isomorphism and
the underlying round-sphere stability are not claimed as new.

1.7. Proofs and conventions. Section 2 constructs the isolated-cluster projection and its orthonormal
frame, proves the frame derivative formulas, and determines the metric-variation annihilator. Section 3
proves the volume-preserving exponential parametrization, the finite-dimensional local inverse used
in the realization arguments, and a quantitative estimate for the change in Ricci curvature.

The signature theorem is proved in Section 4. Sections 5-8 compute the conformal Hessian, prove
its infinite indices, and solve the resulting finite-dimensional quadratic equations. Sections 9-11
give the relative metric statements and the geometrically constrained spectral-bundle constructions.
Section 12 treats potentials supported in a prescribed open set. Section 13 proves the independent
round-sphere refinement and the fixed-surface bundle theorem. Appendix A computes the flat-torus
obstructions and second variations.

2. SPECTRAL PROJECTIONS AND METRIC DERIVATIVES

2.1. A fixed Hilbert space. Fix a reference density dvg. For g’ near g, put py = dvy /dv, and
Jg/u = p;{zu, Tg/ = ]g’Ag’]g_’l on LZ(M, dl)g). (21)

The map J is unitary from L*(M, dv) to L*(M, dvy), since [ |Jyul*dvgy = [ |uffdvy.
For closed M, the operator domain is H>(M). For a smooth boundary, write

Dp = H*(M) n Hy(M), Dy ={u€ H* (M) : 9,u =0}

Every construction below on a manifold with boundary leaves the metric unchanged on a collar of
oM. On that collar J» = I, and the conormal derivative is independent of g’. Hence the domains of
T, are the fixed spaces Dp or Dy.

The form gg(u) = fM |du|§ dvg, with domain Hj (M) for Dirichlet data and H'(M) otherwise, is
closed and nonnegative. Indeed, gg(u) + |ulj is an equivalent squared norm on the indicated form
domain. Its inclusion into L? is compact. The associated self-adjoint operator therefore has compact
resolvent. For closed M, the domain and regularity assertions follow from [12, Theorems 15.1 and 16.1].
For the boundary domains, see [16, (2.4) and Theorem 2.2, p. 833]; the elliptic regularity implication
on compact manifolds is [15, Theorem 6.8, 3°, and Corollary 6.10, pp. 40-41].
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The boundary ellipticity hypotheses in these references can be checked directly. In inward
boundary normal coordinates, the principal part of A, at a boundary point is

—37 = h*(,0)9,,9y,.

For a nonzero tangential covector &', set k = (h“ﬁg{;g,g)l/? > 0. The solutions of —w” + k?w = 0
decaying as t — +oo are w(t) = ce *'. Their Dirichlet data are c, and their outward normal derivatives
are kc. Either homogeneous boundary condition therefore forces ¢ = 0. Both boundary operators
are normal. Applying the cited regularity theorem to 1 + A, meets its invertible Dirichlet-realization
hypothesis: the form gg + | - [3 is coercive. Adding the constant 1 does not change the principal or
boundary symbols.
For the closed, Dirichlet, and Neumann realizations, and every integer s > 0, the resulting estimate
is
lulgsre < Cs(lAguls +lulz) — (we HF2(M)n D). (2.2)

Here D denotes the fixed H? domain. To obtain the norm estimate from regularity, let R, = (1+A g)_l.
Regularity gives R, (H®) C H**? n D. This map has closed graph: convergence in H**? implies
convergence in L?, where R, is bounded. Thus R, : H® — H**? is bounded. For s > 0, the Sobolev
interpolation inequality

lules < elulgse + Coeluly:

absorbs the additional |u[ps term in the bound for R, (1 + Agy)u; the case s = 0 is immediate. Repeated
application to Agu = Au makes every eigenfunction smooth up to the boundary.
Write m” = ,/det g’ in a coordinate chart. The differential expression on the fixed Hilbert space is

Tg/f = _P;//Z(m/)_lai(m’g/ijaj(p;,l/zf)> . (23>

For each k > 4, the maps g’ — g’~!, m’, and pi,l/ ? are smooth between the corresponding C* spaces
on a uniformly positive neighborhood. After expanding the two derivatives in (2.3), each coefficient
is a product of these functions and at most two metric derivatives. Thus g’ > T, is smooth into
L(D, L?), where D is the fixed H?> domain stated above. Multiplication by a bounded coefficient has
L? norm at most its supremum norm, and each coordinate derivative of order at most two maps
H? continuously to L2. A finite partition of unity sums these estimates. In particular, on a smaller

neighborhood,
| Ty = Te|po < Clg’ — gce - (2.4)

The same expansion gives all parameter derivatives on finite-dimensional smooth families. For a
fixed high Sobolev exponent, replace H? — L? by H*? — H® and require the corresponding finite
number of bounded coefficient derivatives.

Choose a positively oriented rectangular contour y, invariant as a set under complex conjugation,
whose real intersections are the endpoints of I and whose interior contains no reference eigenvalue
other than A. Let

d, = 11161;1 dist(z, spec Ty) > 0, Ro(2) = (z - Tg)_l.

For every v € spec Ty and z € y,

1+v 1+ |z]
lz—v| ™~ d,

Expansion in the reference eigenbasis and (2.2) therefore give

sup |Ro(2)l2p < 0. (2.5)

z€y
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The perturbation bound (2.4) now applies uniformly on y. If sup,, |(Ty — Tg)Ro(2)|;._, . < 1/2, then

(2= Te) " = Ro(2) Y., ((Ty = TRy(2)) - (2.6)
Jj=0

The identity
2= Ty = [I—(Ty — TPR(2)](z — Ty)
proves that (2.6) is a two-sided inverse with domain D. The geometric-series bound and (2.5) imply

uniform convergence in £L(L?, D). To verify parameter differentiability, subtract the inverses at two
parameters:

Rgu(z) - Rg/(z) = Rgu(z)(Tg// - Tg/)Rg/(Z).

Division by the parameter increment, followed by the operator-norm limit, gives DR[h] = RDT[h]R.
In particular,

D?R[hy, h;] = RD?T[hy, h;]R + RDT[h{]R DT[h,]R
+RDT[hy]JRDT[h{]R.

Induction by the product rule gives each higher derivative as a finite sum of products of these bounded
operators and derivatives of T. The estimates are uniform on the compact contour. This proves
smoothness and justifies differentiation under its integral. In particular, no eigenvalue crosses either
endpoint of I in this neighborhood.

Define

R
Py = i /y(z Ty) dz. (2.7)

The Riesz projection theorem [19, Chapter III, Section 6.4], applied to the self-adjoint realization
above, identifies P, with the orthogonal projection onto the indicated cluster. It commutes with
complex conjugation and therefore preserves real functions. Its rank is m. Indeed, if P” and P are
orthogonal projections with [P’ — P| < 1 and v € im P satisfies P’v = 0, then

ol = (P = P")o] < |P = P’| o],

so v = 0. Interchanging the projections proves injectivity in the other direction. Since im P has
dimension m, both inequalities on the dimensions follow.
Let U : R™ — L?(M, dvg) have columns an orthonormal real eigenbasis uj, ..., uy,. Put

Uy = PyU(U*PyU)V?,  L(g) = U} Ty Uy (2.8)

The Gram matrix equals I, at g and remains positive. Its positive inverse square root is smooth by
the convergent power series for (I + X)™'/2 when | X]| < 1. Direct multiplication gives Ug, Uy = In.
Its image has dimension m and equals im P,/. Consequently

TyUy = UpL(g), LN = L&) (2.9)

The columns in (2.8) are not required to be separate eigenfunctions. The corresponding frame of
functions for the original metric is

Vg/ :Jg_,lU /y Ag/ Vg/ = Vg/l_(g/), V;/ Vg/ = Im’ (210)

where the last adjoint is taken in L*(M, dv/). Thus V, sends each eigenspace of L(g") to the corre-
sponding eigenspace of A,/. An arbitrary invariant subspace is sent to an invariant subspace; it need
not consist of eigenfunctions with one common eigenvalue.

For later bundle constructions we record the dependence in the spatial variables as well. Let
t range over a finite-dimensional ball and let g; have coefficients smooth in (¢, x), with the same
boundary realization as above. For each nonnegative integer s, put

D, = {u € H***(M) : u satisfies the fixed boundary condition};
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in the closed case there is no boundary condition. On a smaller parameter ball, the elliptic estimate
and the resolvent bound give
sup |(z—T) |usop, < oo (2.11)

t€B(0)
zey

Choose a compact parameter ball P contained in the neighborhood where the contour avoids the
spectrum. Fix s and (%, z9) € P x y. Regularity and the closed graph theorem give

(20— Ty,) " : H — D

as a bounded map. The coefficients of T; depend continuously on ¢ in the norms required for L(Ds, H*).
Therefore, near (fy, zy),

(= T + (2o = 210~ T

The Neumann series gives a uniform H®* — D, bound on this neighborhood. A finite cover of P x y
proves (2.11). The compact ball P was chosen using only the L? contour condition, so it is the same
for every s; the bounds and finite covers may depend on s.

For fixed smooth f, let u,(z) = (z — T,)"' f. Differentiating its equation gives, for a nonzero
parameter multi-index «a,

1
HsmHs < 2°

(z-T)ofu, = ). <Z>(a?n)a?“”ut. (2.12)

0<n<a

The resolvent identity first proves this equality in Dy by difference quotients. Estimate (2.11) and
induction on || prove it in every D;. Thus t — u;(z) is smooth with values in each Sobolev space,
uniformly on the contour. Sobolev embedding, with s chosen arbitrarily large, makes u,(z, x) jointly
smooth in (¢, x). Integration over y, followed by the finite-dimensional Gram normalization, proves
the same assertion for the physical cluster frames used in Sections 10-13.

Let g; be a smooth one-parameter family through g. Differentiating (z — T,)(z — T;)™! = I gives

Ty =T T (2.13)

The series (2.6) converges uniformly on the contour, and the differentiated series does so on any
smaller parameter neighborhood. Hence

1 s _
P= 2m_/y(z— T) ' T(z — Ty) ' dz. (2.14)

For example,
length(y)

. —1)2 -
[Pl2p < DY e |Gz = T o | Tl

z€y
The embedding D < L? is incorporated into the fixed norm. This estimate uses only the contour
separating the chosen cluster from the excluded spectrum. No difference between eigenvalues within
the cluster occurs.

Differentiating P? = P, and multiplying on both sides by P gives
PPP = 0.

Since PU = U, it follows that %(U*Pt U)o = 0. The derivative of its inverse square root at the identity
is therefore zero, and
U =PU, PU =0, U*U = 0. (2.15)

These assertions hold for the chosen frame on the fixed Hilbert space. They do not assert that the
derivatives of arbitrary moving eigenbases are orthogonal to the whole cluster.
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The same construction applies when the reference cluster has eigenvalues 0, ..., 0, not necessarily
equal. Choose U so that T,U = U®, © = diag(s, ..., 0,,). Equations (2.9) and (2.15) give

L=U*TU, (Tg — 0)tta = —(I = P)Tu,. (2.16)

Indeed, differentiation of L = Uj T, U; gives two frame terms. They are (U* U)*® and OU*U, both
zero. Differentiation of T;U; = UL, and projection to ker P gives the second equality. Define

R, = (Tg - 9&)_1|kerp’ Ralimp = 0.
The excluded spectrum is disjoint from every 8,, so R, exists and
Uy = —R,Tu,. (2.17)

Both formulas remain valid when some of the 6, coincide.
At a smooth reference metric, take a complete orthonormal eigenbasis e; with eigenvalues v; > 0,
and use the Hilbert scale

1£l7s = DA+ v) I {foey -
J

Let d, = inf{|v; — ,] : e; € ker P} > 0. For every excluded eigenvalue,

1+v; 1+06,
<1+
|Vj_9a| da

Squaring this inequality, multiplying by (1 + v;)7'|f;[%, and summing proves

H&ﬂm£<ﬂ};%>Whm (218)
a
The H' norm is the norm of the Dirichlet energy plus L? mass, on H' in the closed and Neumann
cases and on H{ in the Dirichlet case. This follows first on finite eigenfunction sums and then by
completion. The extension in (2.18) is self-adjoint in the associated dual pairing, since its real spectral
multipliers are symmetric.

Another smooth real orthonormal frame is Uy O(g"), with O(g”) € O(m). After constant conjuga-
tion, assume O(g) = I,,. Along a curve through g, set A = O(0) and L(t) = L(g;). Since 07O = I,
and L(0) = AL,

d, . . 2 . . .
—,(07L0) = 1(0), —(0710) = £(0) + 2ATL(0) + 2L(0)A.

Thus the second derivative is unchanged when g, € ker DL(g). For a parameter chart 6 with 6(0) = g,
the chain rule gives

D*(L~ 0)(0)[a, a] = D*L(g)[DO(0)a, DO(0)a] + DL(g)D?*6(0)[a, al.

Pairing with a cokernel matrix removes the last term. This proves the asserted frame and chart
independence.

2.2. The metric derivative. For g, = g + th + O(t?),

d _ d
Egtl :_hﬁ#, 7dl)g[

o = 1 trg(h) du,. (2.19)

T2

0 0

The first identity follows by differentiating g;g;! = I. The second follows from % detg; =
(det g;) tr(g; ' 8).

Let v;(t) = J,,'ui(t) be the columns of the physical cluster frame. They are orthonormal in L*(g;).
At t = 0, differentiation gives

/M(Diuj+ uiv;) dvg = —;A/Itrghuiuj dvg. (2.20)
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The matrix entry is | g d,v:(t)dpv (1) dvg,. Its derivative has the inverse-metric term, the density
term, and the two terms

A/I(<dl)l, du]'> + <dui, dl)]>) dl)g = A[\;j(l)ﬂﬁ + uil)j) dl)g.

Green’s formula proves this equality. For Dirichlet data, v;|5y; = 0; for Neumann data, 9, u j = 0. These
identities remove the boundary terms. There is no boundary term when M is closed. Substituting
(2.20) therefore gives

DL = [ [~ h7u7u)
+ % trg h (<dul~, duj>g — Auiuj)] dvg.

(2.21)

The formulas hold for all closed-manifold variations and for the interior-supported boundary varia-
tions considered here.
For a family with dvg, = dv, and initial derivative h, the coordinate divergence expression gives

Af = divg(h*df),  {Af,zy=- AA h(Vf,Vz) dv,. (2.22)

The second identity follows by integration by parts. It is valid for z € H! when h has interior support,
by density of smooth functions in H' and continuity of both sides. Here h**d f has components
g°g’" hapd; f. For such a family the density conjugation is the identity. Thus (2.16) and (2.17) become

Lap = —/ h(Vua, Vuy) dog, i, = —R,Au,. (2.23)
M

If n € H~! annihilates the cluster and w, = R, 7, equations (2.18) and (2.22) also give the weak pairing
identity

(n, ug) = — <Rary,Aua> = A/f h(Vug, Vw,) dug. (2.24)

The integral is finite because u, and h are smooth and w, € H!. Finite spectral sums prove the dual
self-adjointness equality first; (2.18) extends it to the stated data.
For C € Sym,,(R) set
FC = ZCijuiuj, TC = ZCijdui(X)duj, TC =trg TC. (225)
The tensor T¢ is symmetric. For unrestricted variations, the annihilator equation obtained from (2.21)
is
Te = %(Tc — AFc)g. (2.26)

Localization is valid because all smooth symmetric tensors supported in any coordinate ball are
allowed as test variations.
Taking the trace in (2.26), and then applying the product rule, gives

(n - Z)Tc = nAFc, AgFC = 2/1Fc - 2Tc. (2.27)

For n > 2, these imply AgFc = —4AFc/(n — 2). Multiplication by Fc and integration gives

41
[M |dFc|? dvg = — AF@ dvg. (2.28)

Both sides force Fc = 0. Then 7¢ = 0 and T¢ = 0. For n = 2, the first equation in (2.27) gives F¢ = 0;
its second gives 7¢ = 0, and (2.26) gives T¢ = 0.

Proposition 2.1 (Colin de Verdiére-Besson characterization). On a closed connected manifold, the
cokernel of DL(g) for unrestricted metric variations consists precisely of the matrices C for which
Fc = Tc = 0. Every such matrix is trace-free.
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Proof. The preceding calculation proves necessity. Substitution into (2.21) proves sufficiency. Finally,
/MFC dl)g = z Cij <u,~, uj>L2 =trC.

When n > 2, the sign in (2.28) is essential: its left-hand side is nonnegative, while its right-hand
side is nonpositive and vanishes only when Fr = 0, because A > 0. No conclusion for the zero
Neumann eigenvalue is used. |

The attribution in the proposition concerns this characterization, not the signature theorem below;
see [8, Sections 4A and 7A] and [14, Proposition 2.3].
For gt = (1+ 1)g, Ag, = (1 + t)"'A,. Therefore

DL(g)[g] = ~Al. (2.29)

For the full metric space and the full conformal class, DL(g) is onto if and only if DI'(g) is onto Sym?,.
Indeed, if DI'(g)h = B € Sym? , write DL(g)h = B + cl,. Equation (2.29) gives

DL(g)[h + (c/M)g] = B.

Adding a further multiple of g gives every scalar component. Conversely, surjectivity of DL(g) implies
surjectivity after projection onto Sym?,.

The ranges computed using smooth variations agree with the ranges on C* variations. In fact,
smooth functions and symmetric tensors are dense in the corresponding C* spaces. The derivative is
continuous, and its image on the smooth subspace is a finite-dimensional, hence closed, subspace of
Sym,,. Taking limits therefore gives equality of the two ranges. This observation applies both to the
unrestricted space and to the full conformal class.

