HOMOCYCLIC JACOBIANS OF PLANAR BICONNECTED GRAPHS

ANASS NIFA

ABSTRACT. Forevery r > 1, we construct a simple planar biconnected graph with 2r + 2 vertices, 4r +1
edges, maximum degree at most four, and Jacobian (Z/8Z)". This disproves the bounded-multiplicity
conjecture of Gaudet, Jensen, Ranganathan, Wawrykow and Weisman. We give explicit generators and
compute the monodromy pairing: its matrix is B, /8 modulo Z, where B, is tridiagonal with diagonal
4,...,4,5 and adjacent entries —1. For every finite tree T with at least two vertices and every integer
m > 2, we also prove
exp Jac(T[K,]) = m* lemyeyry deg(v).

For paths with at least three vertices, these products have vertex connectivity m and exponent 2m?.
They disprove the bounded-exponent finiteness conjecture attributed to Baker and Shokrieh, including
its analogue for connected regular matroids.

1. INTRODUCTION

The Jacobian of a finite connected graph is a finite abelian group with a canonical nondegenerate
symmetric pairing into Q/Z. Its order is the number of spanning trees. Its exponent is the least
positive integer annihilating the group. We use the divisor and Laplacian descriptions of this group;
see [1, 3, 2, 9], and [13, Theorem 3.4 and Proposition 3.7] for the pairing. The terms critical group and
sandpile group denote the same finite abelian group.

If parallel edges are allowed, every finite abelian group occurs as a graph Jacobian. Indeed, a cycle
of length a > 2 has Jacobian Z/aZ, and

k
Jac(Gy Vv Gi) = EP Jac(G):;
i=1
see [5, Section 2.3]. Here the cycle of length two has two parallel edges, and Vv identifies one chosen
vertex in each graph. The trivial group is the Jacobian of a tree. If k > 2 and each G; has at least two
vertices, deleting the identified vertex disconnects the wedge. In this paper, a graph is biconnected if
it has at least three vertices and deletion of any one vertex leaves a connected graph.
Gaudet, Jensen, Ranganathan, Wawrykow and Weisman conjectured that, for each a > 2, there is
an integer b, such that no biconnected graph has Jacobian (Z/aZ)" with b > b, [5, arXiv version 2,
Conjecture 36]. A group (Z/aZ)" is called homocyclic. We construct such graphs for a = 8 and every
b > 1, subject also to simplicity, planarity and a degree bound of four.
Lheem, Li, Quines and Zhang attribute to Baker and Shokrieh the conjecture

#{[G] : G is biconnected, exp Jac(G) < b} < (b >1), (1.1)

where [ G] denotes the isomorphism class. They prove the cases b = 2,3 and state the corresponding
conjecture for connected regular matroids [8, Conjectures 1.1-1.2 and Section 3.1]. Conjecture
numbers refer throughout to the specified revised arXiv versions. The examples below contradict
both finiteness assertions at exponent eight.

All graphs considered from now on are finite, undirected and simple. Let T = (V, E) be a tree,
n=|V| >2,and §, = deg;(v). For an integer m > 2, define

V(Gu(T)) =V x{1,...,m}, (v,a) ~(w,b) < {v,w}€E. (1.2)
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Thus G,,(T) = T[K,,], where K,, is the edgeless graph on m vertices. Write V, = {v} x {1,...,m} for
the layer over v. Then

[V(Gm(T))| = mn, [E(Gn(T))| = m*(n — 1), degg, (), a) = mé,. (1.3)

A path in T gives a path through any prescribed vertices in its successive layers. Distinct vertices in
one layer are joined by a path of length two through a neighbouring layer. Such a layer exists since
n > 2. Hence G,,(T) is connected. We write k(G) for the least cardinality of a set of vertices whose
deletion disconnects G or leaves at most one vertex.

Let P; be the path on {1, ..., t} and put G, = G,,(P;). For ¢t > 2, write a; = (i, 1), b; = (i, 2) and set

H;, = Gg’t + {al, bl}, D; = €4 —€q,, (1 i< t). (1.4)

Here e, denotes the divisor with coefficient one at v and zero elsewhere. For r > 1, define the
symmetric matrix B, by

4, i=j<r,
5, i=j=r,
B,);i = 1.5
CEVES N (15)
0, otherwise.

In particular, By = (5).

