FUNDAMENTAL-GROUP EPIMORPHISMS
IN NONCOLLAPSED RICCI LIMITS

ANASS NIFA

ABSTRACT. Let ¢ : G — Q be an epimorphism of finitely presented groups. We characterize when ¢ is
induced, under fixed markings, by continuous Gromov-Hausdorff approximation maps for a sequence
of metrics on a fixed closed manifold, with a uniform lower Ricci bound, bounded diameter and a
positive lower volume bound. A realization with a compact semilocally simply connected limit exists in
some dimension if and only if ker ¢ is finitely normally generated by finite-order elements of G. Every
such epimorphism has a realization on a fixed closed oriented four-manifold with constant positive
volume, two-sided Ricci bounds and uniformly bounded L? curvature. The limit is an orbifold with
one isolated flat singularity for each nonidentity element in a chosen finite list of finite-order normal
generators of the kernel. We construct two resolutions of one orbifold whose fundamental groups
are Thompson’s group V and the trivial group, and whose scalar eigenvalues have the same limit at
each fixed index. We also give a five-dimensional nonnegative-Ricci sequence with infinite dihedral
fundamental group and simply connected limit. Finally, in every fixed dimension, under uniform lower
Ricci, diameter and volume bounds, a heat integral comparing a manifold with its universal cover
diverges exactly when the homotopy systole tends to zero.
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1. INTRODUCTION

We determine which epimorphisms of finitely presented groups arise from continuous Gromov-
Hausdorff approximation maps under a uniform lower Ricci bound, bounded diameter and noncollapse.
The groups and the homomorphism are prescribed. The approximating metrics are required to lie on
one fixed closed manifold. The criterion is algebraic: the kernel must be finitely normally generated
by elements of finite order. Every epimorphism satisfying this condition can already be realized in
dimension four, with two-sided Ricci bounds and bounded curvature energy.

Marked realizations. Foramap f : (Y,dy) — (X, dx), put
dis f = sup |dx(f(y), f(2)) — dy(y, 2)|.

v,z€Y

An p-approximation has dis f < 5 and n-dense image. A sequence f; : Y; — X is a sequence of
approximation maps if f; is an n;-approximation for some n; > 0 with ; — 0. For S C G, let {S)c
denote its normal closure in G, and put C, = Z/pZ for p > 2. The fundamental group of an orbifold
will always mean that of its underlying topological space.

A marked realization of a homomorphism ¢ : G — Q consists of a fixed manifold M, metrics
gi on M, a compact metric space X, basepoints p € M and g € X, continuous Gromov-Hausdorff
approximation maps f; : (M, g) — X, and isomorphisms

a : m(M,p) = G, p: m(X,q) = 0, ﬁ(f,-)*a_l =¢
For each i, a path ¢; from g to fi(p) is included in the data; thus

(Flyl=1lei* (fioy) * ¢l
Replacing ¢; by ¢/ conjugates this homomorphism by [¢/ * ¢;!] € m1(X, q). The markings a, f are
independent of i. Continuity of f; is part of the definition; it is not a consequence of the metric
approximation inequalities.

Theorem 1.1 (Realization criterion). Let G, Q be finitely presented groups and let ¢ : G — Q be an

epimorphism. The following conditions are equivalent.
(i) There are finitely many finite-order elements ty, ..., t; € G such that

ker ¢ = {t1,..., ts)G-

(ii) For some integer n > 2, the epimorphism has a marked realization by metrics g; on one fixed
closed smooth n-manifold M and a compact semilocally simply connected geodesic space X, with
constants D,v > 0 such that

Ricg, > —(n—1)g; diam(M, g) < D, Vol(M, g) > v. (1.1)

(iii) The epimorphism has a marked realization by metrics g; on one fixed closed oriented smooth four-
manifold M and a compact connected four-dimensional Riemannian orbifold X, with constants
D, Vy, E > 0 such that

—3g < Ricg < 3g;, Vol(M, g;) = Va, diam(M, g;) < D, (1.2)
/M IRmg dvg <E, (M, g) —> X. (1.3)

The orbifold is smooth outside finitely many isolated points and is flat near each of them.
After identity elements have been omitted from the list in (i), let p; > 2 be the exact order of t;. The
realization in (iii) can be chosen with exactly s singular points, whose round links are L(pjz,pj —1). The
constants may depend on the presentation and the chosen normal generators. The empty list is permitted
when ¢ is an isomorphism.
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The dimension in (ii) is allowed to depend on ¢. The equivalence with (iii) says that allowing
other dimensions does not enlarge the class of realizable epimorphisms. It makes no assertion about
realization in each prescribed dimension, or about constants uniform over presentations or dimensions.
The bounds in (iii) allow negative Ricci curvature.