Aronszajn’s theorem [5, pp. 235-239] implies that a smooth solution of (A, — A)u = 0 which
vanishes to infinite order at an interior point vanishes on its connected interior component. In an
interior chart the principal matrix is smooth and uniformly positive definite on compact subsets, and
the lower-order coefficients are bounded there; thus the equation satisfies the hypotheses of that
theorem. Every application below concerns one scalar eigenfunction or a constant linear combination
with the same eigenvalue. Vanishing on a nonempty open set implies infinite-order vanishing at each
of its points.

The interior of a connected smooth manifold with boundary is connected. Indeed, each boundary
point has a half-ball neighborhood whose interior part is connected, and hence belongs to one
component of M°. Assign the boundary point to that component; nested half-ball neighborhoods
show that the assignment is independent of the chart. Each interior component, together with its
assigned boundary points, is open in M. These sets form a disjoint open partition of M. Connectedness
leaves a single set. Unique continuation on M° and continuity on M therefore imply global vanishing.

3. METRIC VARIATIONS AND LOCAL INVERSION

All norms of tensors on a fixed compact manifold are computed in a fixed finite smooth atlas;
changing that atlas changes the constants, not the assertions.

3.1. The trace-free exponential.

Proposition 3.1. Let hy, ..., hy be smooth symmetric two-tensors on a compact Riemannian manifold
(M, g). Suppose trg hj = 0 and that their supports have compact union K. For t € R4, put

d
H() =Y tigh;,  g@(X,Y)=ge"X,Y). (3.1)
j=1
Then g; is a smooth metric, dvg, = dvg, and g; = g on M\ K. Moreover,
ougl o =hy  lg—gle < Celtl (<), (3.2)

for every nonnegative integer k.
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Proof. At each point, g~ 'h; is self-adjoint: g(g'h;X,Y) = hj(X,Y) = h;(Y,X). Hence H(z) is
self-adjoint. An orthonormal eigenbasis gives

H(t) = diag(6s, ..., 0,), eH® = diag(e”, ..., ).

Every exponential eigenvalue is positive. This proves symmetry and positive definiteness of g;. In
arbitrary coordinates, det g, = (det g) det e#("). Since

det eH(t) _ H el trH(t) 1,

the positive square roots of these determinants agree. If x ¢ K, then H(t,x) = 0, and g;(x) = g(x).
The matrix exponential is defined by its locally uniformly convergent power series. Its derivative
at zero is the identity, so differentiating (3.1) gives the first formula in (3.2). For every fixed k, the
Leibniz rule gives
|ABfcx < ci [Al e Bl e

for smooth endomorphisms. Multiplying this norm by c; makes it submultiplicative. In that equivalent
norm, |H(t)|x < Mg|t| and

H HD _

IH(I
I SZ ()Ck<M||Mk|t‘
ck Jj!

j>1

Multiplication by the fixed metric and return to the original norm prove the second estimate in (3.2).
The same uniformly convergent series, differentiated term by term on bounded parameter sets, proves
smooth dependence on t in every CF space. g

3.2. Alocal inverse with parameters.

Lemma 3.2. Let f : B,(0) ¢ R¢ — R? extend to a C' map on a neighborhood of the closed ball. Suppose
L = Df(0) is invertible and

‘sup II-L7'Df(x)| < (3.3)
If”L‘l(y - f(O))” < r/2, there is a unique x € B,(0) with f(x) = y, and
x| < 2|17y = fO)]- (3.4)

The inverse is as smooth as f on the open target neighborhood with strict inequality. The same assertion
holds smoothly with additional finite-dimensional parameters, when the hypotheses hold uniformly.

Proof. Set Ty(x) = x — L7'(f(x) — y). The integral mean-value formula and (3.3) give

IT,(0) = LGN < gl =l T = L7 (y = fO)] < r/2.
Thus T, maps B, into itself and contracts distances by at most 1/2. The iterates xjr1 = Ty(xj), %0 = 0,
satisfy

xje1 — x| < 27| T, (0)].
They are Cauchy, and their limit x is a fixed point by continuity. Summing the geometric series proves
(3.4). If x’ is another fixed point in the ball, the contraction inequality gives |x — x| < |x — x’|/2, so
x=x'.
For smoothness, write D f(x) = L(I + E(x)), where |E(x)| < 1/2. The inverse exists by the matrix

series ), ;o(—E)/. For two targets y, y” and their fixed points x, x’, subtraction gives

=X < gl = [+ LIy =] =X <2 L7y -y
Apply the differentiability remainder of f to

fx(y+hm) = fx(y)=h
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The Lipschitz bound makes that remainder o(|A]), so
Dyx = (Df(x)"".

For a parameter p in f(x, p) = y, subtraction at nearby (y, p) first gives continuity and a local
Lipschitz bound, and the same calculation yields

Dyx =(Dsf)™,  Dpx =—(Dsf)'Dpf. (3.5)
Differentiating these identities inductively proves every higher derivative for which f is differentiable.
This establishes the parameter assertion. (|

Proposition 3.3. Let.# be a smooth map from a neighborhood of a smooth metric g to a finite-dimensional
real vector space W. Suppose

DZF(g) : CX(O;S3T*M) — W
is onto, where O C M° is open. There are a compact set K € O, a neighborhood V of % (g), and a smooth
family y — g,,y € V, such that

F(g) =1y £7 () = & dvg, = dug, gy =gonM\K. (3.6)
For every fixed k,

8y — &|ox < Crly — Z(9)| after decreasing V.

Proof. Choose a basis ey, ..., e; of W and tensors h; with D.Z(g)h j = e;. Their finite support union
is compact in O; enlarge it to K € O. Use (3.1) and let f(¢) = .#(g;) in this basis. The chain rule
and (3.2) give Df(0) = I;. Continuity of Df gives a ball satisfying (3.3). Lemma 3.2 gives a smooth
solution t(y) and [t(y)| < 2|y — % (g)|. Define gy, = gy(y). Proposition 3.1 proves every assertion in
(3.6) and its norm bound. ([

LetF : ED> U — W be smooth, where E is Banach, W is finite-dimensional, 0 € U, and A = DF(0)
is onto. Choose a linear right inverse R : W — E. It is bounded because W is finite-dimensional.
The operator RA is a bounded projection, so

E=kerA® R(W).

For x € ker A and z € R(W), the derivative in z of F(x + z) at (0, 0) is the isomorphism A|g(y. The
contraction proof of Lemma 3.2, with the Banach variable x as a parameter, gives a unique smooth
solution z = z(x, y) of F(x + z) = y near (0, F(0)). The derivative formulas (3.5) hold with Fréchet
derivatives in x. Thus

F ' (y) ={x + z(x, y) : x € ker A near 0}
locally, and this level set has codimension dim W.

Lemma 3.4. Let F be a smooth map between finite-dimensional manifolds, with rank constantly r near
a point. There are local coordinates (s, z) in the source in which F(s, z) depends only on s € R". The local
fibres may be taken connected. Every vector in ker dF is the velocity of a smooth curve in its local level
set.

Proof. Work in coordinate charts. For r = 0, each component has zero differential on a connected
coordinate ball and is constant there by integration along line segments. For r > 0, reorder source
and target coordinates so that the first r target components have an invertible derivative in the first r
source variables. The map

x +—> (Fi(x), ..., Fr (%), Xr41, ..., XN)

has invertible derivative. Lemma 3.2, after translation and multiplication by that derivative’s inverse,
supplies local coordinates (s, z). In these coordinates the first r components of F equal s. A nonzero
derivative in any z direction of one of the remaining components would add an independent column
to the derivative and raise its rank above r. Therefore all those derivatives vanish. Restricting to
a product of balls makes each fibre connected and proves that F(s, z) is independent of z. Curves
z(t) = zo+tv, with s fixed, realize all kernel velocities; transforming back proves the last assertion. [
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3.3. Quantitative preservation of a strict Ricci inequality. Let V be the Levi-Civita connection of g,
and write § = g + h. The difference of the two connections is the tensor

A% = 15 (Vihje + ki — Vohy)). (3.7)

Indeed, the torsion-free identity makes AX; = AF ji- Subtract the two metric-compatibility equations
and cycle their three covariant indices; solving for gx,A’;; gives (3.7). Expanding the curvature of
V + A and contracting its first and third indices gives

Ricg,ij — Rng),‘j = VkAkij — v]‘Akik + Akk(Aeij — Akj[A[ik. (38)
Our curvature convention is R(X,Y)Z = VxVyZ — VyVxZ — V|x y|Z, with sectional curvature
gR(X, Y)Y, X).

Lemma 3.5. For each compact set K; and fixed reference metric g, there are constants C > 0 and € > 0
such that

||Rng+h _Ricg“CO(Kl,g) <C ”h”CZ(Kl,g) lf ||h||C2(K1,g) < €. (39)
Consequently, if Ric; —cg > 6g on Ki, with § > 0, then
Ricgp —c(g+h) > gg >0 (3.10)
there whenever (C + |c|) |h| 2 < /2 and |h| 2 < €.

Proof. Assume |hfco¢gy < 1/2. Then 38 <7 < 3 g, and the inverse metric is uniformly bounded in the
g norm. Differentiating §7'% = I gives

vl =-F(Vvh)E .
Equation (3.7) therefore implies
|Alg < CalVhlg,  [VAly < Ca(IV2hlg +[VA[2).
Substitution into (3.8) gives
| Ricgsh —Ricg | < Ca(|V2hlg + [VAI3).

For |h|c2 < 1, the quadratic term is bounded by |A|c.. This proves (3.9). For a g-unit vector X,
the difference between (Ricg,j, —c(g + h))(X, X) and (Ricy —cg)(X, X) has absolute value at most
(C + e |A] 2. The assumed bound proves (3.10). Positivity as a quadratic form does not depend on

which of the two equivalent metric norms is used. 0

If Ricy > cg on a compact neighborhood K; of the support of a perturbation, the continuous
function

(x’ X) — (Rlcg _Cg)x(X’ X)7 X € Kls |X|g = 1’

has a positive minimum §. The unit-sphere bundle over K; is compact, so the minimum is attained.
Lemma 3.5 and the C? estimate of Proposition 3.3 give one parameter neighborhood on which the
strict inequality is retained throughout K;. Outside the support the two metrics and their Ricci tensors
are equal.

4. A SHARP SIGNATURE BOUND
4.1. Spherical immersions.

Lemma 4.1. Let F : O C S — S% be a smooth isometric immersion between unit spheres. Let I be its
second fundamental form inside S1. Suppose that, at each point of O, a positive-definite contravariant
quadratic form Q on TO satisfies trg Il = 0. Then Il = 0. Near each point, F(y) = Ay for a constant
linear isometric inclusion A : R®> — R7*1,
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Proof. Choose an orthonormal tangent basis and an orthonormal normal basis at a point. Write A,
for the symmetric 2 x 2 matrix of the normal component of II. The hypothesis is tr(QA,) = 0. The
symmetric matrix Q'/2A,Q'/? has eigenvalues b, —b,. Hence

2

b
det A, = — det“ 0 <o, (4.1)

with equality only if A, = 0.
Write D for the Euclidean connection of R?*!, For tangent fields X, Y on O,

Dx(dF(Y)) = dF(VxY) + II(X, Y) — (X, Y)F.

The radial term follows by differentiating (dF(Y), F) = 0. Put B(X,Y) = II(X,Y) — (X, Y)F. Com-
muting the Euclidean covariant derivatives and taking tangent components gives, on an orthonormal
pair ey, ey,
Ko(er, e2) = (B(ey, 1), B(ez, €2)) — Bler, e2)) = 1+ Z det A,
a

Here II is perpendicular to F and |F| = 1. Since O has the unit-sphere metric, Ko = 1, and the
determinant sum is zero. Equation (4.1) makes every summand nonpositive; thus each A, = 0. If the
normal space is zero-dimensional, II = 0 by its definition.

Fix yp € O and define A on Ry, & T}, S* by Ay, = F(y,) and A|Ty052 = dFy,. These orthogonal
prescriptions make A an isometric inclusion. A sufficiently short unit-speed great circle y from y,
satisfies y”” = —y. Since Il = 0, F o y satisfies the same equation in R?*!, with the initial data of Ay.

Uniqueness of this linear differential equation gives F o y = Ay. Such segments cover a neighborhood
of yyo. (]

4.2. Quadratic relations.

Proof of Theorem A. Diagonalize C by a constant orthogonal matrix. Multiply each resulting eigen-
function by the square root of the absolute value of its nonzero coefficient, and omit zero coefficients.
The resulting functions remain linearly independent. They form two vector-valued eigenfunctions
U:M—RPandV : M — RY satisfying

|UP? = |V]%, duTqu =dvTav, AU =AU, AV =2V. (4.2)

Both p, q are positive, since a sum of nonzero squares cannot vanish identically.

A constant linear combination of the components in (4.2) is a A-eigenfunction. If it vanishes on a
nonempty open set, Aronszajn’s theorem [5], with the scalar elliptic hypotheses verified in Section 2,
makes it zero on M. Linear independence therefore excludes every such local relation with nonzero
coefficients.

Suppose that p < 3. On a nonempty open set where r = |U| = |V| > 0,put $ = U/rand ¢ = V/r.
Their values lie in S?~! and S971. Since ¢ - d¢p = ¢/ - dyy = 0,

dUTdU = dr @ dr + r’d¢Td¢, P  gsr1 = Y gsa-1. (4.3)

Consequently ker d¢ = ker di/ and their ranks agree.

Choose a point where this rank is maximal on the chosen open set. If the maximal rank is positive,
one minor of that order is nonzero on a neighborhood; maximality excludes larger rank there. If the
maximal rank is zero, both differentials vanish on the chosen open set. The common rank is constant
and belongs to {0, 1, 2}.

At rank zero, ¢ and ¢ are constant on a connected smaller neighborhood. All components of U, V
are constant multiples of r. Since p + g > 2, this contradicts the absence of a local constant relation.

At rank one, the coordinates of Lemma 3.4 for ¢ have the form (¢, z), and the fibres with fixed ¢
may be taken connected. Equality of kernels makes i/ constant on these fibres. Thus ¢ = y(t) and
¥ = &(t). Reparametrizing by the arc length of y gives |y’| = 1. Equation (4.3) then gives |§’| = 1,
and dt # 0.
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The equation for U = ry(t) is
(Ar — Ar)y + (rAt — 2{dr, dt))y’ — r|dt]*y” = 0. (4.4)

The identities [y| = |y/|=1imply y -y’ =0,y - y” =—1,and y’ - y” = 0.
Taking inner products of (4.4) with y and y’ gives

Ar—Ar+rldtf =0, rAt —2{dr,dt) = 0. (4.5)

Since r|dt|* > 0, substitution yields y”” + y = 0. The equation for V = r&(t) has the same scalar
coefficients, so it gives 6" + & = 0.

There are constant vectors a,b,c,d with y = acost + bsint and § = ccost + dsint. All
components of U, V lie in the span of r cos t and r sin ¢. Rank one requires p,q > 2,s0 p+q > 4. A
nonzero constant relation follows, a contradiction.

At rank two, p = 3. The map ¢ is a submersion onto an open subset O C S?. Apply Lemma 3.4 to
obtain product coordinates with connected fibres. Equality of kernels implies

Y =Fog, F:0— S, (4.6)

For tangent vectors of S?, choose arbitrary lifts through d¢$. Equation (4.3) shows that F preserves
their inner products. Hence F is an isometric immersion.

The definition of F is independent of the chosen lift: in a product neighborhood the fibre is
connected, and the derivative of ¥ vanishes on each tangent vector to it. Integration along paths
inside the fibre makes i constant there. If £, € Ty()S? and d¢(X) = &, dp(Y) = 1, then

(dE(£), dF(n)) = (dy(X), dy(Y)) = (d¢(X), d¢(Y)) = (£, m).

In particular dF is injective.

Fix a point x. Choose a local g-orthonormal frame satisfying V., e;(x) = 0. All identities in the
following calculation are evaluated at x. Write & = d¢(e;) and let V? be the connection on ¢* TS2.
The Euclidean derivative of F gives

D¢, De,(rF(¢)) = eiei(r)F(¢) + 2ei(r)dF(&:)
+rdF(VOE) + rl(&, &) — rl&IPF(¢).

Let prys denote projection onto the normal space of F(O) inside S97*. The first and last terms belong
to RF(4(x)); the second and third belong to dF(Tg(,)O). Therefore

prys Ag(rF o §) = —r Y TI(E &).

The normal projection of ArF(¢) is zero. Since r > 0, the common eigenfunction equation implies

n

> 1(dg(er), dg(e)) = 0. (4.7)

i=1

Choose a smooth local section s : O — M of the submersion ¢, after decreasing O. Define

0y =Y ddyp(e) ® dpyy(e).  y €O,
i=1

where ¢; is any g-orthonormal basis at s(y). This tensor is independent of that basis and is smooth in
y.Ifo+¢é¢€ T;Sz, surjectivity of d¢y(,) gives

Q). 8) = X (Edpyrye))” > o.

i

Equation (4.7), evaluated at s(y), gives tro, II, = 0. Lemma 4.1 applies.
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The lemma gives F(y) = Ay on an open set. Therefore V = rF(¢) = AU there. Each component
of V — AU is a constant linear combination of the independent components of U, V, with a nonzero
coefficient on a component of V. Unique continuation contradicts their independence. All ranks have
been excluded when p < 3. Interchanging U, V gives the exclusion when g < 3. Hence p, g > 4. The
cokernel characterization in Proposition 2.1 proves the claimed Strong Arnold consequence. (]

Example 4.2. On R?/(27Z)?, the shell [k|? = 5 is {+(1, 2), (2, —1), (1, —2), (2, 1)}. These are all
solutions, since each coordinate square is at most five and the only sum of two integer squares equal
to five is 1 + 4. The real eigenspace has dimension eight. Put

U = (cos(x + 2y), sin(x + 2y), cos(2x — y), sin(2x — y)),
V = (cos(x — 2y), sin(x — 2y), cos(2x + y), sin(2x + y)).