Theorem 1.1. For every t > 2, the graph H; is simple, planar and biconnected. It has 2t vertices, 4t — 3
edges and maximum degree at most four. The homomorphism

t—1

(Z/82)'" — Jac(H), (&) — ), a[Dil. (1.6)
i=1
is an isomorphism. In these generators, the monodromy pairing is
(Bi—_1)ij

(DLIDj]) = =2 (mod Z). (1.7)

Theorem 1.2. For every tree T with n > 2 vertices and every integer m > 2,
exp Jac(Gn(T)) = m* lemyey 1) O, (18)
| Jac(Gu(T)| = m™ 2 TT o7, (1.9)

veV(T)

kK(Gn(T)) = m. (1.10)

Corollary 1.3. For each fixed m > 2, the graphs Gy, ;, t > 3, are pairwise nonisomorphic, m-connected
and bipartite, and

exp Jac(Gp) = 2m?, | Jac(Gt)| = mmt—2m=1)(t=2) (1.11)
For m = 2, they are planar and have maximum degree four.

1.1. Earlier results. The construction G[K;] is the double graph of Munarini, Perelli Cippo, Scagliola
and Zagaglia Salvi [11]. For general m, the Laplacian spectral formula is stated in [12, Theorem 4.1],
where it is attributed to Marino-Zagaglia Salvi [10]. In particular, (1.9) is the tree case of [10,
Theorem 20]; we include its spectral proof for completeness. When T = P,, the product is K, m,
included among the complete multipartite graphs treated in [7].

Dong, Guo and Jiang [4] study graphs with independent parts of sizes ny,..., n; and all edges
between consecutive parts. Their graph for n; = --- = n; = mis Gy, +. Their Proposition 2.1 gives an
integral reduction of the Laplacian; they determine the critical groups for two through six parts. The
present results concern the exponent for every underlying tree and the group with pairing of H; for
every t > 2. The latter graph does not belong to that bipartite family, since ay, by, a; form a triangle.
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For odd u, let (u/8) denote the pairing (x, y) — uxy/8 (mod Z) on Z/8Z. Corollary 6.5 identifies
the pairing of H,4; with

(5/8>l[r/21 n <7/8>llr/2J‘

The two cyclic forms are Cs and Bs in [5, Section 2.4]. This is a realization of the specified orthogonal
sums, not a classification of pairings on homocyclic groups. For r = 1, the graph is H, = K ;2.

1.2. Organization. Section 2 gives the potential criterion for orders of divisor classes. The proofs
of (1.8), (1.10) and (1.9) are in Sections 3, 4 and 5, respectively. Sections 4 and 5 prove Corollary 1.3.
Section 6 proves Theorem 1.1 directly from the inverse Laplacian and the pairing on the divisors
D;; Section 7 gives the matroid consequences. Appendix A contains the Smith normal form and
matrix-tree arguments. Appendix B gives a second determination of Jac(H;) by reduction modulo
two. Appendix B is not used in the proof of Theorem 1.1.

2. DIVISORS AND RATIONAL POTENTIALS

Let G = (V,E) be connected, with N = |V| > 2. Set

Div'(G)={DeZ" : ¥, D, =0}, Jac(G) = Div(G)/LsZ", (2.1)
where
(Lex)y = degg(0)x, — ), xuy. (2.2)

Vectors in LgZ" are called principal divisors. A rational potential of D is a vector x € Q" such that
Lgx = D. The symmetry and zero row sums of Lg, together with

x'Lox = Z (%, — xw)* (x €RY), (2.3)
{v,w}€E
give
kerg Lg = Q1, LsQ" ={DeQV : Y, D, =0} (2.4)

Indeed, equality to zero in (2.3) implies equality of the coordinates on each edge, hence on V. The
image has dimension N — 1 and is contained in the displayed hyperplane, which has the same
dimension.

Lemma 2.1. Delete row and column o € V from Lg, obtaining L,. Then L, is positive definite and

Jac(G) = ZVM /L, 2V N, | Jac(G)| = det L,,. (2.5)

Proof. For y € RV} extend y to x by x, = 0. Then y"L,y = x"Lgx > 0; equality implies x € R1
and x, = 0, hence y = 0. Restriction p : Div’(G) — Z" ™M is an isomorphism, with

=@z (V== W

VF0

For v # o, p(Lge,) = Loe,, and p(Lge,) = — Y., Lo€y. Thus p(LgZY) = L,Z"N%}. The order
formula follows from Lemma A.1, since det L, > 0. O

Lemma 2.2. The matrices L and diag(L,, 0) are integrally congruent. In particular, L and L, have the

same rank over every field.

Proof. Place o last and let 1 € ZN~!. The zero row sums give
Lo Lo L
¢ \-1"L, 17L,1)°

For S = II\B_I 1), one has det S = 1 and STLgS = diag(L,, 0). The matrix S is invertible over every

field. O
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Lemma 2.3. Let D € Div’(G) and Lgx = D, with x € Q" For every positive integer q,

q[D] =0 < q(x, —xw) €Z forallv,weV. (2.6)
In particular, gx € ZV implies g[D] = 0.
Proof. If gD = Lgy with y € Z", then gqx — y € kerg Lg = Q1. Hence q(x, — x,,) = ¥» — yw € Z.
Conversely, fix 0 € V and put y = q(x — x,1). The assumed differences imply y € ZV, and
Ley = qD. (]
Corollary 2.4. The exponent of Jac(G) is the least positive integer q such that gL, is integral. Equiva-

lently, it is the least common multiple of the reduced denominators of the entries of L.