Distinct Fourier frequencies give independence, while
U = |V]* =2, dUTdU = dvTav = 5(dx* + dy?). (4.8)

Thus diag(ls, —I4) is a nonzero cokernel element. This is the known sharp torus example; see [14,
Section 4.2].

5. CONFORMAL VARIATIONS AND THE COKERNEL HESSIAN

The arguments of this section apply on a closed manifold and to Dirichlet or Neumann realizations
when every parameter is supported in the interior.

5.1. The generalized eigenvalue equation. For n > 3, put f = 4/(n — 2) and
H=1+v>0, g =H’g (5.1)

For n = 2, put g, = (1 +v)g with 1 + v > 0. All parameters are real and smooth. On a manifold with
boundary, v is compactly supported in the interior.
For n >3, dvg, = HZ”/(”_Z)dvg and g7' = H¥/("2g~1 Hence

Agu=H P (H?Agu—2H (dH, du)). (5.2)

The product rule for the positive Laplacian gives Ag(Hu) = HAgu + uAgH — 2(dH, du). Substituting
® = Hu into (5.2) yields

A®=0B,d, A, =A,—H'AH,  B,=H (5.3)

Here H™'A H acts by multiplication, not composition.

The mass identity is
/ u?dvg, = / HP 9 dv,. (5.4)
M M

Thus B, "/ A,B, 2 is the fixed-L2 self-adjoint realization of the pencil. It agrees with (2.1), since
B,}/ 29 = H/("Dy Near a boundary H = 1, so the Dirichlet and Neumann domains are unchanged.
In dimension two, use A, = Ay and B, = 1 +v.

Along v = ta, define

Ay + BA, >3,
A=1"¢ pa. n (5.5)
Al n=2.
Att =0, Ay = Ay and By = I. Differentiation of (5.3) gives
Ay — ABy = —M4,. (5.6)

For n > 3 its direct second derivative is

A(/)/ - )LB()/ = MZaAga—Aﬁ(ﬁ—l)az- (5.7)
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In dimension two this direct second derivative is zero.
Let ®(v) be the frame corresponding to (2.8), normalized by ®(v)*B,®(v) = I,. Differentiating
Ay®(v) = B,®(v)L(v) at zero and taking inner products with E, gives

DL(0)[al;; = —/A‘/I(Aa)u,-uj dvg. (5.8)

The terms A,®" and A9’ cancel on projection. This derivation includes the mass derivative Bj.
More explicitly, left multiplication of the differentiated pencil equation by U* gives

U*(A) — AB)U + U*(Ag — 1)@ = L.

The second summand is zero because the columns of U solve Ayu; = Au; and @’ satisfies the fixed
boundary realization. Thus no condition on the component I1®’ is needed in the first variation.

5.2. The relative cokernel. Let Z C M be closed, with Z n M* having empty interior. Set O = M°\ Z
and ¥V = C°(0). For closed M this notation also permits Z = @ and ¥V = C*(M). The allowed region
O is dense in M".

If C annihilates (5.8) on V, then [ a AFc dvgy = 0 for all a € V. Therefore AFc = 0 on O. This
function is smooth; density extends the equality to M°.

For Dirichlet eigenfunctions, Fc|sy = 0. For Neumann eigenfunctions, 9, Fc = Y, C;j(u;0, u; +
u;d,u;) = 0. For n > 3, integration by parts therefore yields

0= / FeAFe dvg = / |dFel? dvg + A / FZ du,. (5.9)
M M M

The boundary term vanishes in each realization. Thus F- = 0. For n = 2, the equation AFc = AFc =0
gives the same conclusion.
We have proved

C = coker DL(0) = {C € Sym,,(R) : Fc = 0}. (5.10)

The converse follows by substituting F- = 0 into the integral in (5.8). Orthonormality gives tr C =
/iy Fc dvg = 0 for every C € C.
Put

P, (5.11)

K={a€eV : PMy,P =0} P
and let
R=(Ag— A)_1|Ef’ Rlg, = 0. (5.12)
The inverse is bounded on L? because the excluded spectrum has positive distance from A; it maps L?
to the elliptic domain. It is real and self-adjoint.

5.3. The second variation. For C € C, define

Bc = ) CijMyRM,,. (5.13)
Lj
This contracted operator occurs in [14, Proposition 3.1 and Lemma 4.5]. It is real and self-adjoint: tak-
ing its adjoint exchanges i, j, while C;; = Cj;. Its Schwartz kernel relative to dvg(y) is be(x, y)R(x, y),
where

be(x,y) = Z Cijui(x)u;(y). (5.14)
Lj
For a € K, L’(0) = 0. Differentiating A;®; = B;®;L; once at ¢ = 0 gives
(Ag — D)D" = —(A; — AB)U + UL'.
Since L’ = 0 and A} — AB{ = —M 4, projection to E; and the definition of R give
(I - P)®(0) = RM 4,U. (5.15)
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A component of @ in E, is permitted; it need not vanish in the pencil normalization.
The second differentiated pencil equation, before any projection, is

AJU + 2400 + N @ = ABJ'U + 2ABj® + A®”
+2(ByU + ®')L" + UL”.

Here L’ = 0. Moreover, U*(A, — A)®” = 0 by self-adjointness and A,U = AU. Multiplication by U*
therefore gives

L”(0) = U*(Ay — ABy)U + 2U*(Aj — AB;)®’(0). (5.16)

There is no L’ term. Since P(Aj — ABj)P = 0, the E; component of & contributes zero. Equation
(5.15) determines the other component.

By (5.7), the direct term in (5.16) is multiplication by a smooth scalar function, or zero if n = 2. Its
contraction with C is the integral of that scalar function times Fc, hence is zero. Substituting (5.6)
and (5.15) gives

{C,D*L(0)[a,a]y = —2(Aa,BcAa) (a€K). (5.17)

The matrix pairing is (C, D) = tr(CD). Polarization determines the contracted mixed Hessian on
Kx K.

On a closed manifold, every annihilator for the full metric derivative lies in (5.10). Every a € £
determines a conformal tangent vector in the kernel of the full derivative. The contracted Hessian (5.17)
is therefore available for full-metric annihilators as well. Its value is independent of the acceleration
of the conformal chart by the cokernel observation following (2.9).

6. INFINITE POSITIVE AND NEGATIVE INDEX OF THE COKERNEL HESSIANS

Theorem 6.1. For every nonzero C € C, the quadratic form a — { C,D?L(0)[a, al) has infinite positive
index and infinite negative index on K. This holds with the support restrictions and boundary realizations
of Section 5.

Here the positive index is the supremum of the dimensions of subspaces on which the quadratic
form is positive definite; the negative index is defined with the opposite sign.

6.1. The first nonzero diagonal term. Let C # 0. Orthonormality gives

/ be(x, y)2 dvg(x)dvg(y) = Z Cizj > 0. (6.1)
MxM ij
Also be(x,y) = be(y, x), be(x,x) = 0,and (A, — Dbe(x, y) = 0.

There is a finite least order ¢ for which a transverse derivative along the diagonal is not identically
zero on the allowed region O. Otherwise, for each x € O the function y = b¢(x, y) would vanish
to infinite order at y = x. Aronszajn’s theorem [5] would make it zero for all y in the connected
interior; its equation has the smooth elliptic coefficients and constant potential verified in Section 2.
Continuity gives the same conclusion up to the boundary. Taking its L? pairing with u;(y) gives
Y. Cijui(x) = 0 on O. Unique continuation in x then gives this relation globally for every j, and
orthonormality gives C = 0.

Lemma 6.2. At each fixed reference (g, 1) and allowed dense open set O, there is an integer L such that
every nonzero C € C has a nonzero transverse diagonal derivative of order at most L at some point of O.

Proof. If C = 0, take L = 0; the assertion is vacuous. Suppose dimC > 0. For every x € O and
multi-index « in a chart, evaluation of 95bc(x, y)|y=y is a linear functional of C € C. The common
kernel of all these functionals is zero by the preceding unique-continuation argument. Their span
is therefore the whole dual of the finite-dimensional space C: a proper span would have a nonzero
annihilator. Choose finitely many of these functionals forming a basis of that dual, and let L be the
largest derivative order among them. If C # 0, at least one selected functional is nonzero on C,
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proving the assertion. If the selected functionals are #1, ..., £4, their joint map is an isomorphism from
C to R?. Hence, for constants a, b > 0 depending on the reference,

d 1/2
a||cus<z|rj<c>|2) <blal  (ceo. (6.2)
j=1

The lower constant is the positive minimum of that expression on the unit sphere of C; the upper
constant is its maximum. This is a finite bound for one fixed reference; no bound uniform over
varying metrics is asserted. 0

Choose an allowed coordinate chart containing a point where the order-¢ coefficient is nonzero.
In coordinates y = x + z,

ZG{
be(rx+2) = B2+ 02, P2 = 3 20 Y Cuu()atux). (63)
lajl=¢ " ij
All lower coefficient functions vanish throughout the chart.
Write b(x, z) = be(x, x + z). On a smaller product neighborhood, the remainder has the integral
representation

E(x,2)=(6+1) Y ;y' / 1(1—t)"aﬁ(x, tz) dt. (6.4)
*Jo

lyl=¢+1

Indeed, the one-dimensional Taylor formula applied to t b(x, tz) expands its (£+ 1)-st derivative as
Diyi=er(E+ 1)!zY YD/ y!. Differentiating (6.4) under the fixed integral gives the remainder estimates
below; the required derivatives are bounded on a compact product set. After restricting its closure to
a compact subset of O, the Taylor remainder E(x, z) = bc(x, x + z) — Pyx(z) satisfies

0208 E(x, 2)| < Cuplz™ P, g <2, 6.5
X7z ﬁ

for every fixed finite list of @. Apply the one-variable integral Taylor formula to t = bc(x, x + tz),
or to its indicated derivatives; boundedness of the derivatives of order £+ 1 + || on a compact set
gives this estimate. Under a change z = LZ + O(|Z]%), all lower coefficients are zero, so the leading
polynomial changes to P,(LZ2). Thus the order and the leading homogeneous tensor are independent
of the chosen chart.

Symmetry and the Taylor formula give

be(x,x +2) = be(x + 2,x) = Pera(=2) + 0(I2|.

The coefficient tensors depend smoothly on their base point, so Py,,(—z) = Py(—z) + O(|z|*").
Comparing homogeneous terms yields Px(z) = Py(—z). At a point where P, # 0, homogeneity gives
(=1) = 1. Thus ¢is even. Since be(x,x) =0, £ > 2.
Apply (A, — 1) to (6.3). Terms of degree £ — 2 arise only from the principal second-order part
applied to Py. Thus
> g (x)92,02, Px(2) = 0. (6.6)
a,b
In coordinates, write A, = —g®*(y)dy,dy, + b7(y)dy,. The principal coefficients satisfy g%(x+2)=
g% (x) + O(|z]). Since 9°Py has degree ¢ — 2, their nonconstant parts contribute O(|z|™!). The first-
order term is O(|z|*"!), and AP, = O(|z|%). Equation (6.5) bounds the twice-differentiated remainder
by O(|z|"). The only homogeneous term of degree £ — 2 is therefore —g® (x)9,,9;, Py, which must
be zero.
Atapoint where P, # 0, choose coordinates orthonormal for g, and put M(r) = /SH P.(rw)dS(w).
The divergence theorem and (6.6) give

M (r) = / 3,P, dS = / > #Pcdz =0.
B, B, 5
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Thus M(r) = M(0) = |S""1|P,(0) = 0. If P, were nonnegative on the unit sphere and nonzero there,
continuity would make its integral strictly positive. Applying the same argument to —P, excludes
nonpositivity. A homogeneous polynomial that vanished on the unit sphere would vanish on every
nonzero ray and hence be zero. Thus both signs occur.

6.2. The first nonzero symbol. On a closed manifold,
R=(Ay—A+P)'—P. (6.7)

This follows by applying both sides to each eigenfunction: the multiplier of the inverse is one on E,
and (v — 1)7! on every excluded eigenspace of eigenvalue v. The finite-rank operator P has smooth
kernel ), ui(x)u;(y).

The elliptic parametrix construction [18, Section 18.1], [12, Theorem 14.17] applies to A = A, — A:
its principal symbol is g"/(x)&¢&; > 0 for £ # 0. It gives properly supported right and left classical
parametrices Q; and Q_ of order —2, both with principal symbol |¢ |§2, such that AQ; —Tand Q_A—1
have smooth kernels. Their difference is smoothing, since

0-— Q= Q-1 - AQ)) + (Q-A - Q..

Composition of a properly supported pseudodifferential operator with a smooth-kernel remainder is
smoothing on the smaller coordinate chart; on a closed manifold the same assertion is global. Thus
Q = Q, satisfies both AQ —I € Y™ and QA — I € ¥™. Here ¥~ denotes operators with smooth
kernels. The construction is local in interior charts and global when M is closed.

We verify that the same interior symbol describes the Dirichlet and Neumann reduced inverses.
Choose nested coordinate domains Uy € U; € M° and cutoffs supported in U; and equal to one on a
neighborhood of Uj. Conjugate by m'/2, where dvg = m(x) dx, so that kernels are taken relative to
Lebesgue measure. Construct the parametrices on Uy; all subsequent kernel equations are restricted
to Uy x Up. Derivatives of the cutoffs are supported outside this smaller product and do not enter
those equations. Continue to denote the conjugated operators by A, R, P. Let K be the distribution
kernel of R. The spectral identities AR = RA = I — P, tested against compactly supported smooth
functions, imply

AxKg = 5diag — Kp, A;KR = 5diag — Kp. (6~8)

Here ' denotes the formal transpose with respect to dy. The two-sided local parametrix has analogous
identities with smooth remainders. Consequently, for K = Kz — Kp,

(Ax +A)K € C* (6.9)

near the interior diagonal. The principal symbol of the product operator is
g/ (0)&g; + g7 (yminy,

which is positive whenever (&, n) # 0. Interior elliptic regularity [12, Theorem 15.1] therefore gives
K € C* there. Away from the diagonal, (6.8) gives the same conclusion for K itself. Multiplying on
both sides by interior cutoffs now shows that the localized reduced inverse is a classical operator of
order —2, modulo an operator with smooth kernel. This proof uses only interior equations; it applies
to either boundary condition because compactly supported test functions satisfy both boundary
conditions.

The conjugation by m'/? does not change the principal symbol. Its two scalar factors m'/?(x)
and m~"/2(x) multiply to one in the principal term. They also commute with every M,,. Thus
the calculation for Bc may be made in these Lebesgue coordinates and then returned to L*(dvg)
without changing its first nonzero principal symbol. All quadratic pairings below are taken with the
Riemannian density.

Use left Kohn-Nirenberg symbols, with D, = i~19,. On a compact coordinate set, a symbol p € S¢
satisfies

109 p(x, )] < Cap(1 + [ENT.
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For properly supported operators with symbols p € S% and ¢ € S¢, the composition theorem [18,
Section 18.1] gives

i—lal
o(PiP)~ Y, o (afp)(atq) € ST, (6.10)
<N &
The inserted compactly supported cutoffs make every operator in the following local calculation
properly supported. If r(x, &) is a local symbol of R, apply (6.10) with ¢ = u; and then multiply on
the left by u;. Summation gives

i~lal
o(Bo) ~ Y, % (Z Cijui(x)a%u j(x)> Ifr(x, &). (6.11)
o i,j
This follows by Taylor expanding the right multiplier in the oscillatory kernel of R; each factor
(y — x)“ is transferred by integration by parts to r'“‘ag r. Truncation to |a| < N leaves a remainder
in S727N by (6.10).

Every coefficient in (6.11) with |a| < ¢ vanishes identically. The first possible nonzero degree is
—2 — ¢, obtained only from || = £ and the principal symbol of R. Thus, in coordinates orthonormal at
the point,

o—e2(Bc) = i 'P(9g)|E[ 2. (6.12)

No lower resolvent symbol can contribute at this degree: its order is at most —3, and the smaller ||
coefficients are zero.
Let P(z) = Aj, i, - i, be homogeneous and harmonic, with A symmetric. Since

2
Z 3]~P = [(f_ 1) Z Ajjiamilzirs " Zigs
j J

iy...0p

every trace of A is zero. Induction on p gives

diy Dy, €72 = cp &, &, JEPP 72 + By i, (8),

where every term of E contains a factor d;,;, joining two of the free indices. Differentiating the dis-
played principal term either differentiates a numerator factor, producing such a delta, or differentiates
|E|72P=2, The latter gives

co =1, cpr1 = —(2p + 2)cy, cp = (=2)Ppl.

Differentiation of a term already containing a delta retains it. Contraction with A therefore annihilates
E when p = ¢, and yields

P(&)

P(3p)IE] % = (-2)"n TRt (6.13)
Since fis even,
- aBe)x. £) = (-2 50, (6.19

The expression is written in coordinates orthonormal at the point in question. Intrinsically, the
numerator is P,(£%¢), where P, € Sym’ T; M is the leading diagonal tensor and &*¢ is the vector
corresponding to &. The denominator is |€ |§(+2. Thus its sign is independent of the chart and varies
continuously on the nonzero cotangent bundle. The symbol is real and even in £. The local operator
defining (5.17) is

Tc = —2ABcA. (6.15)
For n > 3 it has order 2 — £ < 0 and principal symbol —2|£|* times (6.14). For n = 2 it has order

—2 — ¢ and principal symbol —21? times that expression. The sign takes both values by the preceding
harmonic-polynomial argument.
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6.3. Oscillatory test functions.

Lemma 6.3. Let T be a real, self-adjoint classical pseudodifferential operator of order d < 0 on a
coordinate neighborhood, with even principal symbol ty(x, &). If a € C is real and & # 0 is constant in
these coordinates, then

N4 2 d-1
(T(acos(Nx - &)),acos(Nx - &)) = ~ / a“ty(x, &) dvg + O(N). (6.16)

For two amplitudes with disjoint compact supports, the cross pairing is O(N~1) for every L.

Proof. Conjugate first by the positive density factor, as in the density-conjugation calculation above,
and absorb its smooth square root into the amplitude. It suffices to work with Lebesgue measure.
Insert fixed cutoffs equal to one near the amplitude supports. A smoothing remainder contributes
O(N71) in every fixed C/ norm, for every L, by integration by parts in its smooth kernel.

For the left symbol ¢ of the remaining properly supported operator,

e INFO (N ) = (27) 7" / e t(x, N& + mya(n) dn. (6.17)

On |g| < N|&]/2, homogeneity of t; and the order-d — 1 remainder imply, for each fixed multi-index
a,

|02[t(x, N& + ) = Nt4(x, &)]| < CaN1 (1 + |7

The segment between N§, and N&, + n has length at most N|&|/2 and remains in |¢| > N|&)|/2; the
bound follows from |9:05t| < C(1+[& )4~1. When derivatives also act on ™", they add a fixed power
of |n].

On the complementary region, every fixed x derivative of ¢t is bounded because d < 0. For all
integers j, L > 0, rapid Fourier decay gives

/ (1 + [g)latn)| dp = ONY).
[nI>N|&|/2

The same estimate applies to the subtracted principal term. Integrating the two regions proves, on
the fixed output compact set,

HefiNx-fo T(eiNx-fo Cl) _ thd(x’ go)aHCj < Cdefli (618)

The negative exponential has the analogous formula with &, replaced by —¢;.
Put u, = ae**% and use the Hermitian L? pairing for this calculation. Equation (6.18), with
Jj =0, gives

(Tug, uy)p2 = N¢ / a*ty(x, £&) dx + O(N™).
The other two pairings have principal terms

Nd/eiZiNx'goaztd(x,j:go) dx.

More precisely, put by y = e N*%T(u,). Equation (6.18) gives |b.n|c; < C;N? for every fixed j.
Consequently the full mixed pairing, including its remainder, satisfies

‘/ eiZiNx'goa(x)bi,N(x) dx| < Cde_j.

This follows by j integrations with (& - d,)/(£2iN|&/?); a has compact support. Choosing j arbitrarily
large proves rapid decay. Since a cos(Nx-&) = (uy+u_)/2 and t4(x, —&) = ty(x, &), the two diagonal
pairings prove (6.16). Undoing density conjugation replaces a®dx by adv,.
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Let K7(x, y) be the distribution kernel, and let the two compact amplitude supports be disjoint.
Pseudolocality of the properly supported operator, included in the parametrix and composition results
cited above, makes Kt smooth on a neighborhood of their product. Each cross pairing is a sum of
four integrals

// eiN(ey—e’x)-_fo az(y)al(x)KT(x, y) dx dy, €, e e {—1,1}

Integrate L times in x with (& - 9,)/(—i€’N|&]|?). There are no boundary terms because the amplitudes
have compact support. The integral is bounded by C; N~%, where Cy is a finite sum of L! norms of
derivatives of the smooth amplitude-kernel product. This proves the assertion for every L. The same
calculation applies to smoothing remainders. 0

Choose a point and a covector in the allowed chart where the principal symbol of 7¢ is strictly
negative. By continuity it remains negative for that constant coordinate covector on a smaller open
set. For any positive integer Ny, choose Ny nonzero real amplitudes with pairwise disjoint compact
supports in that set. The lemma makes the diagonal quadratic entries strictly negative of order N%;
all off-diagonal entries are smaller than every inverse power. Write (7ca;n, ajn) < —¢;N 4 for all
sufficiently large N, with ¢; > 0, and let ¢, = min;<j<n;, ¢;. Choose L > 1 — d. For large common N,
every off-diagonal entry has absolute value at most ¢.N?/(2Np). For real scalars b;, the inequality
2|bibj| < b} + b? then gives

<TC Z bjaj,N, Z bjaj,N> S —%C*Nd Z bJZ
J J J

Thus their span is negative definite, and the functions are independent.

Choose a basis #1,..., £, for the independent coordinate functionals of DL(0) on V. Equation
(5.8) and integration by parts write them as ¢;(a) = fM a w; dvg with fixed smooth w;. Since these
functionals are independent, the map a — (¢;(a)) is onto R%: otherwise a nonzero linear combination
of the ¢ would vanish. Choose b; € V with ¢(b;) = 6;;.

For an oscillatory test ay, repeated integration by parts gives £;(ay) = O(NF) for every L. Set

q
ay =ay — Y, t(an)bi. (6.19)
i=1

Then ay € K and @y — ay = O(N L) in every fixed Sobolev or C¥ norm. The support lies in the
compact union of the chosen amplitudes and b;. Choose n € C;°(O) equal to one on a neighborhood
of this finite union. When O = M is closed this notation permits 1 = 1. All pairings in question
equal pairings with n7¢n. On a finite cover of supp 7, the localized kernels have the symbols obtained
in (6.14)—(6.15); kernels between disjoint chart supports are smooth by (6.8). A finite partition of
unity therefore expresses n7¢n as operators of order at most zero in coordinate charts plus smooth-
kernel operators. The Sobolev boundedness theorem [12, Proposition 15.3], equivalently the order-
zero boundedness theorem in [18, Section 18.1], therefore gives a bounded map L? - L2 both its
spatial cutoffs have compact interior support and its symbol satisfies the estimates stated above. If
ey = an — an, the change in a quadratic pairing is bounded by

2
InTenlpe_ e (2lanli: lenlr: + lenl:).

The amplitudes have bounded L? norm, whereas |ey|;2 = O(N L) for every L. Taking L > —d + 1
makes this change o(N?). The same estimate applies to each mixed entry in the fixed finite family;
hence the displayed definite inequality persists with ¢, /4 in place of c, /2.

Put Ay = (N_d<777c17 aiN, ajn))ij and define XN with @y in place of a;n. If every entry of
A\N — Ay has absolute value at most ey, then

”AN - AN”op < Noen.
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This follows by Cauchy-Schwarz from |Zij bi(A\N — An)ijbjl < en(; |bi)? < Noen Y,; b2. Here
en — 0. Take N large enough that Nyey < ¢, /4. The lower definite bound follows on the whole span,
not only on its chosen generators.

The positive symbol region yields Ny corrected test functions with positive-definite quadratic
matrix. In either construction, definiteness implies linear independence. Since N, was arbitrary, (5.17)
has infinite positive and negative index on K. This proves Theorem 6.1.

If H c K has codimension g, intersect an (N + g)-dimensional definite subspace with H. Its
intersection has dimension at least N and retains definiteness. Thus every scalar cokernel form still
has infinite positive and negative index on H.

7. REGULAR ZEROS OF QUADRATIC MAPS

Regular-zero criteria for quadratic maps are established in [1] and [3, Proposition 9.4]. We prove
a formulation with surjectivity on every finite-codimensional subspace and a pair of regular zeros
sharing the same derivative complement. No topology on the source is required until a finite-
dimensional subspace is chosen.

Let E be a real vector space and Q : E — R? a quadratic map: each coordinate of Q is a quadratic
form. Thus its polarization is bilinear, not merely homogeneous of degree two. Write

B(x,y) = 3(Q(x+3) - Q(x) - 0(»),  DQ(x)y = 2B(x, ). (7.1)

Assume d > 1 and that every scalar form c¢- Q, 0 # ¢ € R?, has infinite negative index. Replacing ¢ by
—c also gives infinite positive index.

Theorem 7.1. Under this hypothesis, Q maps every finite-codimensional subspace of E onto R%. There
exist x,y € E and wy, ..., wy € E such that

Qx+y)=Q(x—y) =0, 0(y) = -0(x) =0, (7.2)

and both derivatives DQ(x + y) and DQ(x — y) map the span of the w; isomorphically onto R¢. In
particular, Q has a nonzero regular zero in a finite-dimensional subspace.

7.1. Uniform index on a finite-dimensional restriction. If H C E has finite codimension ¢, an
(N + q)-dimensional negative-definite subspace for a scalar form meets H in dimension at least N.
Thus the hypothesis remains true on H. It suffices first to prove surjectivity on E.

The finite-dimensional restriction follows by the compactness argument of [3, Lemma 9.2], with
an explicit index margin. For each unit vector ¢ € R, choose a (d + 2)-dimensional subspace V, on
which ¢ Q is negative definite. On the unit sphere of V¢, this form has a strictly negative maximum.
The same inequality persists for dual vectors sufficiently close to c. Compactness of the dual unit
sphere gives finitely many such subspaces; let V be their sum and choose an inner product on V.

Let A(c) be the symmetric matrix of ¢ - Q on V. The min-max principle gives

12;(A()) = A;(A(] < JA(e) — A()op-

The right side tends to zero as ¢’ — ¢, because A(c) is linear in ¢. Every unit ¢ has at least d + 2
negative eigenvalues on V. Therefore

1= —max Ag2(A(E)) > 0.

lel=

For ¢ # 0, the span of eigenvectors corresponding to the first d + 2 eigenvalues of A(c) satisfies

c- Q) < —nlc| . (7.3)
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7.2. Surjectivity. Fix a € RY \ {0} and choose R3 > |a|/n. The function F(z) = 1|Q(z) — af* attains a
minimum on {|z| < Ry} C V. Put p = Q(z) — a at a minimizing point. Suppose p # 0.

At an interior minimum, set v = 0; then DF(z) = 0. At a boundary minimum, restriction to the
sphere gives VF(z) = az. The inward derivative satisfies

DF(2)[-z] = —aR2 >0,

soa < 0. Putv = —a/2 > 0. Thus VF(z) + 2vz = 0. Taking its inner product with z and using
DQ(z)z = 2Q(z) gives

vRy =—p-Q(z) =—p-(a+p)<|plld (7.4)

at a boundary minimum.
Let W, C V be a subspace of dimension at least d + 2 on which (7.3) holds with ¢ = p. The linear
map

W, >RIGR, v (DO, (v, 2)

has a nonzero kernel, since its target has dimension d + 1. Fix a nonzero vector in that kernel. Then
DQ(z)v =0,v L z,and p - Q(v) < —nlpllv]?. At a boundary minimum it is tangent to the sphere. The
Hessian of the Lagrangian on such a tangent vector is nonnegative. For a boundary minimizer z, use
the curve

z+tv

2 = Ry |z + tv]

Since |z| = Ry and v L z, it has z’(0) = v and 2”7(0) = —[v[*z/R3. Thus
0 < (Fo2)’(0) = D*F(2)[v,v] + 2v|v|%,

by DF(z)[w] = —2v(z, w). At an interior minimum the unconstrained Hessian is nonnegative.
Since D?Q[v,v] = 20(v),

D*F(2)[v,v] + 2v|v* = |IDQ(2)v]* + 2p - Q(v) + 2v|v?

a (7.5)
< 2pl (—’7 + |Rz|> vl* < 0.
0

For an interior minimum use v = 0, which gives the same contradiction. Thus p = 0 and Q(z) = a.
The target zero is attained at zero. This proves Q(V) = R%. Applying the argument to each finite-
codimensional H proves its asserted surjectivity as well.

7.3. A regular point. Suppose the maximum rank of DQ|y were r < d, and choose a point attaining
it. If r > 0, a nonzero maximal minor stays nonzero in a neighborhood, and maximality prevents
higher rank. If r = 0, the derivative is zero throughout V. In both cases the rank is locally constant.
Choose 0 # ¢ annihilating the image of DQ at that point. For every v € ker DQ, Lemma 3.4 supplies
a smooth curve in its local level set with initial velocity v. If the curve is {(t), with {(0) = z and
’(0) = v, then

d2

0=—700®) =200) +DQ(2){"(0).

0
Pairing with ¢, which annihilates im DQ(z), gives ¢ - Q(v) = 0.

Every negative-definite subspace meets ker DQ only at zero. Its dimension is therefore at most r.
This contradicts the negative index at least d + 2 in (7.3). There is a regular point x. It can be chosen
with Q(x) # 0: a restriction to a d-dimensional derivative-invertible subspace and Lemma 3.2 put an
open neighborhood of Q(x) in the image. A nonzero d x d minor stays nonzero nearby. Choose a
nonzero value in that open image and its preimage on the slice.
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7.4. Two regular zeros. Choose wy, ..., wg € V such that DQ(x)w; are a basis of R?. Define
H={y€eE:B(x,y)=0, Blw,y) =01 <i<d)}. (7.6)

The defining map y + (B(x, y), B(wi, y), ..., B(wg, ¥)) is linear into (R%)**1, so codim H < d(d + 1).
Each nonzero scalar form still has infinite negative index on H. The surjectivity assertion already
proved, applied with source H and target —Q(x), supplies y € H with Q(y) = —Q(x). This application
may enlarge the finite-dimensional source subspace; only the finitely many vectors subsequently
selected are used.

Equation (7.1) gives Q(x + y) = Q(x) + Q(y) + 2B(x,y) = 0, and DQ(x + y)w; = DQ(x)w; £+
2B(y, w;) = DQ(x)w;. Also Q(y) = —Q(x) # 0. Neither x + y nor x — y is zero: either equality would
give B(x,y) = £Q(x) # 0, contradicting (7.6). Both zeros and the common derivative complement
belong to span{x, y, wy, ..., wg}.

The vectors wy, ..., wy are independent: applying DQ(x) to a relation between them gives the
same relation between a basis of R¢. Therefore each restriction in (7.2) is an isomorphism, not only a
surjection. The hypotheses were used after each finite-codimensional restriction before choosing the
new vector y; no single finite-dimensional subspace with unbounded index is asserted. This proves
Theorem 7.1.

The constraints (7.6) are part of the proof. Scalar indefiniteness alone is not being substituted for
simultaneous solvability, and no simultaneous diagonalization of the components of Q is assumed.

8. LOCAL SECTIONS AND SINGULAR MULTIPLICITY LOCI

8.1. Finite-dimensional reduction. Use the conformal parameter v of Section 5. Let
R = im DL(0), C =R, Sym, =R & C. (8.1)

Orthogonality refers to tr(CD). If C = 0, choose preimages of a basis of Sym,, and restrict L to
their span. Its derivative is an isomorphism, so Lemma 3.2 gives a smooth section through g, exact
realization, and an estimate linear in the prescribed matrix displacement. Henceforth suppose
d=dimC > 0.

On K define

Q(a) = %projc D?L(0)[a, a]. (8.2)

For every nonzero C € C, the scalar form (C, Q(a)) has infinite negative index by Theorem 6.1. Choose
the two regular zeros z; = x + y, z_ = x — y given by Theorem 7.1. Let V C K be a finite-dimensional
space containing them and the vectors with independent derivative images.

Choose ay, ..., aq € V whose derivatives form a basis of R. In a basis vy, ...,vx of V, use the metric
family with conformal parameter

q N
v(z, t) = Z Zqlg + Z tiv;. (8.3)
a=1 j=1

All functions are fixed before any small parameter is sent to zero.
The derivative in z of projz (L(v(z, t)) — AL,) is invertible at zero. Lemma 3.2, with t as parameter,
gives a smooth z = z(t) satisfying

projr (L(v(z(t),t)) — AL,) = 0, z(0) =0, Dz(0)=0. (8.4)

The last equality follows because every v; € ker DL(0).
Put
F(t) = projC(L(v(z(t), 1) — Mm). (8.5)
Then F(0) = DF(0) = 0, and
E(t) = Q(t) + O(ltP). (8.6)
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Here Q is restricted to V. In the second derivative, the term containing D?z lies in im DL(0) = R and
its cokernel projection vanishes. All functions in the finite family are smooth, so the map has the
required third and higher parameter derivatives.

The rescaling below is the smooth parameter version of the regular-zero argument in [3, Lemma
9.3]. Define

“2F(et), 0,
Fleny= | fED €7 (8.7)
Q(b), £=0.
The extension is smooth, since
1
e 2F(et) = / (1 — s)D*F(set)[t, t]ds. (8.8)
0

At ¢ = 0 the integral is %D2F(O)[t, t] = Q).

At either z., the derivative DQ(z.) is onto. Choose a subspace of V on which it is an isomorphism
onto C, hold the remaining coordinates fixed at those of z,, and apply Lemma 3.2 to (8.7). It gives a
smooth t,(¢) with

£.(0) = zp,  F(ety(e)) = 0. (8.9)

The resulting metrics satisfy L = AL, exactly. A sufficiently small neighborhood retains the original
isolating contour. Thus A has multiplicity exactly m, with no additional eigenvalue entering the
cluster.

Indeed, the Riesz projection has rank m throughout the selected neighborhood, and its comple-
mentary projection commutes with the self-adjoint operator. The equality L = A, gives exactly m
independent eigenfunctions in its range. If another A-eigenfunction were orthogonal to that range,
its spectral projection for the same contour would both equal itself and vanish. This is impossible.

At the constructed nonzero parameters,

DF(et,(¢)) = eDQ(zy) + O(&%). (8.10)

Let W C V be the chosen subspace on which DQ(z.) is invertible, and let ] = (DQ(z.)|lw)™ .
Equation (8.10) gives

V(e DF(eta(eDlw ~ DQ(zs)lw )| < Clel.

For Cle| < 1/2, a Neumann series proves invertibility of the restricted derivative.
Write the derivative of the unreduced matrix map in block form

A B
- RY
<C D>.]R &V —>R&C.

Here A is invertible and DF = D — CA™!B. Given (a, b) € R & C, choose v € V with (D — CA™'B) =
b — CA™'a, and put z = A™!(a — Bv). Direct substitution gives

Az+ Bv =a, Cz+Dv=b.

Thus the full derivative is onto. All parameter directions are conformal to g, and they are fixed smooth
functions. Since their coefficients tend to zero, the corresponding metric differences tend to zero in
every C* norm. This proves the approximation assertion of Theorem B.