Proof. The divisors e, — e,, v # o, form a basis of Div’(G). Their potentials with coordinate zero
at o are the columns of L, extended by zero. Apply Lemma 2.3 to these basis divisors. We use
denominator one for a zero entry. (]

Lemma 2.5. For D, E € Div’(G) and Lgxg = E, the formula

([DL,[E]) =D"xg (mod Z) (2.7)
defines a nondegenerate symmetric bilinear pairing on Jac(G).
Proof. Changing xg by a constant does not change D"xg. For y,z € ZV, replacing D by D + Lgy
changes its value by y'E € Z, and replacing E by E + Lsz changes it by D"z € Z. The formula is

therefore well defined. The sum of two potentials is a potential of the sum, which proves bilinearity.
If Lgxp = D, symmetry follows from

DTxE = xBLGxE = ETxD.

Suppose [D] pairs to zero with every class. Normalize xp , = 0. Pairing with e, — e, gives xp, € Z
for every v # 0. Thus D = Lgxp is principal. The induced map to Hom(Jac(G), Q/Z) is injective. It
is an isomorphism: by Lemma A.1 the two groups have the same order, since Hom(Z/sZ, Q/Z) has
exactly s elements. ]

The sign in (2.7) is the positive-Laplacian convention of [13].
Lemma 2.6. Let g > 1, let C € Maty(Z) be nonsingular, and put A = 79/CZ1. If8A = 0, then
A=(Z/22)" & (Z/4Z)" & (Z/8Z)° (2.8)

for nonnegative integers a, b, ¢, with

a+ b+ c= q-— rankg,(C mod 2), |det C| = 2¢+2b+3¢, (2.9)
Proof. The invariant factors in Lemma A.1 divide eight, hence belong to {1, 2,4, 8}. Let a, b, c be the
multiplicities of 2, 4, 8, respectively. Then a + b + ¢ is the dimension of

AJ2A =79/(CZ% +27%) = F{/(C mod 2)F;.

The order of A is 2¢+26+3¢ = | det C|. O
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3. EXPONENTS OF TREE PRODUCTS

Lemma 3.1. Let T be a nonempty finite tree and s € Z'D satisfy Y, s, = 0. There exists z € Z"(D
with Ltz = s.

Proof. Root T at o. For v # o, let p(v) be its parent, let T, be the component of T — {vp(v)} containing
v,and put S, = 3 cy(r,) Sw- If 0 = 09,01, ..., vx = v is the unique path from o to v, set

k
zZ, =0, Z, = Z S;- (3.1)
j=1

Then z,~z,(,) = S,. Let Ch(v) denote the children of v. The disjoint union V(T,) = {v}u[_|,,ecn) V(Tw)
gives

(Ltz), =S, — Z Sw=3s (©=*o0). (3.2)
weCh(v)
At the root, (LT2)o = — X yech(o) Sw = — Dpzo v = So- This also covers the one-vertex tree. g

For G,(T), the Laplacian is

m
(LGm(T)x)U,a = mcsvxv,a - Z Z Xw,b- (3-3)

w~v b=1
All §, are positive, since T is connected and n > 2.
Lemma 3.2. Let D € Div?(G,(T)), set s, = Y., Dy.q, and choose an integral solution of LTz = s. Then

2 mD, . — s, (3.4)
m2 m$, '

is a rational potential of D.

Proof. The vector s has total sum zero, so Lemma 3.1 applies. Since )., (mD,, — s,) = 0, one has
>a Xo.a = zy/m. Therefore

vz S 1
(LGm(T)x)U,a = Dy — L — Zw
m m
wW~0
L
= Dya+ (L12)y — S -D,,
m
O
Proof of (1.8). Put dr = lem, 8, and E = m?dr. For every D and its potential (3.4),
dr
Ex, o, =drz, + 5—(mDv,a —5,) €Z. (3.5)
v
Hence ED = Lg, (1)(Ex) is principal, and
exp Jac(Gn(T)) | m*dr. (3.6)

Assume n > 3. Let w satisfy §,, > 2, choose a neighbour u of w, and let U be the component of
T — {uw} containing u. For z = 1y, the only edge with unequal endpoint values is uw; thus

Lrz=e,—e,.
Take D = e(,1) — €(,,1) in Lemma 3.2. Since z,, = 0, s,, = —1 and D,,» = 0, one obtains

1

—. 3.
<y (3.7)

Xw,2 =
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Choose w' ~ w with w” # u. The vertices w, w’ belong to the same component of T — {uw}. Hence
z,s =0;also D,y , = s,» = 0, so x,,,; = 0. By Lemma 2.3,

q
m26,,

qlD]=0 = €Z.
Thus m?§,, divides exp Jac(G(T)) for every nonleaf w. There is at least one nonleaf, since 2(n—1) > n.
Leaf degrees are one, and consequently m?dr | exp Jac(G,(T)).

For n = 2, write V(T) = {u, w}. Take z, = 1, z,, = 0 and D = e(, 1) — €(,,1). Formula (3.4) gives
xu2 = 0 and x,,» = 1/m? Lemma 2.3 implies m? | exp Jac(G,,(T)). Since dr = 1, this and (3.6) finish
the proof. O

Corollary 3.3. If every vertex of T has degree at most an integer A > 1, then
exp Jac(Gm(T)) | m*lem(1, ..., A).

Proof. Each §, divides lem(1, ..., A). Apply (1.8). O

4. VERTEX CONNECTIVITY AND PLANARITY

Proposition 4.1. For every T and m in Theorem 1.2, k(G (T)) = m.

Proof. Let S C V(Gp(T)) satisty |S| < m. Then V, \ S # @ for every v. For vertices in distinct layers,
choose the unique path between the corresponding vertices of T and a vertex outside S in every
intermediate layer. Formula (1.2) gives a path in G,,(T) — S. Distinct vertices in one layer are joined
through a vertex outside S in a neighbouring layer. Thus G,,(T) — S is connected and has at least
mn—(m—1) =m(n—1)+ 1> 1 vertices. Hence x(G,,(T)) > m. If v is a leaf with neighbour w,
deletion of V,, leaves the m > 2 vertices of V, isolated. Thus x(G,,(T)) < |V,,| = m. O

Lemma 4.2. Let a finite graph be embedded in S?, and let F be a face with a homeomorphismh : D — F
satisfying h(D) = F, where D is the open unit disk. Let a, b be distinct vertices in h(dD). The embedding
extends after adjoining two vertices ¢, d and the edges ac, bc, ad, bd. The extended embedding has a face
F’ bounded by a, c, b, d, a, with

(F’,F") = (D,D).

Proof. Choose a circle homeomorphism 1 taking (—1,0), (1,0) to h~!(a), h~1(b), respectively. Such
a map is obtained by choosing a homeomorphism on each of the two complementary closed arcs
with these endpoint values. Its radial extension r{ — ri/({) is a homeomorphism of D, with inverse
r{ = ryy~1({). After composition, assume h(—1,0) = a and h(1,0) = b. Define

y:(s) = (2s—1, £s(1 —s)), 0<s<1. (4.1)
Each arc is injective, and their interiors are disjoint. For 0 < s < 1, put u = s(1 — s) € (0,1/4]. Then
lys(s)? =1 —4u + u? < 1. Adjoin ¢ = h(y,(1/2)), d = h(y_(1/2)) and the four half-arcs as the new
edges. Their interiors lie in F and hence are disjoint from the original graph.

Put

K={(xy): -1<x<1, |yl <1 -x%/4.

The map

f:D—K, f(u,v) = (u,ix/l—uzv) (4.2)

is continuous and bijective. For |u| < 1, its inverse has second coordinate 4y/+/1 — u?; at u = +1, both
domain and image have only second coordinate zero. Compactness makes f a homeomorphism. The
strict disk inequality gives f(D) = K°. The set F/ = h(K") is connected and open in the complement
of the extended graph, while F/ \ F’ = h(dK) belongs to that graph. Thus F” is also relatively closed in
the complement and is a connected component, hence a face. Its boundary is the indicated four-cycle,
and h o f is the required homeomorphism of pairs. ]
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Proposition 4.3. For every t > 2, the graphs G, and H; are planar. Each admits an embedding with a
face as in Lemma 4.2 whose boundary contains a;, b;.

Proof. Embed G, as the quadrilateral ay, ay, b1, by, a;. Either complementary face satisfies the asser-
tion. For H,, embed the diagonal a; by in one of those faces; the other still satisfies the assertion for
az, by. Assume an embedding with the stated face has been constructed for ¢. Apply Lemma 4.2 with
a=a;, b=>bs c=asm and d = by The added edges are exactly the four edges between layers ¢
and t + 1. The new face satisfies the same hypothesis with boundary vertices a;;1, b;+1. Induction
proves both assertions. g

Graph properties and exponent in Corollary 1.3. For t > 3, the degrees of P; are 1,1 and t — 2 occur-
rences of 2. Formula (1.8) gives exponent 2m?. Proposition 4.1 gives connectivity m. The unions of
the odd layers and of the even layers form a bipartition. The vertex count mt is strictly increasing in
t. There are 2m vertices of degree m and m(t — 2) of degree 2m. For m = 2, the maximum degree is
four, and Proposition 4.3 gives planarity. The order formula is proved in Section 5. O

Corollary 4.4. There are infinitely many pairwise nonisomorphic simple planar bipartite biconnected
graphs of maximum degree four and Jacobian exponent eight. Thus (1.1) is false for b = 8. For every
fixed m > 2, there are infinitely many pairwise nonisomorphic simple m-connected graphs of exponent
2m?.