8.2. Weak stability. Let U" be any sufficiently small neighborhood of the original metric. It contains
one of the metrics g, obtained from (8.9). Restrict the cluster map to finitely many conformal directions
at g. on which its derivative is invertible. Lemma 3.2 supplies a smooth section

o : Bs(AL,) — U, Loo =1d, (8.11)

after decreasing § > 0. The closed ball lies in the domain of the section.
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Shrink the target ball so that its closure lies in the open inverse domain. Its image is compact,
is contained in U/, and consists of metrics using the same finite collection of conformal directions.
This is the only compactness used in the degree argument; no compactness of a neighborhood in the
metric space is required.

Suppose supy, IL—L] < &8/2.For0 < t<1and A € Bs(AL,), define

Hi(A) = A= ALy, + t(L(c(A)) — A).
On the boundary, |H;(A)| > § — §/2 > 0. Homotopy invariance of Brouwer degree gives
deg(Hi, Bs(AL,),0) = deg(A — A — AL, Bs(Al,,),0) = 1.

Hence H;(A) = 0 for some A, or L(c(A)) = AL,. This proves weak conformal stability. Since o also
takes values in the full metric space, it proves weak stability there as well.

8.3. The square-root estimate. Fix k > 4 and a small target Y € Sym,,. Write Y = Yr + Y. Solve
the range equation with right side Yz, obtaining

z=2z(t,Yr),  z=O(|t] +|Yzl. (8.12)
Let F(z,t) = L(v(z,t)) — AL, and write y = Yr. The range equation is Fgr(z(t,y),t) = y. If
A = D,Fz(0), then

D;z(0,0) = 0, Dyz(0,0) = A™".

The cokernel component G(t,y) = Fe(z(t, y), t) satisfies G(0,0) = 0 and DG(0,0) = 0, since
DF¢(0) = 0. The chain rule also gives

3D5G(0,0)[t, 1] = Q(b).

All terms containing a second derivative of z are multiplied by DF¢(0) = 0. The bilinear ty term
is bounded by C|t||y|, the yy term by C|y[?, and the third-order remainder by C(|t| + |y|)?; on a
sufficiently small product ball the latter is bounded by C’(|¢|* + |t]|y| + |y/|*). Thus

G(t, Yr) = Q(t) + Ot + [t] [Yr| + [Yr[*). (8.13)
Set t = ewand Y = ¢%A. The equation is
e2G(ew, e2AR) = Ac. (8.14)

To check smoothness at ¢ = 0, write y = Ag and apply Taylor’s formula at (0, 0):

e2G(ew, 2y) = /1(1 — $)D*G(sew, se2y)[(w, ey), (w, ey)] ds.
0

The integrand is smooth in all variables on a fixed compact s interval. Its value at ¢ = 0 integrates to
Q(w). Choose the d-dimensional subspace W C V furnished by Theorem 7.1, so that DQ(z,)|w :
W — C is an isomorphism. Restrict w to z; + W and keep its coordinates in a complementary
subspace fixed. Subtract Ac from the left side of (8.14). The resulting smooth map vanishes at
(e, w, A) = (0, z4, 0) and has derivative DQ(z.)|w in the variable w — z,. Lemma 3.2, after translation
and multiplication by this derivative’s inverse, gives a unique smooth w(e, A) € z; + W for (¢, A) in
a product neighborhood of zero. Restricting to the closure of a smaller product neighborhood bounds
w and all its fixed-order derivatives uniformly.

For Y # 0, choose ¢ = L\/m with a fixed L large enough that A = Y/¢? lies in the permitted
target ball. For small Y, (8.14) gives [t| = O(\/M) and |z| = O(|Y]). Smoothness of the finite family
gives

Lgr) = Aln+ Y, lgy = glex < CellYI'2. (8.15)

For Y = 0 take gy = g. This choice is distinct from the nonconstant exact curves in (8.9). Fix the
right-inverse coordinates in (8.14) once and for all. The parameter-dependent inverse then selects the
realizations consistently for all nonzero targets in a small ball. If C = 0, Lemma 3.2 gives the stronger
bound C | Y].
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8.4. A Holder local section.

Proposition 8.1. The realizations in (8.15) may be selected by one map Y — ./(Y), with /(0) = g,
which is smooth for Y # 0 and satisfies

|7 (V) = 7 ()| e < Ce Y = Y[* (8.16)

for all targets in a sufficiently small ball. For every target, supp(-#(Y) — g) is contained in the union of
the supports of the fixed finite family of parameter functions.

Proof. The solution of (8.14) gives a smooth metric-valued map ¥(¢, A) on a product neighborhood
of (0, 0) such that

¥(0,A) = g, L(¥(e, A)) = AL, + £2A. (8.17)

Indeed, its kernel parameter is t = ew(¢, A) and its range parameter is z(t, £2Ag); both vanish at
& = 0. The functions in the metric family are fixed and smooth. On a smaller compact parameter
product, for each k,

l0e¥]cr < Ck, IDAY¥l £ (sym,, cr) < Clel. (8.18)

For the second inequality, differentiate ¥(0, A) = g in A and integrate 9,D4¥ from zero to ¢. The
product neighborhood is fixed by the finite-dimensional inverse equations. Its closure is compact,
and V¥ is a finite linear combination of fixed smooth functions followed by the smooth conformal
chart. Thus the same neighborhood is valid for every k, with constants C; depending on k.

Use the Frobenius norm on Sym,,. Choose L > 0 with L™ smaller than the allowed A radius. For
Y #0,put r =|Y| and

S(Y) =¥ (Lﬁ, LZYr> ., L0 =g (8.19)

The target identity in (8.17) proves L(#(Y)) = AL, + Y. The first estimate in (8.18) gives
|.#(Y) — gl o« < CkL /1, proving continuity at zero. Both arguments in (8.19) are smooth for Y # 0.
For H € Sym,, and Y # 0, the Frobenius norm gives
tr(YH) _ Ltr(YH)

DriH] = ==, DUDIH] =~ 55,

and
Y H Yt(YH)
D(— )[H] = - ——
(Lzr) H] L’r L2r3
Since | tr(YH)| < r|H|, the norms of the last two derivatives are at most L|H|/(2/r) and 2|H| /(L?r),
respectively. The chain rule and (8.18) imply

IDZ(V)[H]lcx < Cor Y2 |H| (Y # 0). (8.20)

The constants are uniform in the direction Y /r, which lies in a compact sphere inside the allowed
auxiliary target ball.

Let H=Y —Y#0and Y, =Y + tH,0< t < 1. Put ty = — (Y, H) /|H|*. Orthogonal projection
onto the line spanned by H gives

1
1Yl > 1H] It - tol / 2 dt < 4
0

Integrating (8.20) on the segment gives
|7 (Y") = Z (V)| o < 4Ck |HIV?.

If the segment meets zero, integrate on the two truncated segments and use continuity at zero to pass
to the limit. If H = 0, both sides of the desired inequality are zero. This proves (8.16). Every selected
metric uses the fixed parameter functions, so its support has the stated property. If C = 0, the smooth
inverse already constructed gives a locally Lipschitz section instead. g
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Suppose C # 0 and choose C € C with |C| = 1. The scalar function (C, L(g,) — AL,) has zero value
and first derivative at zero. Boundedness of its second derivative on a sufficiently small C* ball gives

(C,L(g)) — M)l < Co lole < Ci gy — gl - (8.21)

The last inequality follows from the smooth pointwise inverse of the conformal chart near its positive
reference factor. If L(g,) = AL, + tC, t > 0, then |g, — gl > c+/t. Therefore no exponent strictly
larger than 1/2 can replace the exponent at zero in (8.16) uniformly over all matrix directions at an
unstable conformal reference.

The section, approximation, and degree arguments prove Theorem B. A differentiable right inverse
at an unstable reference would give DL(g)D.7(0) = I, contradicting failure of surjectivity.

8.5. Nonsmoothness of the multiplicity locus. Use the conformal parameter chartv — g, throughout
this paragraph. Its derivative at zero is the injective map

Pag, n>3,
(a) =
ag, n=2.

The two exact curves in (8.9) have parameter velocities x + y and x — y, because Dz(0) = 0 in (8.4);
their metric velocities are consequently «(x + y) and «(x — y). Define the map on the conformal
parameter space by

H@) = projC(L(g,,) - /Um).

Its derivative vanishes on the entire conformal parameter space. In particular,

D*H(0)[a,a] =2Q(a)  (a€K),  Q(2y) =4Q(y) #0. (8.22)

No vanishing of the unrestricted metric derivative against the conformal cokernel is used.

Every C € C is trace-free. Thus H(v) = 0 whenever L(g,) is scalar, including when the common
eigenvalue differs from A. Let a C! curve in the conformal multiplicity locus have parameter expression
u(t) = ta+ r(t), where [r(t)| -« = o(|¢]). Since H(0) = DH(0) = 0, Taylor’s formula in this parameter
chart gives

0=H@w()) = %tzDzH(O)[a, al + o(t?).
The mixed bilinear term is O(|t| |r(t)]| o) = o(t?), and the quadratic term in r(t) is 0(¢?). Consequently
D*H(0)[a, a] = 0. (8.23)

Only the first derivative of the curve is required.

If the conformal multiplicity locus were a C! embedded submanifold, its inverse image in the
conformal parameter chart would have a linear tangent space. That space contains x + y and x — y,
hence 2y. Every vector of that tangent space is the velocity of a C! curve in the submanifold. Applying
(8.23) to that curve gives 2Q(2y) = 0, contrary to (8.22). This proves the unstable conformal case of
Theorem C.

On a closed manifold, put

Ran = im DL(g), Canl = R,

where this derivative is taken on all symmetric metric variations. Assume Cyj # 0. Proposition 2.1
gives Cy1 C C and tr C = 0 for every C € Cyj. On the conformal kernel IC, define

Qai(a) = 3 proj¢., D*(L(g,))(0)[a, al.

Every nonzero scalar component has infinite negative index by Theorem 6.1. Theorem 7.1 therefore
provides x, y € K for which x + y and x — y are regular zeros and Q,;(y) # 0.
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Choose smooth symmetric tensors hy, ..., hy whose derivative images form a basis of R,y. Put
dai = dim Cyy. Let V C K be a finite-dimensional subspace containing x, y and vectors wy, ..., wq,,

on whose span both derivatives DQ,j(x + y) are isomorphisms onto C,j;. Consider the metric family

q
O(s,a) =g, + Zsjhj’ (s,a) eRIx V.
=1

It is positive definite for small parameters. Its derivative in s maps isomorphically onto R,j, and
its derivative in a has image (V) C ker DL(g). Projecting its second derivative onto C,; removes
the acceleration term, since proj. DL(g) = 0. The range equation has a solution s = s(a) with
s(0) = Ds(0) = 0 by Lemma 3.2. The reduced map is consequently Q.j(a) + O(|a]®). Equations
(8.7)-(8.9), applied to these explicitly chosen finite spaces, produce two curves of metrics with L = AL,
and velocities «(x + y) and «(x — y).

Now define on the full C¥ metric chart

Hall(g/) = projcan(l_(g/) - AIm)

This map and its derivative vanish at g, and it vanishes on every nearby scalar cluster matrix because
its target consists of trace-free matrices. If the full multiplicity locus were a C! embedded submanifold,
its tangent space would contain the difference 1(2y) of the two velocities above. A C! curve with that
velocity would force

D*Ha(g)[1(2y). 1(2)] = 0
by the Taylor argument of (8.23). On the other hand, the chain rule and DH,(g) = 0 give

D*Hu(g)[U(2y), (2y)] = 2Qan(2y) = 8Qan(y) # 0.

The contradiction proves the unrestricted case without identifying its cokernel with the larger
conformal cokernel.

At a strongly stable point the derivative of T is onto Sym?. A finite right inverse splits the
tangent space into its kernel and a finite-dimensional complement. The split-kernel argument in
Section 3, applied to T, identifies T~1(0) locally with a graph over that kernel. Its codimension is
dim Sym? = m(m + 1)/2 — 1. This proves the other implication of Theorem C.

9. PERTURBATIONS SUPPORTED IN THE INTERIOR

Theorem 9.1. Let (M", g) be compact, connected, and smooth, n > 2, and let A > 0 have multiplicity
m for the closed, Dirichlet, or Neumann Laplacian. Let Z C M be closed with Z n M° of empty interior.
There is a compact set K € M° \ Z such that the following assertions hold.

(1) There is a local section Y + gy, continuous at zero, smooth off zero, and taking values in
the smooth conformal metrics equal to g on M \ K, such that gy = g, L(gy) = M, + Y, and
lgy — gv/lce < Cr|Y — Y’||1/2 for every fixed k > 4.

(2) There are smooth conformal metrics g; — g in C*, equal to g on M \ K, with L(g;) = ALy, at
which the cluster derivative is onto using conformal variations supported in K.

(3) The Weak Arnold Hypothesis holds relative to these interior-supported variations.

Proof. The cokernel calculation (5.9) and the oscillatory construction use V = C(M° \ Z). The
quadratic theorem and the range correction select finitely many members of this space. Their
supports have compact union contained in M° \ Z. Enlarge this union slightly to a compact set K
still contained in that open set. Every metric used in (8.3), including the correction for the prescribed
matrix, equals g outside K.
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The arguments of Section 8, including Proposition 8.1, take place in this fixed finite family. They
prove the exact target identity and the pairwise estimate. At a realized parameter v,, a parameter
variation a has metric derivative

Ba

1+ 0,
a

d gv*; n 2 33

Egv*—kta =

t=0

, n=2.
1+v*g"*

It is conformal and supported in K. Thus the surjective finite-family derivative in Section 8 is also
surjective among the stated metric variations at g;, not only at the original parameter. The local
section used in the degree argument has this same support. This proves all three assertions. Since K
has positive distance from dM and from Z, the metric equals g on neighborhoods of both sets. Thus
the boundary conditions used in Section 5 remain fixed throughout the construction. The width of
the fixed boundary collar is a consequence of the chosen K. O

The theorem does not claim that one may prescribe K in advance. In particular, it does not give
support in any arbitrarily chosen ball, nor does it permit replacing the hypothesis on Z by a set with
nonempty interior. The proof uses the density of M° \ Z in deriving the global equation for Fc. It
supplies no replacement for that step when an open region is excluded.

Lemma 6.2 gives a finite upper bound for the order ¢ at each fixed reference pair. The proof of the
quadratic realization does not require a numerical value of that bound. For each fixed C, Theorem 6.1
first supplies a finite negative-definite subspace. Continuity of its finite matrix in C then supplies a
neighborhood of that dual direction. Only after these choices is compactness used in Section 7. No
interchange of those quantifiers is required.

Corollary 9.2. IfRicy > cg on a compact neighborhood of K, the metrics in Theorem 9.1 may be chosen
to retain this inequality there. Any strict CX-open condition on the reference metric is retained after
decreasing the parameter range.

Proof. Let K; be the indicated compact neighborhood. The minimum § of (Ricy —cg)(X, X) over
x € K; and |X|, = 1 is positive by compactness. The estimates (3.9)-(3.10) apply to h = gy — g and to
h = g;j— g. Their C? norms tend to zero, so these differences have norm less than min{e, §/(2(C+|c[))}
after restricting the parameters. Equation (3.10) proves the asserted strict inequality. Outside K the
metric is unchanged. For a specified CK-open condition, choose a C¥ neighborhood on which it holds;
convergence places the constructed metrics inside it. ]

The conformal volume factors are H**/"?) for n > 3 and 1 + v for n = 2. Thus nontrivial
parameters in this theorem do not preserve the pointwise volume form. The fixed-density result
in the next sections uses trace-free tensor variations and a separate submersion theorem. Neither
construction preserves an Einstein equation merely by C? closeness. No constants uniform in a
degenerating family are claimed.

10. GRASSMANNIAN RETRACTIONS AND SPECTRAL BUNDLES

For the topology of finite-dimensional matrix families, see [2, 7]. The use of a nontrivial spectral
bundle to obstruct extension through a gap region occurs for Dirac families in [23, Lemma 1.6 and
Section 4]; the statement numbers here refer to its arXiv version. The proposition below concerns
a section of the scalar Laplace matrix map and identifies the pullback bundle explicitly. It does not
determine the homotopy type of the entire gap space.

Let M be a metric parameter space on which a spectral-cluster frame is fixed on a neighborhood
U of gy. Suppose that a continuous map

s : Bs(0) C Sym?, — U, s(0) =gy, T(s(A)=A (10.1)

is given and is smooth on the punctured matrix ball. A centered submersion gives a section smooth
also at zero. At an arbitrary reference of Theorem B, Proposition 8.1 gives (10.1) by restricting the
full matrix section to trace-free targets. The latter section need not be differentiable at zero.
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Fix 1 < r < m. Let U, C U be the metrics for which the r-th and (r + 1)-st ordered eigenvalues of
L differ. Define

pr : Uy — Gr(R™) (10.2)

by the lower rank-r eigenspace of L. The Grassmannian is identified with real orthogonal rank-r
projections. The finite-dimensional Riesz formula [19, Chapter II, Section 1.4] makes the map smooth.
At any metric in U, choose a contour containing precisely the lower r matrix eigenvalues. The
strict internal gap keeps that contour disjoint from the nearby matrix spectra; the resolvent series of
Section 2 differentiates its integral.

For a rank-r orthogonal projection P, put

A.(P) = e(rl,, — mP), o:(P) = s(A.(P)). (10.3)

This matrix is trace-free. Its eigenvalues are —(m — r)e on im P and re on ker P. Its Frobenius norm is
independent of P:

AP = €*(r(m — r)* + (m — )r®) = émr(m —r) > 0. (10.4)

For a fixed sufficiently small ¢ > 0, every target therefore belongs to the punctured ball Bs(0) \ {0}.
The restriction of s to this family is smooth.