Proof. Take Gg;, t > 3, in the first assertion, and G, ; in the second. The preceding proof establishes
all the properties used. 0

For the first family, a divisor of order eight is D = e(; ;) — €(21). In fact, on Gy, t > 3, set

(x1,1, x12) = (1/2,0), (22,1, x22) = (—=1/8,1/8), Xig=0 (i>3).

Formula (3.3) gives (Lx);1 = 1, (Lx)12 = 0, (Lx)21 = —1 and (Lx)z2 = 0. All remaining coordinates
vanish, since the sum on layer two is zero. Moreover, 8x is integral and x;, — x3; = 1/8. Lemma 2.3
proves the assertion.

5. ORDERS AND INVARIANT FACTORS

Proof of (1.9). Let U be the space of real functions constant on each layer, and let W, be the space of
functions supported on V, with sum zero. Then

RV =v1 (P w,, dimU=n dimW,=m-1. (5.1)
veV(T)

For x,, = y,, formula (3.3) gives (Lx),, = m(L7ty),. For x € W,, it gives Lx = md,x. Thus the
summands are invariant; the nonzero spectrum is the nonzero spectrum of mLr, together with md,
repeated m — 1 times for each v. Since 7(T) = 1, Lemma A.2 gives [[/=' 2;(T) = n and therefore

mn—l n 3 3 3
| Jac(Gu(T)| = == [ [(m&yy" "t = m™ 2 [T 87" (5.2)
v v
For T = P,, this is m™22m~D(=2)_ completing the proof of Corollary 1.3. O

Remark 5.1. The splitting (5.1) is over R, not over Z. In one layer,
Z1+{z€Z" : Y, 2,=0}={z€Z" : Yy, z,=0 (mod m)}.

The inclusion from left to right follows by summing coordinates. For the reverse inclusion subtract
(X, za/m)1. The lattice has index m, since the sum map Z™ — Z/mZ. is surjective. Thus the real
splitting does not induce an integral direct-sum decomposition of the Jacobian.

Proposition 5.2. For even t > 4,

Jac(Gyy) = 2./47. & (Z./87)' 2. (5.3)
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Proof. Let L = Lg,,, let Ap, be the adjacency matrix of the path and let J; be the all-one matrix of size
two. All vertex degrees are even, so

Lmod 2= Ap, ® J5. (5.4)

Over Z, put a; = det Ap,, with ay = 1 and a; = 0. Expansion along the last row and then the last
column of the minor gives a; = —a;_; for t > 2. For even t, a; = (—1)t/2, so Ap, is invertible modulo

two. Over FF»,
1 0 1 1 .
<1 1)]2 (O 1) = diag(1,0). (5.5)

Taking Kronecker products with I; and permuting coordinates transforms (5.4) into diag(Ap,,0;).
Lemma 2.2 therefore gives

rankg, (L, mod 2) = t, dimg,(Jac(Gar)/2 Jac(Gayp)) = t — 1.
By (1.11), the exponent is eight and the order is 23'~*. In the notation of Lemma 2.6,
a+b+c=t-1, a+2b+3c=3t-4.

Subtracting the second equality from three times the first gives 2a + b = 1. Nonnegativity implies
a=0,b=1landc=1t-2. O

6. HOMOCYCLIC JACOBIANS AND THEIR PAIRINGS

The next identity is a specialization of the Sherman—Morrison formula; see [6].

Lemma 6.1. Let u,v be distinct nonadjacent vertices of a connected graph G with the same neighbour
set, of cardinality d. Put G* = G + {u,v}. Choose o ¢ {u,v}, and let A, A* be the reduced Laplacians at
0. With b = e, — e, in the reduced coordinates,

(aryt=an o bb 6.1
B d(d +2) )
det A* = % det A. 6.2)
Consequently,
exp Jac(G") | lem(exp Jac(G), d(d + 2)). (6.3)

Proof. Connectedness implies d > 1, so G has a vertex outside {u, v}. The equal neighbour sets give
Ls(e, —e,) = d(e, —e,). Since o ¢ {u,v},

Ab = db, Ao =b/d, b'h =2, AT =A+bb".

Symmetry gives bTA™! = b"/d, whence

bbT >—1+ bbT  (d+2)bbT

(A+bb7) (A_l - d(d +2) d d(d +2)

For column vectors x, y, multilinearity of the determinant gives det(I + xy") = 1 + y"x: terms with
two columns proportional to x vanish, and the term using y;x only in column j equals y;x;. It follows
that

det A" =det A(1+bTA'b) = det A(1 + 2/4d).
Multiplication of (6.1) by lem(exp Jac(G), d(d + 2)) gives an integral matrix. Apply Corollary 2.4. [

Lemma 6.2. The graph H;, t > 2, is simple, planar and biconnected, with 2t vertices, 4t — 3 edges and
maximum degree at most four.
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Proof. Its edges are the 4(t — 1) edges between consecutive layers and the additional edge a; b;. No
edge occurs twice and no edge is a loop. The first-layer degrees are three, the last-layer degrees are
two, and every interior-layer degree is four. The graph contains the spanning biconnected graph
Gy,+ by Proposition 4.1. Deleting a vertex therefore leaves a connected graph. Proposition 4.3 gives
planarity. U

Lemma 6.3. Let A;, C; be the reduced Laplacians of G, H; at by, and let b = e,, — ey, in the reduced
coordinates. Then

C;l=A" - 1bbT, 8C; ! € Maty;_1(Z), det C; = 81, (6.4)

Proof. In G, the vertices ay, b; are nonadjacent, have the same two neighbours, and differ from
b; because t > 2. Lemma 6.1 gives the inverse identity and det C; = 2det A;. Theorem 1.2 gives
exponent eight for ¢ > 3 and four for ¢ = 2. Thus 8A4; " is integral in both cases, by Corollary 2.4. The
same theorem gives det A, = 23~ for every t > 2. The three conclusions follow. g

Lemma 6.4. For D; in (1.4),

DD = P (amod 7). 69

Proof. Write s = e —e;y € Z for the layer sums of D;. On P;, put Z0 = 1,3 Then LptZ(j) = 5O
and

( S(i))T ) = Sij.
Here §;; is the Kronecker delta, whereas 6, = degPt(v). Let d; be D; with its coordinate at b; omitted;

that coordinate is zero. In Lemma 3.2, the g,-coordinate of a potential for D; is zsj ) /4 + sl(,j ) /(45,).
Subtracting its coordinate at b; does not change its pairing with D;, since D; has total sum zero. Hence

t D
dTA N =1+ 1)

v=1 Sy
Since d' b = &1, Lemma 6.3 gives
t D
- ;s
d;rCtldj:%cSij—k%Z U(SU _%5i15j1- (66)
v=1 v

Put r =t — 1. If |i — j| > 2, the supports in the sum are disjoint and both Kronecker terms vanish.
If j =i+ 1, the only common layer is i + 1, an interior vertex of P;, with product of coefficients —1.
Thus the entry is —1/8; symmetry covers i = j + 1. For i = j, formula (6.6) gives

5/8, r=1,

1
+ + — =01 =144/8, r>2i<r, 6.7
4 45 46, 8 ! / = (6.7)

5/8, r>2,i=r.

1 1 1

For r = 1, both degrees are one. For r > 2, the case i = 1 has degrees 1,2 and the subtraction 1/8;
the indices 1 < i < r have degrees 2, 2 and no subtraction; the index i = r has degrees 2,1 and no
subtraction. These cases exhaust the entries of B,. O

Proof of Theorem 1.1. Lemma 6.2 proves the graph assertions. Lemma 6.3 and Corollary 2.4 show that
8 Jac(H;) = 0, so (1.6) is well defined. Put r = t — 1 and b, = det B,, with by = 1. Expansion along the
first row gives

b, =5, b, =db,_; — by (r>2). (6.8)
Modulo two, b, = b,_y; hence all b, are odd. The adjugate identity implies B, € GL.(Z/8Z). If
Y. cilD;] = 0, pairing with each [D;] and applying Lemma 6.4 gives B¢ = 0 modulo eight. Thus
¢ = 0, proving injectivity of (1.6). Its domain and codomain both have order 8", by Lemmas 2.1 and
6.3; it is therefore surjective. Lemma 6.4 proves the pairing formula. g
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Corollary 6.5. As a finite abelian group with pairing,
Jac(Hy) = (5/8) D721 | (7/8)H=D/2, (6.9)

Proof. Put r = t — 1. If r = 1, then B; = (5) and the assertion follows. Assume r > 2 and work
over R = 7Z./87.. For a symmetric matrix Q = (g Z) with u € R*, set P = <—uIlcT (1)) Direct

multiplication gives

0 . (6.10)

-1,..T
detP=1 PTQP= (A_ uoce O) .
For B,, the last diagonal entry is five and ¢ = (0,...,0, —1)T". Since 57! = 5 in R, the last diagonal
entry of the remaining block becomes 4 — 5 = 7. All its other entries are unchanged. Inductively,
the remaining block is tridiagonal with adjacent entries —1, all diagonal entries but the last equal to
four, and last entry u € {5, 7}. Since u™! = u, the next last entry is 4 — u, which interchanges five and
seven. For a block of size one no further operation is needed. Extending each matrix P by the identity
on the previously separated coordinates yields an invertible congruence. There are [r/2] diagonal
entries five and |r/2] diagonal entries seven, counted from the last coordinate. Apply Theorem 1.1

withr =1t —1. O

Corollary 6.6. For every r > 1, there exists a simple planar biconnected graph with 2r + 2 vertices,
4r + 1 edges, maximum degree at most four, and Jacobian (Z./8Z)". In particular, 5, arXiv version 2,
Conjecture 36] is false.