Proposition 10.1. The family (10.3) lies in U, and satisfies

prooe =Idg,®m) - (10.5)

Its image is a smooth embedded copy of the Grassmannian, and o, o p, is a retraction onto that image.
The lower spectral bundle restricts to the tautological bundle.

Proof. The full matrix L(s(A)) differs from A by a scalar multiple of I,,, which does not change its
eigenspaces. The eigenvalue difference in (10.3) is me > 0. This proves (10.5). It also gives injectivity
and injectivity of the derivative of o,. The Grassmannian is compact and the metric space is Hausdorff,
so the injective continuous map is a homeomorphism onto its image. Differentiation of p,o, = Id
gives a left inverse for its tangent map. In a C metric chart, the finite-dimensional tangent image is
complemented: compose that left inverse with Do, to obtain a bounded projection onto the image.
The local inverse argument in Section 3 therefore expresses the image as a smooth graph over that
finite-dimensional subspace. This proves the asserted smooth embedding. The composite o, p, has
image in that embedded copy and is the identity there; it is a retraction.

Let y, be the tautological bundle. For g’ € U}, use the physical frame Vy = ]g_,1 Uy of (2.10). The
map

&) — g Vyv),  veimp(g),

is a smooth fibrewise isometry from p; y, onto the lower spectral bundle of Ay &;. Its inverse is the
adjoint of Vi restricted to that bundle. Thus this identification is valid even when the Riemannian
density varies. Pulling back by o, gives

0IE =y, (10.6)
O

With compatible basepoints, (10.5) gives split injections on homotopy groups and split injections
pry + H*(Gr,(R™); A) > H*(U,; A) for every abelian coefficient group A. A deformation retraction is
not asserted. Nor does the proposition determine the connected components or the entire homotopy
type of ;.

Corollary 10.2. Let B be a compact smooth manifold, letm > 2 and1 < r < m, and let E C BxR™ be
a smooth rank-r subbundle. Its orthogonal projections P}, are smooth, and the family b — o.(P}) has
lower spectral bundle isomorphic to E.



36 ANASS NIFA

Proof. In a local smooth frame represented by a full-rank matrix V(b), the orthogonal projection is
V(VTV)"'VT, hence is smooth. These local formulas agree. The bundle E is the pullback of y, by
b — Py,. Apply (10.6). g

Corollary 10.3. Fix a smooth reference metric with a positive eigenvalue A of multiplicity m > 2, and let
1 < r < m. In every sufficiently small neighborhood with its whole-cluster frame, the internal gap space
contains the Grassmannian sections of Proposition 10.1, within the reference conformal class. They can
be chosen with

L(O-S(P)) = AL, + g(rIm - mP)’ ”6£(P) - g0||ck < Gk \/E (10'7)

Proof. Use the full matrix section . of Proposition 8.1 and set o.(P) = . (e(rl, — mP)). The target
matrix has nonzero constant Frobenius norm for fixed ¢ > 0, so the section is smooth along the entire
Grassmannian. The target identity gives the first equality in (10.7), and the Holder estimate at zero
gives the second, uniformly over the compact set of projections. For small ¢ the image lies in the
prescribed neighborhood. Proposition 10.1 applies with the original cluster frame. O

At an unstable reference the full section is continuous at A = 0 and smooth on A # 0; only nonzero
targets occur in the Grassmannian family. No smooth right inverse through that unstable reference is
asserted.

11. LOCALIZED SPECTRAL BUNDLES ON SPHERES

11.1. A centered submersion with fixed volume form. Let n > 2, m = n + 1, and let y be the

unit-round metric on S* C R™. Fix a > 0 and put g, = ay. Its first positive eigenvalue is 1, = n/a,
with eigenspace spanned by

1/2
— m 7
U = (W) Xi, 1 Slgm (111)

The next eigenvalue is 2(n + 1)/a. For a homogeneous harmonic polynomial r’Y(w), the separation

formula 7;1 aij =9%+nr 19, —r2A, gives A,Y = #(+ n—1)Y. The Euclidean operator on the

left is the sum of second partial derivatives; it is the negative of the positive Euclidean Laplacian.
These eigenfunctions span a dense subspace of L?(S"). If P is homogeneous of degree ¢, let

D= Zjaij, r? =Y x7, and set

L¢/2]
L ai_q
H= ¥ DIPp, =1, a=- J . 11.2
jzoa’r o YT it n—1-2)) (11.2)

The identity
D(r¥D’P) = 2j(2t+ n—1—-2))r¥2D’P + yD/*P

shows DH = 0 by cancellation of consecutive terms. The difference P — H is divisible by r2;
induction on ¢ decomposes the restriction of P into restrictions of harmonic homogeneous polynomials.
Polynomial restrictions are dense in C(S") by Stone-Weierstrass, and hence in L?. There are no
other eigenspaces. Indeed, an eigenfunction with eigenvalue v different from every #(f+ n — 1) is
orthogonal, by self-adjointness, to every restricted harmonic polynomial. Density would make it
zero. If v = #(£+ n — 1), subtract its orthogonal projection onto that finite-dimensional polynomial
space. The remainder is still a v-eigenfunction, is orthogonal to that space by construction and to
every other polynomial eigenspace by self-adjointness, and is consequently zero. Thus these are the
complete eigenspaces. The values #£ + n — 1) increase strictly for integers £ > 0. Scaling the metric
by a divides them by a, proving both asserted positive levels and their multiplicities. Reflection in
a coordinate hyperplane gives / x;x; = 0 for i # j. Coordinate permutations and }; x? = 1 give
[ x% =Vol(S", g.)/m, which verifies (11.1).



LOCAL SPECTRAL SECTIONS 37

For h € CZ(O; Sg T*S™), where O C S" is nonempty and open, (2.21) becomes

DL(g*)[h]U = —/S'n h(Vui,Vuj) dl)g*. (113)

Moreover, Y; du; ® du; = my/Vol(S", g.) is a constant multiple of g.. Therefore tr DL(g.)[h] = 0,

Lemma 11.1. The map DI'(g,) : C2(0; SET*S™) — Sym’, is onto for every nonempty open O.

Proof. If C € Sym}, annihilates the map, set Tc = Y. C;;du; ® du;. Testing (11.3) gives TA* = 0 on O.
Up to the fixed normalization in (11.1), this says that the restriction of the ambient form C to x* is
scalar for every x € O.
Let P, = I — x ® x. The tensor condition is
trC—xTCx
P.CPy — fo = 0. (11.4)
Its entries are polynomial restrictions to S”. Fix a point of O. Along a great circle through that point
each entry is a trigonometric polynomial, vanishes on an interval, and thus vanishes on the whole
circle. Every point of S” lies on a great circle through the fixed point. Hence (11.4) holds on all of S™.
For distinct i, j, choose k # i, j; this is possible because m > 3. At x = e, the vectors e;, e; are
tangent. Equation (11.4) gives C;; = 0 and C;; = Cj;. Thus C = cl,,. Its trace is zero, so C = 0. A map
to a finite-dimensional space with trivial annihilator is onto. g

Choose y € C(0), y > 0, positive on some nonempty open subset. On Sym?, define the operator
G by

— TF - TF
(GC,D) = A x {18, 1) }g* du,,. (11.5)
If its value on (C, C) is zero, T}F vanishes on a nonempty open set and the preceding proof gives
C =0. Thus G > 0. Put
R(C) = —xTEE . (11.6)

For every D € Sym!? , contraction with (11.3) gives (DI'(g.)R(C), D) = (C, D); hence DI'(g,)R(C) = C.

For a small B € Sym?,, define

gBXX, Y) = g. (e FPX, Y). (11.7)

The exponent is self-adjoint and trace-free. Its exponential is positive and self-adjoint, and
det e8 RB) = (& 'R(B) = 1 Consequently dvgp) = dvg,. Outside supp y the exponent is zero and
g(B) = gx. The smoothness, support, and derivative assertions follow from Proposition 3.1.

The map B — T'(g(B)) has derivative I at zero. Lemma 3.2 gives a smooth local inverse and hence
a family

A Z(A), I'(g(A)) = A, dvgeay = dvg,, 8(A) = g. off supp y. (11.8)
It is defined on a full ball around zero in Sym’,. Its image converges to g, in every C¥ norm as A — 0.

Theorem 11.2. Let B be compact and smooth and E C Bx R"*! a smooth rank-r subbundle, 1 < r < n.
For every sufficiently small fixed ¢ > 0, the metrics

g = 8(e(rly — mPy)) (11.9)

have a rank-r spectral bundle isomorphic to E, corresponding to the first r positive eigenvalues counted
with multiplicity, where Py, is the orthogonal projection onto Ey,. They have the fixed volume form and
support properties of (11.8).
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Proof. The cluster matrix is
L(gp) = c(b)Ly + e(rL, — mPy). (11.10)

Its eigenvalues are c(b)—(m—r)e with multiplicity r and ¢(b)+re with multiplicity m—r. Compactness
of the set of rank-r projections gives a common parameter range. The original cluster is the first m
positive eigenvalues and is separated from zero and from 2(n+ 1)/a. For sufficiently small parameters
it retains those properties.

Choose n > 0 smaller than half of both n/a and (n + 2)/a. Use two rectangular contours with real
intersections (—1,n/a — n) and (-1, n/a + n). Their reference ranks are 1 and m + 1. The resolvent
construction in Section 2 retains these ranks for small parameters. The Laplacian is nonnegative, and

Agu=0 = /sn |du|§b dvg, =0 = uis constant.

Thus precisely one eigenvalue, the simple zero eigenvalue, lies below the chosen cluster. The cluster
still occupies indices 1,...,m. The frame (2.10) identifies its lower eigenspaces with im P, = E,,
smoothly over B. (]

Every smooth real vector bundle of positive finite rank over a compact smooth manifold embeds in a
finite-dimensional trivial bundle. To construct an embedding, choose finitely many local trivializations
and smooth functions ¢; supported in their domains, with ,; ? = 1. Such functions are obtained by
normalizing a finite family of subordinate bump functions with positive sum of squares. Send a vector
to the tuple of its local coordinates multiplied by ¢;, extending each component by zero. At least one
multiplier is nonzero at every point, so this map is fibrewise injective. Adding zero coordinates if
necessary gives ambient dimension at least three and strictly larger than the rank. Theorem 11.2
therefore realizes any such bundle after increasing the sphere dimension.

11.2. Equivariance. Let Gy C O(n + 1) be a compact group preserving y. For Q € Gy, use the metric
action g — (Q™!)*g and the function action Tof = f o Q71 If U,v = (m/ Vol(S", g*))1/2<v, x), then

m

1/2
(TQ Uv)(x) = <W) (v, Qilx) = (U.Qu)(x).

Thus ToU. = U.Q as operators from R™ to L2(S", dvg,).

For the metric action (Q71)*, the identity ToU, = U.Q gives (Q™1)*T¢ = Toco-1- It commutes
with the trace-free projection because Q is an isometry of g.. Invariance of y and the measure in (11.5)
gives G(QCQ™1) = QG(C)Q!. Its inverse has the same property. Hence R(QCQ™") = (Q™")*R(C),
and the exponential family (11.7) is equivariant.

Volume forms are fixed in this family, so all functions belong to the same L2. The Laplacian and
its projection transform by 7. Substitution in (2.8), using ToU. = U..Q, gives

Ugiyg = ToUgQ™',  LI(QT)"g) = QL(&)Q ™. (11.11)

For the Gram square root this uses (QBQ™1)™1/2 = QB~/2Q7! for positive B, which follows by
diagonalizing B.

Choose invariant matrix balls on which B — I'(g(B)) is injective and its image contains a smaller
invariant ball.

Such balls exist because the derivative at zero is the identity and the Frobenius norm is invariant
under orthogonal conjugation. First choose a Frobenius ball within the inverse domain, then choose
a smaller target ball contained in its open image. Every conjugate of a source point in the first ball
remains in that ball. If B is the preimage of A, equivariance makes QBQ~! the preimage of QAQ™!.
Uniqueness gives

2(QAQ™) = (Q7)"(A). (11.12)
If y = 1, the group can be O(n + 1). Rank-r projections form one orbit. Hence in that case the family

realizing any embedded bundle is pairwise isometric and has constant complete spectrum. No exterior
is then prescribed.
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11.3. Anisometry family with fixed exterior on the four-sphere. Write $* C C2®R, with coordinates
(z,s), and put g, = %y. Then

Ricg, = 6g:, A(ge) = = As5(g) = 8, As(gs) = 20. (11.13)

Fix any polar cap O = {s > a}, —1 < a < 1. Choose a nonnegative nonzero cutoff y(s) with compact
support in O. The action of U(2) on z, fixing s, preserves y and g.. Its real representation is contained
in SO(5).

For ¢ € CP', let p; : C?> — ¢be Hermitian orthogonal projection. Regard it as a real rank-two
projection and put

P =p; @I, Agr = e(3I5 = 5Py), ger = 8(Acp). (11.14)

The target has trace zero, eigenvalue —2¢ on im P, and eigenvalue 3¢ on its orthogonal complement.
The family is smooth in ¢, since the projection in homogeneous coordinates is zz*/|z/.

The group U(2) acts transitively on CP! and satisfies P, = QP,Q™'. Equation (11.12) gives
8.0t = (O71)* g ¢. Thus the metrics for a fixed ¢ are pairwise isometric. In particular every scalar
eigenvalue, not just the first five, is independent of £. These isometries need not fix the common
exterior pointwise.

The scalar part c(¢) = trL(g.,)/5 is independent of ¢ by conjugacy. Since its first derivative
vanishes for trace-free metric variations by (11.3),

c(e) = 8+ O(e?),
/11 = /12 = /13 = C(E) — 2¢, (11.15)
Ay = A5 = c(e) + 3e.

Choose contours with real intersections (—1, 4) and (—1, 16), avoiding the reference spectrum. Their
ranks at g, are 1 and 6, respectively: the reference eigenvalues below 16 are 0 and 8, with multiplicities
1 and 5. The uniform resolvent construction of Section 2 retains these ranks and excludes spectrum
on the endpoints for all sufficiently small parameters. On a closed connected manifold the Laplacian
is nonnegative and its zero eigenspace consists exactly of the constants, since (Au, u) = |dul3. Thus
there is no additional positive eigenvalue below the first-five cluster, and the next eigenvalue satisfies
A¢ > 16. Compactness of the projection orbit makes one choice of ¢y > 0 valid for every ¢.
Let K = supp y € O. Equation (11.8) gives

ger = g« on S*\K, dvg,, = dvg,. (11.16)
By (11.13), Ricgy, —3g. = 3g:. The finite family satisfies

sup [ gec — gelcz < Colel.

£eCP!
Apply Lemma 3.5 with ¢ = 3 and § = 3. If C,e| is smaller than both its admissible radius and
3/(2(C + 3)), then

: 3
Ricg, , =380 > 58+ >0

for every 2.

The frame Uy, , is a smooth isometry from the trivial five-plane bundle onto the sum of the first
five positive eigenspaces. Equation (11.14) identifies the lower eigenspace with im P,. Therefore the
first-three eigenspace bundle is

E=LrR DR, (11.17)

where L is the tautological complex line. The full first-five bundle remains trivial; (11.17) concerns a
separated subbundle of it.

Choose unit frames of L on the two coordinate disks of CP'. On their equator the transition can
be chosen . The bundle in (11.17) has clutching loop diag(Rot_g, 1) € SO(3). Its lift through the
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double covering Spin(3) — SO(3) starts at 1 and ends at —1, since a one-plane rotation of angle 27
lifts to a half-angle path. Thus it does not lift to a closed loop. The obstruction is

(W&, [$%]) = 1. (11.18)

Equivalently, wo(Lg) = ¢;(L) mod 2 and ¢;(L) = —1 on the chosen orientation; the sign does not
affect (11.18). These clutching descriptions of w, are also given in [22, Sections 4 and 14].
Equations (11.15)—(11.18), Proposition 10.1, and Theorem 11.2 prove Theorem D.

11.4. Topology of the gap space. Let Gyyp, consist of smooth metrics on this fixed $* with Ric > 3g,
dvg = dvg,, g = g« off K, and A3(g) < A4(g). For fixed 0 < & < &, (11.14) definesamap f; : S* - Ggap.

Corollary 11.3. The map f, is not nullhomotopic. In particular it represents a nonzero element of the
based 3 of its component of Ggqp.

Proof. A nullhomotopy extends the family to a continuous family over D?. We use the spectral-
bundle nonextension argument of [23, Lemma 1.6], with a two-dimensional parameter boundary;
the characteristic class is calculated in (11.18). The first-three projections are locally continuous by
resolvent continuity and the gap, and define a rank-three bundle. Compactness of the parameter ball
gives a uniform positive minimum for the third-to-fourth gap; one may also construct the bundle with
local contours. Homotopy invariance of pullback bundles [22, Section 3], applied to the contraction
of D to a point, makes this bundle trivial. Naturality of Stiefel-Whitney classes [22, Section 4] then
gives zero w; on its restriction to S%, contrary to (11.18). Choosing a basepoint on the original sphere
family gives the based conclusion. O

Corollary 11.4. Fix0 < ¢ < &. Let g, 5, (t,b) € [0,1] x S?, be a continuous family of smooth metrics,
with the C* topology, such that gy, = g., and

A3(grp) < Aa(gep) forall (¢, D).
Then for some b € S,
A(gy) = Aa(grp)  or Aa(grp) = A3(g1p).

Proof. Local Riesz projections define a bundle on $?x[0, 1]. The two endpoint inclusions are homotopic,
so their pullback bundles are isomorphic by [22, Section 3]. Suppose the final three eigenvalues
are distinct at every parameter. Their increasing order defines three continuous rank-one Riesz
projections, and hence a splitting into real line bundles. Real line bundles are classified by their
first Stiefel-Whitney class [22, Sections 4-5]; each is trivial because H!(S%; Z/2) = 0. The Whitney
product formula [22, Section 4] gives zero second Stiefel-Whitney class for their sum, contradicting
(11.18). O

The family is constant after passage to isometry classes, by (11.12). Its nontriviality lies in the
marked metric gap space and the associated eigenbundle. The corollary asserts the existence of a
crossing, not a formula equating an unweighted crossing count with w,. The gap equals 5¢ within
each fixed family and closes as ¢ | 0; no uniform gap through that limit is asserted.