Proof. The graph H,.1 has the stated properties by Theorem 1.1. A proposed bound bs is contradicted
by any integer r > bs. ]

7. CONNECTED REGULAR MATROIDS

The cycle matroid M(G) has ground set E(G), independent sets the forests, and circuits the simple
cycles. A matroid is connected if no partition of its ground set into two nonempty parts has every
circuit contained in one part. It is regular if it is representable over every field. Choose an orientation
of G, and let B : ZE(© — 7V(%) have column e, — e,, for an edge directed from w to v. Then

L = BB'. (7.1)

Lemma 7.1. The incidence matrix B represents M(G) over every field and is totally unimodular.

Proof. The columns on a cycle have a relation with coefficients 1 or —1, obtained by traversing the
cycle. These coefficients remain nonzero in every field. If a nonempty set of edges is a forest, a leaf
row contains exactly one nonzero coefficient among its columns. In any linear relation that column
therefore has coefficient zero. Deleting it and inducting on the number of edges proves independence.
The empty set is independent.

Let C be a square submatrix of B. Each column of C has at most two nonzero entries. A zero
column gives determinant zero. A column with one entry +1 reduces the determinant, by expansion,
to + a smaller minor. If every column has two nonzero entries, they are 1, —1, so the sum of the rows
is zero. Induction, with empty determinant one, gives det C € {0, 1, —1}. O

For connected G, define its integral cycle and cut lattices by
C =ker(B : Z%© - zV(©) ~ B=BT7"©O, (7.2)
Then
B = img(B") n ZF©, (7.3)

Indeed, if BT x is integral, every edge difference of x is integral. Summing differences along a path
from o to v gives x, — x, € Z. Hence B'x = B"(x — x,1) € B. The other inclusion follows from the
definition.
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Lemma 7.2. The incidence map induces an isomorphism

759 /(C + B) — Div’(G)/LcZ"© = Jac(G). (7.4)

Proof. One has BC = 0 and B3 = BBTZ"(® = L;Z"V(®). The map is therefore well defined. For every
v, a signed sum of the oriented edges on a path from o to v has incidence e, — e,. These differences
generate Div’(G), proving surjectivity. If Bx = Lsz with x, z integral, then B(x — B"z) = 0. Thus
x € C + B, which proves injectivity. g

If an orientation is changed, there is a diagonal sign matrix S with B’ = BS. Since S? = I, the new
lattices are SC, SB, and B’(Sx) = Bx. Thus (7.4) commutes with changes of orientation. Its domain is
the cycle-cut presentation of the regular-matroid Jacobian in [8, Section 2 and Appendix A].

Lemma 7.3. For every T,m in Theorem 1.2, M(G,,(T)) is connected.

Proof. Let Ey, be the set of the m? edges between V,, V, for uv € E(T). Any two distinct edges of E,,
lie on a four-cycle. For disjoint endpoints, use those four endpoints. For a common endpoint in one
part, choose another vertex of that part, which exists since m > 2, and use the two distinct endpoints
in the other part.

Suppose a partition E(G,(T)) = E; U E, has every circuit contained in one part. The preceding
four-cycles imply that each E,, is contained in one part. If uv,vw € E(T) are distinct, choose distinct
a,beV,ceV,and d e V,. The cycle c, a, d, b, c meets both E,, and E,,,, so these sets must belong
to the same part. Every two edges of a connected tree are joined by a sequence of edges in which
consecutive edges share a vertex. All the sets E,, consequently belong to one part, and the other
part is empty. If T has one edge, the first paragraph already gives the same conclusion. This is the
definition of connectedness. 0

Corollary 7.4. There are infinitely many pairwise nonisomorphic connected regular matroids with
Jacobian exponent eight. Consequently, [8, Conjecture 1.2] is false.

Proof. Take M(G,;), t > 3. Lemmas 7.1, 7.2 and 7.3 give regularity, the equality of Jacobians and
connectedness. The exponent is eight by (1.11). The ground-set cardinalities 4(¢ — 1) are distinct, so
the matroids are pairwise nonisomorphic. g

Corollary 7.5. For every r > 1, there exists a connected regular matroid on 4r + 1 elements with Jacobian
(Zz/3Z).