12. POTENTIALS SUPPORTED IN A PRESCRIBED OPEN SET

Let (M", g) be compact, connected, and smooth, with n > 2. If 9M # @, fix either the Dirichlet or
the Neumann realization throughout this section. Let V € C*(M;R) and

P=Ag+V.

Fix an eigenvalue 1 € R of multiplicity m, an isolating interval I, and a nonempty open set O C M".
The metric, the measure, and the boundary realization will not vary.
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Multiplication by the real smooth V is bounded and self-adjoint on L*(M, dvg). On the fixed
domain of the Laplacian, P is self-adjoint by bounded perturbation; its resolvent is compact. Indeed,
for areal z < —| V| — 1, the inverse (z — Ag)~" is compact and [My(z — A,)~'| < 1. The identity

(z=P)'=(z=-A) T =My(z— AT

expresses one resolvent as a compact operator times a bounded operator. The resolvent identity gives
compactness at every point of the resolvent set. It is bounded below by —|V|«. For an eigenfunction,
Agu = (A — V)u. Multiplication by the smooth function A — V preserves every H®. Starting with
u € H?, equation (2.2) gives u € H**? whenever u € H®; hence u € C®(M), up to the boundary.
In particular, an arbitrary real eigenvalue A has finite multiplicity and positive distance from the
excluded spectrum. For a sufficiently small real potential g, let L(q) be the symmetric matrix of the
I-cluster of P + g in its Riesz—Gram frame, based at a fixed real orthonormal basis of ker(P — A). Thus
L(0) = ALy,.

Theorem 12.1. There are a compact set K € O, a finite-dimensional subspace W C C;°(O;R) whose
members are supported in K, a number § > 0, and a map

7 : Bs(0) € Sym,(R) — W
such that
Z(0) =0, L(L(Y)) = AL, + Y. (12.1)
The map is smooth on Bs(0) \ {0}, and, for every integer k > 0,
|7 (V) = (Y lexany < CillY = Y'IV2. (12.2)
There exist qj € W tending to zero in C* for which
L(g;) = ALn, DL(gj)lw : W — Sym,, (R) is surjective.

If DL(0) is surjective on C;°(O), the section may be chosen smooth at zero with a linear estimate in place
of (12.2). Otherwise, no realization estimate at zero with an exponent greater than 1/2 can hold in every
target direction.

The assertion concerns one isolated cluster. It imposes no conditions on the other eigenvalues. In
particular, A need not be positive. The choices are ordered as follows: first P, A, and O; then the finite
collection of variations and its compact support K.

12.1. The localized annihilator. Let E = ker(P — 1), let uy, ..., up, be its real orthonormal basis, and
let U : R™ — E be the associated isometry. Denote the orthogonal projection by II. For z on a fixed
contour enclosing the cluster, the identity

(z=P-q) ' =(@-P) I -My(z=P)']"!

and the norm-convergent Neumann series apply whenever | gl sup, [(z — P)7!| < 1. Both the Riesz
projection II(g) and the bounded spectral operator

A(g) = i /y 2z~ P~ M) dz = (P + M)II(q)

are analytic in the L* norm of g. If U, is the Gram-normalized frame, then L(q) = U;A(q)Uq is

analytic as well. The operator domain and boundary conditions are unchanged. These assertions use

the fixed-domain perturbation theorem, not a variation of the Riemannian density [19].
Differentiating at g = 0 gives

DL(O)[f]ij:A/Ifuin dUg. (12.3)
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Hence the annihilator and kernel are, respectively,

COZ{CGSYmm : Fe :=ZC,~ju,-uj:00nO], (124)
Lj
Ko={feCl(0): IMII=0}. (12.5)

Indeed, the vanishing of [/ fFc for every f € CX(0O) is equivalent to Fclo = 0 by the defining
property of distributions, and Fc is smooth. No global identity for F¢ is asserted. In particular, a
member of Cp is not assumed trace-free.

The range Ro and this annihilator are orthogonal complements in the entire space Sym,,, with
its Frobenius product. Therefore a basis of R has preimages in C;°(O) even when Cp contains
matrices of nonzero trace. The scalar matrix direction is obtained from that full decomposition and
the subsequent quadratic correction; constant potentials, which need not be supported in O, are not
inserted.

Set

R=(P-M"g,  Reg=0,  Bc=Y CiMy,RM,,.
Lj
The operator Bc is self-adjoint because R* = R and CT = C.
Moreover,

IBlieore < IRlesre Y 1Cijl luiloolujlles < oo.
)
This global bound is used only for the finite constraint corrections. The asymptotic sign calculation
below is localized inside O and does not assert cancellation of lower-order symbols outside that set.

Lemma 12.2. For C € Cp and f € Ko,
(C,D*LO)[f, f1) = =2(f. Be fr2(um)- (12.6)

Proof. Write (P + tMy)U(t) = U(t)L(t), where U(t)*U(t) = I,. Equation (12.3) gives L’(0) = 0. The
first differentiated equation, projected onto E*, gives

(I -T)U’(0) = —RM;U.

Project the second differentiated equation onto E. The terms containing PU” and AU” cancel, and
the term 2U’L’ is zero. Thus

L”(0) = 2U*M;U’(0) = —2U*MsRM;U.

The E-component of U’(0) contributes zero because U*M;U = 0. Contracting with C proves
(12.6). O

12.2. The first nonzero diagonal coefficient. For C € Cp define

be(x,y) = Z Cijui(x)uj(y).
L,j

Then be(x, y) = be(y, x) and (P, — A)be(x, y) = 0. Suppose that every transverse derivative of be
vanishes at every (x, x) with x € O. For each such x, strong unique continuation for Ay + V — A gives
be(x,-) = 0 on the connected manifold. Taking its inner product with u; gives

Z Cl‘ Ui = 0 onO.
i
Unique continuation applied once more to this eigenfunction gives the same identity on M. Orthonor-

mality implies C = 0. All uses of continuation are interior uses for a scalar elliptic operator with
smooth coefficients and smooth real zeroth-order term [5].
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For C = 0, there is therefore a least finite integer ¢ such that a transverse derivative of order ¢ is
nonzero at some point of O. In a coordinate neighborhood compactly contained in O,

be(x, x + z) = Pu(2) + O(|z|D), (12.7)

where P, is homogeneous of degree ¢. All lower coeflicients vanish identically on O.

The integral remainder (6.4) applies on each compact product chartin O. In particular its derivatives
of z-order 0, 1, 2 are O(|z|*"1), O(|z]%), and O(|z|*™1), respectively, uniformly for x in a smaller compact
set. This justifies taking the lowest homogeneous degree after applying Py, — A. The equality bc(x, x +
z) = be(x + z,x) implies Py(z) = Py(—z) at the first nonzero order. Since Fc|p = 0, one has £ > 2,
and ¢ is even. The term of degree £ — 2 in (P, — A)bc = 0 is

gab(x)azaaszx(z) =0. (12.8)

The first-order coefficients of Ay multiply derivatives vanishing to order at least £ — 1, and V — A
multiplies a function vanishing to order #; neither contributes at degree £— 2. At a point where P, # 0,
its restriction to the unit sphere for the frozen metric has mean zero and takes both signs. Here the
assumption n > 2 is used.

12.3. Interior symbol and infinite inertia. After conjugating the local Riemannian measure to
Lebesgue measure, the localized reduced inverse has principal symbol |& |£2. To see that this applies
also to either boundary realization, insert two cutoffs supported in the interior. An elliptic parametrix
is two-sided modulo smooth kernels there; the equations for the reduced inverse differ from the
inverse equations by the finite-rank projection II, which has a smooth kernel. For the difference
kernel, apply the sum of the two localized operators, acting in its separate variables. Its principal
symbol is |£ |§ + |n/2, which is positive for (£,7) # 0. The kernel argument in Section 6, based on
interior elliptic regularity [12, Theorem 15.1], therefore gives a smooth difference kernel. The smooth
zeroth-order coefficient V — A changes neither ellipticity nor the order —2 principal symbol. Thus the
localization of either boundary realization has that same symbol.
The symbol composition formula gives

il

o(B)~ 3, —+ (Z cijuia“uj> oo (R).
'\ 5

a

The coefficients with || < £ vanish by the definition of ¢. In coordinates orthonormal at the point,
the first nonzero homogeneous symbol is

R NCH
Represent Py by a symmetric trace-free coefficient tensor. In the ¢-fold derivative of |£]2, every term
containing a contraction of two polynomial indices vanishes against that tensor. The remaining
coeflicient is (—2)(—4) --- (—2¢). Hence

o-e-2(Bo)(x. &) = (-1)*2'¢! é’[fﬁ)z- (12.9)

The conjugating density factors commute with multiplication by the u;; thus they do not change the
leading coefficient in (12.9).

Lemma 12.3. For every nonzero C € Co, the form
f—{C.DLOLS. /D
has infinite positive and infinite negative index on Ko.

Proof. Choose a nonzero coordinate covector & and a ball compactly contained in O on which one
sign of (12.9) is strict. Given N, choose real nonzero amplitudes ay, ..., ay with pairwise disjoint
compact supports in that ball, and put

fir(x) = aj(x)cos(Té& - x).
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The localized symbol expansion, applied separately to the phases +&j, gives
1
T“*(Bcfit, fit) — 2/ a? o_r2(Bc)(x, &) dvg.
M

The terms containing twice the phase are O(TF) for every L by integration by parts. For i # j, the
kernel is smooth on the product of the two separated supports, so the same integrations in the two
variables give

(Befir, fity = O(T™)  for every L.

Apply the oscillatory estimate proved in Section 6 with order —£— 2 to the localized operator B¢. The
off-diagonal integrations use its smooth kernel between separated supports. These uses of the symbol
calculus have the same hypotheses as [18, Section 18.1]: the symbols are classical, the inserted cutoffs
have compact interior support, and the chosen linear phase has nonzero differential. The amplitudes
are fixed after N is chosen.

Let Rp = im DL(0). Choose a linear right inverse

Qo : Ro — CZ(0)

with finite-dimensional image by choosing one smooth preimage of each vector in a basis of Ro.
Every entry of DL(0)[fjr] is O(T 1) for all L, since it is an integral of a fixed smooth compactly
supported amplitude against a nonstationary linear phase. Define

fit = fir — Qo(DLO)[f;r]).

Then ]/‘;,T € Ko, and the correction is O(T™L) in every fixed C* norm for every L. Let ej 1 = ﬁ,T - fir
Since R is bounded and the u; are smooth on the compact manifold, |Bc¢|;2_,;2 < co. Thus

(Be fir, fir) — (Befir, fir)| < IBel(leirlal firlz + 1 rlalesrlz + leirlalesrlz).-

Choose the decay power larger than £ + 2. After multiplication by T2, the pairing matrix converges
entrywise to a diagonal matrix with all diagonal entries of the same strict sign. In finite dimension,
entrywise convergence implies operator-norm convergence. If the absolute values of those diagonal
entries have minimum ¢ > 0, the matrix difference has norm less than c¢/2 for large T. The resulting
quadratic form is definite. A linear relation among the ]/‘J\-,T would give a nonzero null vector of this
matrix, so they are independent and their span has dimension N. The opposite sign region gives the
other index. Finally use (12.6).

For each chosen N the amplitudes and the finite right inverse Qo are fixed before T tends to
infinity. The corrected span has dimension N and consists of functions in C;°(O). Thus taking the
supremum over integers N proves infinite index in that algebraic space. No single fixed-frequency
family or infinite sum of controls is required. O

12.4. Finite-dimensional correction and support. The finite-dimensional implication used below
concerns subspaces of the space of compactly supported variations.

Lemma 12.4. Letd > 1, let E be a real vector space, and let Q : E — R? have quadratic-form coordinates,
with bilinear polarization. Suppose every nonzero scalar form c - Q has infinite negative index. Then Q
has a nonzero regular zero. The zero lies in a finite-dimensional subspace Ey C E on which the restricted
derivative is surjective.

Proof. Apply Theorem 7.1. It gives x, y € E and wy, ..., wy € E with

Q(X + )/) =0, Q(X) = —Q(J/) 0, DQ(X + y)|span{w1,...,wd} an isomorphism‘

If x + y = 0, then Q(y) = Q(—x) = Q(x), contradicting Q(y) = —Q(x) # 0. Thus zo = x + y # 0.
The restriction of Q to Ey = span{x, y, wy, ..., wq} has a regular zero at z,. This is a finite-dimensional
restriction of the original vector space; no closure or enlargement of its elements is used. ]
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Proof of Theorem 12.1. If Co = 0, choose finitely many preimages of a basis of Sym,, under (12.3).
Lemma 3.2, restricted to those preimages, gives a smooth local section. On a smaller convex target
ball its derivative is bounded in every C¥, which gives the linear estimate.

Assume Cp # 0. On Ko set

Q(f) = 3 projc, D*L(O)I £, f1.

Lemma 12.3 and Lemma 12.4 give a nonzero regular zero f, and vectors on which the derivative
is surjective. Add finitely many functions mapping onto R under DL(0). All these functions are
compactly supported in O; their supports have a compact union K € O. Let W be their span. Write
the parameters as (z, t), where the z-directions map isomorphically onto R and the t-directions
belong to K. The range equation

projr,(L(z, 1) — Aly) = Yr,
has a smooth solution z = z(t, Yz, ) with
2(0,0) = 0, D;z(0,0) = 0, z = O(|t] + |Yr, ).
Since the projection onto the cokernel annihilates the first derivative, the remaining map satisfies
G(t, Yro) = Q1) + O (It +[tl Yr, | + [ Y, )

Sett = ewand Y = £?A. Since G(0,0) = DG(0,0) = 0,

1
e 2G(ew, EZARO) = / (1 - s)D*G(sew, sezARO)[(w, eAR,), (w, EARO)] ds.
0

This defines a smooth extension at ¢ = 0, with value Q(w). Put d = dimCp and choose a d-
dimensional subspace E; of the kernel-parameter space such that DQ(%)|g, is an isomorphism onto
Co, and write w = to + e, e € E1. At (¢, e, A) = (0,0,0), the derivative in e of the extended expression
minus Ac, is this isomorphism. Lemma 3.2 gives a smooth solution e = e(e, A). Set t = e() + e(e, A))
and substitute it into the solved range equation. The resulting W-valued map ¥ (¢, A) satisfies

¥(0,A) =0, L(¥(e, A)) = AL, + 2A.
On a smaller product neighborhood its estimates are
[¥(e, Aler < Cilel,  10:¥cr < Cr, IDA¥ler < Clel.

The last follows from ¥(0, A) = 0 and the integral formula for D4V in ¢.

The same parameter neighborhood serves every fixed k: choose it by the finite-dimensional inverse
equations and by compactness in the finite parameter space, then estimate its finitely many smooth
coefficient functions in C¥. The constants may depend on k; no norm bound uniform in all derivatives
is claimed. Fix L sufficiently large and, for Y # 0, set

Z(Y) :‘P<L\/M,LZ|TY”>.

Take the matrix norm from its Euclidean inner product. The auxiliary target has norm L2, so one
choice of L works in every direction; a sufficiently small target radius keeps the first argument in the
same product neighborhood. Differentiation gives

IDS(Vlsym, cx < ClYI ™2

To obtain the pairwise estimate, write p = |[Y — Y’|. If p > % max(|Y], |Y’|), use the bound at zero and
the triangle inequality. Otherwise, after interchanging endpoints if necessary, |Y| = max(| Y|, |Y’]) >
2p. Every point on the segment has norm at least |Y[/2 > p. Integrating the derivative bound along
that segment gives Ckp/\/m < Cg Jp- This proves (12.2).
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With A = 0 and ¢ # 0, the reduced derivative is eDQ(t;) + O(¢?) and is onto for sufficiently small
¢. The range block remains invertible. Taking a sequence ¢; — 0 gives the stated g;.

To check the full derivative, let A, be its range-to-range block and let By, Cy, Dy be the other three
blocks. Differentiation of the solved range equation gives the reduced block Dy — CyA; ! By. It is onto
by the displayed expansion on the fixed derivative complement at f,. Given target components (a, b),
solve

(Do — CoAy'Bo)t = b — CoAyta, z = Ay'(a— Bot).

Then the unreduced derivative sends (z, t) to (a, b). All these directions belong to the fixed space W;
its support is the same compact K.

Finally, fix a unit nonzero C € Cop. The Riesz matrix is analytic as a function of a sufficiently small
bounded potential. Its second derivative is bounded on a smaller L* ball. For g supported in O, (12.4)
makes the first derivative vanish against C. Taylor’s formula on this subspace gives

KC,L(q) = ALn)| < Collgl.

A realization of Y = tC, t > 0, must therefore satisfy |g|. > C, V2 [T, This proves optimality of the
exponent. (]

Corollary 12.5. Every eigenvalue of Ay + V satisfies the Weak Arnold Hypothesis for scalar potentials
supported in the prescribed set O.

Proof. Let U" be a neighborhood of zero in the allowed potential space. Choose g; € U as in
Theorem 12.1. Restrict DL(g;)|w to a subspace on which it is invertible. The local inverse gives, for
some p > 0,

o :By(ALy) > U nW, Loo=1d.

If L is continuous and supy, IL-L] < p/2, define
Hi(A) = A=Al + t(L(c(A)) - A).

For |A — AL,| = p, one has |[H;(A)| > p/2. Hence deg(H, B,(41,),0) = 1, and L attains Al, on
Unw. (]

13. SPECTRAL BUNDLES ON A FIXED ROUND TWO-SPHERE

The round-sphere product isomorphism below is the algebraic input in Colin de Verdiére’s confor-
mal stability theorem [11, p. 186]; see also [14, Proposition 4.6 and its proof]. We include a proof to
specify the real multiplication map. The subsequent compactly supported Gram construction gives a
potential section smooth at zero with a linear estimate. This construction, and hence the fixed-surface
bundle realization, does not use Lemma 12.3 or the quadratic correction theorem.

Let y be the unit-round metric on S?. Denote by H, the real homogeneous harmonic polynomials
of degree d in R®, restricted to S?. Their eigenvalue is d(d + 1) and their dimension is 2d + 1.

Lemma 13.1 (Round-sphere multiplication; [11, p. 186], [14, Proposition 4.6]). For every £ > 0,
multiplication induces an isomorphism

11
Symz H[ — @sz. (131)

j=0

Here multiplication sends u © v to uv, where u ©v = (u ® v + v ® u)/2. Consequently, a symmetric
matrix C in a basis uy, ..., uze+1 of Hy for which Y, Ciju;ju;j vanishes on a nonempty open subset of52 is
zero.
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Proof. Write 9 = 9%, + 9%, + 9%, for the Euclidean trace operator and p* = X} + X7 + X3. Every
homogeneous polynomial of degree d has the unique decomposition

ld/2]
p= Z pzahd72aa -@hd72a =0.

a=0

Existence follows from the polynomial projection formula (11.2), specialized to n = 2, and induction
on d. For uniqueness, suppose a sum of the displayed form is zero, and choose the largest index a
with nonzero hg_z,. Applying 2 annihilates all terms of smaller index and gives a nonzero scalar
multiple of h;_,,, a contradiction. The scalar is nonzero because

D(p**h,) = 2a(2e + 2a + 1)p** ?h,, a>o0.

It follows that the image in (13.1) is contained in the stated direct sum.
The decomposition also determines dimensions. Let P; be the homogeneous polynomials of
degree d in three variables, with P; = 0 for d < 0. Uniqueness gives

Py = Hl{;om ® pzpd_z.

Restriction to the sphere is injective on homogeneous harmonic polynomials by homogeneity. There-

fore
dimH,; = <d+2> — <d> =2d+1,
2 2

where the second binomial term is zero for d = 0, 1.
Put z = X; +iX;,. Both Re z’ and Im z¢ are harmonic. Their sum of squares is

pe=(X{ +X7),
0 pyls> belongs to the real multiplication image. Write its harmonic decomposition as

4

p[ = Z ,02([7].)]12]‘-

Jj=0

For each j,
. /1 0\? .
@fﬁ]p[ = 4[71 <') (Xlz +X22)]
J!

The top homogeneous harmonic component of the left side is a nonzero scalar multiple of h,;: terms
indexed above j are annihilated, and terms indexed below j retain a positive power of p?. The top
harmonic component of (X? + XZ#)/ is nonzero. Otherwise that polynomial would be divisible by p?;
evaluation at (X3, X3, X3) = (1,0, 1) over C gives the contradiction 1 = 0. Thus every hy; is nonzero.

Let 7 be the multiplication image on S°. It is invariant under rotations. For L; i = Xidx; — X;ox,,
differentiation of the rotation action preserves 1 because this finite-dimensional subspace is closed.
Direct differentiation gives, with £ = ), X;dx,,

M Li=pg-E-¢

i<j

On the restriction of a degree-d homogeneous harmonic polynomial, the right-hand side equals
—d(d + 1). The sphere decomposition thus identifies — Y, ; L2 with A, on the finite sum containing
1. Hence 1 is invariant under A,. Put y; = 2j(2j + 1). The projection onto Hj; on the displayed
direct sum is

A, — il
P;= Yiﬂk
o<k<e Hi T Hk
k=j
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The denominators are nonzero. Since 7 is invariant under A, and contains p,|s2, it contains P;(p|s:) =
hajlse.

Each hy; is invariant under the rotations fixing the Xj-axis, by uniqueness of harmonic decompo-
sition. An invariant homogeneous polynomial has the form

l4/2]
h= Y caXE+X3)" X5

a=0

The coefficients of Zh = 0 satisty

d

2 ) '
At the largest index the remaining X3-second derivative is zero because its exponent is 0 or 1. Every
coefficient is consequently determined by ¢, and every choice of ¢y produces a harmonic polynomial.
Thus this invariant subspace is exactly one-dimensional. For an orthonormal basis Y, ..., Y2441 of Hy,
the evaluation kernel

4(a+1)co1 +(d—2a)d—-2a—1)c, =0 <0 <a<

Ky(w,v) = Y Yi(@)Yi(v)

1

is rotation invariant, reproduces every member of Hy, and is nonzero at (v, v). The last assertion
follows because K;(v, v) is rotation invariant and its integral in v equals 2d + 1. Thus a nonzero
axis-invariant harmonic is a scalar multiple of K;(-, e3). Its rotations span H,: a function orthogonal
to all those rotations has zero evaluation at every point. Since 7 is rotation invariant and contains
hyj, it contains Hy; for every j. This proves surjectivity. Finally,

¢
dim Sym® H, = (¢+ 1)(2¢+ 1) = Z(‘U +1),
=0

so the map is an isomorphism. The restriction of a polynomial to S? is real analytic. Its vanishing on
a nonempty open set implies its vanishing on the connected sphere. Injectivity now proves the last
assertion. 0

Proposition 13.2. Fix £ > 1,m = 2+ 1, A = £(¢ + 1), and a nonempty open set O C S®. There are
K € O, a finite-dimensional W C {qg € C*(5%R) : supp q C K}, and a smooth local section .%; at zero
such that

LY = A+ Y,  FH(0) =0,
and, on a sufficiently small target ball,

|-7Y) = LY )l cx < Crel Y =Y (k2 0). (13.2)

Proof. Choose y € C°(0O) nonnegative and positive on a nonempty open set. In an orthonormal
eigenbasis put Fe = ), Cju;u; and define the matrix-space Gram operator G by

(GC, D> = /52 )(FcFD dvy.
Lemma 13.1 shows that G is positive definite. Define

R(C) = XFG—l C-

Equation (12.3) gives DL(0)R(C) = C. Hence C — L(R(C)) — AL, has derivative the identity. Its
finite-dimensional local inverse defines .%; with values in im R and support in supp y. On a smaller
convex ball the derivatives into every C¥ space are bounded, since the image is finite-dimensional
and consists of fixed smooth functions. Integration along segments proves (13.2). ]
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Theorem 13.3. Let B be a compact smooth manifold and let E — B be a smooth real vector bundle of
rank r > 0. Fix a nonempty open disk O C S. There are an integer £ > 1, m = 2£+ 1 > r, a compact set
K € O, and a smooth family of real potentials

gep € CO(S%R), suppqe CK,  beB, e <e,
with qop = 0, for which the £(f + 1)-cluster of Ay + g, has, for 0 < e < &, exactly the eigenvalues
L+1)—(m—r)e with multiplicity r, UL+ 1)+ re  with multiplicitym — r. (13.3)

The bundle of eigenspaces for the first value is isomorphic to E. For every fixed k, the family is O(¢) in
Ck(S?), uniformly in b.

Proof. Choose finitely many trivializing neighborhoods for E and smooth functions ¢; with supports
in them and }; #? = 1. The map sending a vector to the direct sum of its local coordinates multiplied
by the ¢; is a smooth fibrewise injection into a finite trivial bundle. The terms extend by zero because
the supports lie inside the trivializing neighborhoods. At each point at least one ¢; is nonzero, which
proves injectivity. If the finite trivial bundle has rank N, choose an odd m = 2¢+ 1 > N with
m > r, and compose the injection with the coordinate inclusion into B x R™. Let P}, be the Euclidean
orthogonal projection onto the image of E;. Define

Yf,b = E(I’Im - me): 9eb = yf(Ye,b)-

Compactness of B permits one ¢,. Proposition 13.2 gives a family smooth also at ¢ = 0 and the stated
estimates. The matrix Y, ; acts by —(m — r)e on im P, and by re on its orthogonal complement. The
exact section identity therefore proves (13.3). Let U, : R™ — L*(S?, dv,) be the Riesz—Gram frame.
The map

(b,l})i—) U%,bv’ inme,

is a smooth fibrewise isomorphism onto the required eigenspace bundle. The density is fixed, so no
Hilbert-space conjugation is needed here. Spectral isolation from the other round clusters persists for
small potentials.

For an explicit isolation bound, let d, be the distance from #(¢+ 1) to the excluded round spectrum
and choose 0 < n < dy/3. The variational characterization of the ordered eigenvalues gives

Ay + @) = Aj(A)l < gl for every j :

the Rayleigh quotients differ by at most |¢|w, and taking the infimum and supremum preserves the
bound. Take the parameter range so that |g. 5. < 7 and m|e| < 1 uniformly in b. The displayed two
eigenvalues then remain in the isolated cluster, and no other eigenvalue has either value. g

This theorem concerns a finite spectral cluster, in general above other positive eigenvalues. It
does not assert that E is a bundle of lowest eigenfunctions or that the entire spectra are independent
of b. The metric remains the unit-round metric, and all perturbations occur in the fixed potential
support K.

Corollary 13.4. There is a smooth family of arbitrarily small potentials on the fixed round S?, supported
in any prescribed nonempty open disk and parametrized by CP', for which the degree-two cluster has
the two constant eigenvalues

6 — 3¢  of multiplicity 2, 6 +2¢  of multiplicity 3.

The lower rank-two eigenbundle has Euler number —1 for the complex orientation. Fix a sufficiently
small e > 0. Let q;, (t, b) € [0, 1] x CP!, be a continuous map into C*(S*;R) beginning at this family.
Order the complete spectrum as vo(t,b) < vi(t,b) < . If

v3(t, b) < v4(t, b), vs(t,b) < ve(t,b) forall(t,b),

then v4(1,b) = vs(1,b) for some b € CP!. The two inequalities are the gaps immediately below and
above the selected rank-two subcluster.
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Proof. Apply Theorem 13.3 to the real plane bundle underlying the tautological complex line over
CP!, embedded in C?> ¢ R®, and take £ = 2 and r = 2. Its clutching function is e % so its Euler number
is —1. At the unperturbed sphere, the levels below 6 have total multiplicity 1 4+ 3 = 4. The isolation
estimate in Theorem 13.3 therefore places the selected rank-two eigenspace at indices 4, 5. Under the
two gap inequalities in the statement, local Riesz projections onto these two eigenvalues agree on
overlaps, and define a rank-two bundle over CPP! x [0, 1]. Its endpoint restrictions are isomorphic. If
the two eigenvalues were simple at every parameter, the endpoint bundle would split into two real
line bundles. Each real line bundle over S? is trivial because H!(S?;Z/2) = 0. Their sum has Euler
class zero, a contradiction. This uses the homotopy invariance and line-bundle classification cited in
the preceding spectral-bundle section. ]

APPENDIX A. FLAT TORI AND FINITE-ORDER DIFFERENTIAL VARIATIONS

A.1. All first-order obstructions on a planar frequency shell. Let T? = R?/A be flat and let A* =
{k : k-y € 2nZ for all y € A}. For a positive eigenvalue, write its complete shell as

ke A" : kP = A} = {aky, ..., +k,},  m=2r (A1)

The real orthonormal basis consists of /2/Vol(T?)cos(k; - x) and the corresponding sine. Put
C, = diag(a1L,, ..., a,Ip).

If s=k+¢=0and|k| = |4 = VA, then k - s = |s|?/2. This line meets the circle in at most two
points, exchanged by k < £. Therefore s determines the unordered pair. Expanding a real quadratic
relation in the complex exponentials shows that all coefficients with nonzero sum frequency vanish
separately. The zero-sum pairs are kj, —k;. In the real basis they give exactly a;I, blocks, and their

constant terms cancel precisely when }; a; = 0.
Thus

Ceont = {Ca : Z aj = O},
J

(A2)
Can = {Cy : Z ajkj ® kj =0}
J

The trace of the second relation implies the first because |k;|* = A > 0. The span of the matrices
k; ® k; has dimension min{r, 3}: up to a fixed invertible change of coordinates their entries are
(1, cos 20}, sin 26;), with distinct §; modulo 7. Any three distinct points of a circle are not collinear.
Hence

dim Copps =7 — 1, dim C,; = max{r — 3,0}. (A.3)

Together with Theorem C, this gives smooth full-metric multiplicity loci for m = 2, 4, 6 and nonsmooth
loci for m > 8; within the conformal class, only m = 2 is strongly stable.

A.2. Differential order. Let %, be the real formally self-adjoint scalar differential operators of order
at most 2s on T2, where s > 0. Consider

Dys — Sym(E,), D+ P,DP,. (A.9)
Proposition A.1. The cokernel dimension of (A.4) is
max{r — (2s + 1), 0}. (A.5)
The least even differential order for which the compression map is surjective is 2|r/2].

Proof. Multiplication by every real smooth function belongs to Z;. The preceding product calculation
forces every annihilator to be C,. Testing real differential operators is equivalent to testing their
self-adjoint parts: for symmetric real C,, transposition gives tr(C,PDP) = tr(C,P(D + D*)P/2).
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For a multi-index «, direct trigonometric differentiation gives

0, || odd,

A.6
(-D2kx || even. (8.6)

cos(k - x) 0% cos(k - x) + sin(k - x) % sin(k - x) = {

Testing each coefficient of a differential operator therefore gives precisely }’; a;k{ = 0 for even
la| < 2s.

Contracting two indices in k}-ms gives Ak;&(zs_z). Since A > 0, all lower moment equations follow
from

Z a;k®% = 0. (A.7)

Conversely, the order-2s equation is among the moment equations derived from (A.6).

The space of homogeneous polynomials of degree 2s in two variables has dimension 2s + 1. Any
at most 2s + 1 distinct projective directions give independent evaluation functionals. To isolate a
fixed direction in such a collection, choose one linear factor vanishing on each other direction but not
on the fixed direction. Their product has degree at most 2s. Multiply it by a power of another linear
form nonzero on the fixed direction to reach degree 2s. Its evaluations vanish at the other directions
and not at the fixed one. Dualizing proves that the map in (A.7) has rank min{r, 2s + 1}. This gives
(A.5). The smallest s satisfying r < 2s + 11is |r/2]. O

On the square torus the shell [k|> = 5° has 4(s + 1) vectors. Indeed, in the Gaussian integers,
= (2 + i)(2 — i) with two nonassociate primes; a Gaussian integer of norm 5° is a unit times
2+1)%2-1i)"%0<ac<s. Forz,w € Z[i], w # 0, choose a Gaussian integer q by rounding the
two coordinates of z/w. Then |z — gw|* < |w|?/2 < |w|?. The Euclidean algorithm therefore gives,
for any a, b € Z[i], a greatest common divisor d and Gaussian integers u,v with d = ua +vb. If an
irreducible & does not divide a, this identity for 7, a gives 1 = usxr + va after multiplication by a unit.
Consequently 7 | ab implies 7 | b; every irreducible is prime. Induction on the positive integer norm
factors every nonzero nonunit into irreducibles, since a proper nonunit factor has strictly smaller
norm. Primality then proves uniqueness by cancellation, up to units and order. The two factors 2 + i
and 2 — i have prime norm five and are not associates.

If zz = 5%, every prime factor of z divides (2 + i)*(2 — i)* and is therefore associated to one of
these two primes. Taking norms in z = u(2 + i)*(2 — )b, ue{l,-1,i,—i}, gives a + b = s. These are
exactly the asserted choices. Unique factorization makes the displayed 4(s + 1) choices distinct. Thus
r = 2s+ 2, and (A.5) is one. This shows that no fixed finite even order removes every obstruction. For
s > 1and D € 5, use the cluster of A® at A°. The function x — x° is strictly increasing on [0, ©), so
its eigenspace is E,. The principal symbol of A* + tD is |£]** + to,5(D)(x, £). Boundedness of o5(D)
on the compact unit cosphere makes it positive for sufficiently small |¢|. This formally self-adjoint
elliptic family has fixed domain H?®, and its cluster derivative is PyDP;. No perturbation changing
differential order at the Laplacian is asserted to have a fixed domain.

A.3. Second variations at the eigenvalue five. Let £ € A* satisfy |f| > 2/, and put fi(x) = cos(¢- x).
This function is well-defined on R?/A. If |k|* = A, then |k + £ > |f| — |k| > VA. Thus multiplication
by f; sends each shell exponential into the orthogonal complement of E;, and PMg,P = 0. For the
conformal curve (1 + tf;)g, put q.(£) = (Ca, D*L(0)| f;, f¢]). The dimension-two second variation
gives

1
a : A.
a0 = = Za] <|f|2+zk ¢ |{’|2—2kj-t’> (4.8)

For the normalized exponential e, = Vol(T?)~'/2¢ik,

Mper = 5(exre + ex—p), (M;,RMy ey, ex) = Z

e==+1

|k + et’|2
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The same sum is obtained for —k. The scalar block a;I, is unchanged on complexifying the corre-
sponding sine-cosine plane. Its trace contribution is therefore twice this diagonal entry times a;. In
dimension two, Af’ = By = 0. Since PMy,P = 0, equation (5.16) gives the uncontracted identity

D*L(O)[fe, fi] = —2A*U*M},RMyU.

Its contraction with any C, gives (A.8); no additional condition on the weights a; is required. All
denominators are positive because |¢ > 2 /2.
For the shell in Example 4.2, with a = (1, 1, —1, —1), the second moment is zero and the fourth is

4
3 aj(k;- £) = 485 E(E — E). (A.9)
j=1
Equation (A.8) gives
845 845
WG =10 @G -D)=-0. (A.10)

For example the bracketed sum for (5, 1) is

1 1 1 1 1 1 1
—+—+
40 12 44 8 32 20 48 4

and multiplication by —25 gives the first value.
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