Proof. Take M(H,41). It is regular by Lemma 7.1. In a partition with every circuit contained in one
part, the edges of G ,11 belong to a single part by Lemma 7.3. The added edge belongs to the triangle
ai, by, a, ay, so it is in that part as well. Thus M(H, 1) is connected. Its ground set has 4r + 1 elements
by Lemma 6.2, and Lemma 7.2 and Theorem 1.1 give the group. g

APPENDIX A. INTEGRAL MATRICES AND SPANNING TREES

Lemma A.1. Let C € Maty(Z) be nonsingular, with ¢ > 1. There exist U,V € GLy(Z) and positive
integers sy | sp | - | s4 such that

UCV = diag(s, ..., Sq)- (A1)

Consequently,

q
z1/Cc20 =P z/s7,  121/CZ = |detC|. (A.2)
i=1
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Proof. For q = 1, a sign change proves the assertion. Assume g > 2. Among the nonzero entries of
matrices integrally equivalent to C, choose one with least positive absolute value a. Row and column
permutations and a sign change place a at (1, 1). Euclidean division shows that a divides every entry
in its column: otherwise a row subtraction produces a nonzero remainder strictly between zero and a.
Subtract multiples of row one to annihilate that column below a. The same argument for row one,
using column operations, gives diag(a, C’). If an entry ¢ of C’ were not divisible by a, adding its
row to the first row and subtracting a multiple of column one from its column would again produce
a nonzero remainder less than a. Thus every entry of C’ is divisible by a. Nonsingularity gives
det C’ # 0. Induction diagonalizes C’ with successive positive divisors; its entries remain divisible by
a under integral operations. This proves (A.1). Left multiplication by U induces an isomorphism of
cokernels, and VZ1 = Z4. The cokernel of the diagonal matrix is the stated direct sum, whose order
is[]; si = |detCl. O

Lemma A.2. Let G be connected with N > 2 vertices, and let Ay, ..., AN_1 be its nonzero Laplacian
eigenvalues. If (G) denotes the number of spanning trees, then

1 N-1
Jac(G) = 2(6) = - [ [ & (A3)
i=1

Proof. Let B, be the incidence matrix with row o omitted, and set ¢ = N — 1. Since L, = B, B/, the
Cauchy-Binet identity gives
detLo= ), det(B,r)". (A.4)
FCE(G)
|[FI=N-1

For a q x|E(G)| matrix X, write X, for its column indexed by e. For completeness, multilinearity gives

q
det(xxN = ) (ij,e]) det(Xe,, ..., Xe,)-

(e1meq)EB(G)T \ j=1

Repeated indices give zero. Grouping the ¢! orders of each g-element subset gives the square of its
determinant by the permutation formula. This proves (A.4).

If F contains a cycle, its columns are dependent, so the corresponding minor vanishes. A forest on
N vertices with ¢ components has N — ¢ edges, by successive deletion of leaves in each nontrivial
component. Thus a forest with N — 1 edges is a spanning tree. For a tree, choose a leaf different
from o and expand along its row; the only entry is 1 or —1. Such a leaf exists when N > 2, since
the endpoints of a longest simple path are distinct leaves. Induction reduces the minor to the empty
determinant one. Its square is therefore one. Consequently det L, = 7(G), and Lemma 2.1 gives the
first equality in (A.3).

The coefficient of z in det(zI + Lg) is the sum of the N principal minors of size N — 1, hence
N17(G). The spectral theorem and (2.3) give det(zI + Lg) = z Hfi}l(z + A;). Its coefficient of z is
11, 4, proving the second equality. O

APPENDIX B. A SECOND COMPUTATION OF THE INVARIANT FACTORS
Proposition B.1. For every t > 2, Jac(H;) = (Z/8Z)"*.
Proof. This proof uses Lemma 6.3, not the generators or the pairing computation. Let R; be the

tridiagonal matrix over F, with first diagonal entry one, all other diagonal entries zero, and both
adjacent diagonals one. The full Laplacian satisfies

LH; mod 2 = Rt ®]2

Indeed, its first diagonal layer block is J, all other diagonal blocks are zero, and each adjacent block
is . With ¢y = 1, €; = 1, expansion of the last row gives €¢; := detR; = €;_, for t > 2. Thus R; is



HOMOCYCLIC JACOBIANS 13

invertible. Formula (5.5) and Lemma 2.2 give rankp,(C; mod 2) = t. Lemma 6.3 and Corollary 2.4
show that the group is annihilated by eight and has order 8'~!. In Lemma 2.6, this yields

a+b+c=t-1, a+2b+3c=3(t—-1).
Hence 2a+ b = 0. Since a,b,c > 0,onehasa=b =0andc=1t—1. O
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