Short loops and the necessity of the criterion. Anderson [1] studied short geodesics under lower
Ricci and noncollapse hypotheses. Sormani-Wei [10] developed covering-space methods for Gromov-
Hausdorff convergence. Pan-Wei [8, Main Theorem 1.1] proved semilocal simple connectivity of
noncollapsed Ricci limits, and Wang [13] removed the noncollapse assumption. We retain semilocal
simple connectivity as an explicit hypothesis and study the homomorphisms of the given continuous
approximation maps.

Let N,(M) be the normal subgroup generated by conjugates of rectifiable loops of length less than
r, with no length restriction on the paths used to transport their basepoints. Suppose f; : M; - X
are continuous approximation maps, where X is compact, geodesic and semilocally simply connected.
Under the bounds (1.1), Proposition 3.2 proves that, for every sufficiently small fixed r > 0,

() + m(M;) — m(X), ker(f;)« = No,(M;) for all sufficiently large i.

The identification is with the kernel of the specified map f. It uses the open-Rips quotient correspon-
dence of Virk [12, Proposition 5.6 and Theorem 5.7]; Lemma 3.1 proves the version, with its natural
discretization homomorphism, used here.

Lemma 2.2 bounds the order of the subgroup generated by short loops at one basepoint. In
particular, the normal generators of Ny, (M;) have uniformly bounded finite order. This does not make
their normal closure finite, or even a torsion group. Pan-Wei [8, Remark 7.2, p. 4059] observed this
distinction, corrected the finite-kernel assertion in [10, Theorem 1.4], and gave an infinite dihedral
kernel. Finite presentation of the target permits the extraction of finitely many torsion normal
generators; the required group-theoretic argument is Lemma 3.3.

Prescribing the homomorphism. Panov-Petrunin [9, Theorem 1.3] constructed a finitely presented
hyperbolic group I" such that every finitely presented group Q can be written

Q =T’ /{Tor(M)MHr
for some finite-index subgroup I < T, where Tor(I"”) is the set of its finite-order elements. Their
Theorem 1.6 also realizes every finitely presented group as the fundamental group of the underlying
space of a compact oriented hyperbolic four-orbifold. In these statements the source subgroup I
may vary with Q. Theorem 1.1 instead starts with a given epimorphism G — Q. Its kernel need not
contain all torsion elements of G, and the quotient map must be induced by continuous approximation
maps from smooth Ricci-bounded manifolds on one fixed underlying manifold.

For the implication (i)=(iii), we use the rational balls of Fintushel-Stern [4, Lemma 2.1] and the
Ricci-flat asymptotically locally Euclidean (ALE) metrics of Suvaina [11, Proposition 3.3]. For an
element ¢; of order p;, the relevant filling has boundary L(pjz, pj — 1) and boundary homomorphism
C = Cp,- Relative surgery constructs a compact four-manifold Z with 7,(Z) = G for which this
boundary generator maps to ¢;. The inclusion of Z into the filled manifold induces an isomorphism
on fundamental groups. The corresponding cone attachment induces the quotient by ;). For all
boundary components, the two fundamental groups are

G and G/{t,..., ts)G.

The metric on Z is fixed. On the attached pieces, the differentiated ALE estimates of Kroncke—Szab6 [7,
Definition 1.4 and Theorem 1.16] permit interpolation between a scaled Ricci-flat metric and its flat
cone, with a uniform two-sided Ricci bound. Four-dimensional scaling preserves the L? curvature
integral. The construction, including the boundary markings and continuous approximation maps, is
given in Sections 4-5.
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Examples and two resolutions of one orbifold. Put
DOOZCZ*C2=<a,b|a2=b2:1>. (14)

The next realization gives explicit metrics and curvature formulas for this kernel, with the stronger
bounds in (1.2)—(1.3).

Theorem 1.2. There exist a fixed closed oriented smooth four-manifold M, a simply connected compact
four-dimensional Riemannian orbifold X, constants D, Vy, E > 0, and smooth metrics g; on M such that

m1(M) = Do, m(X) =1, (1.5)

and (1.2)—(1.3) hold. The space X has exactly two singular points. Each has a neighbourhood isometric,
up to one common constant scaling, to a truncated flat cone over 53/<j>. There are continuous Gromov—
Hausdorff approximation maps f; : M — X. Their induced homomorphisms have infinite kernel. If
3. C M is the union of the two quotient zero sections, then M \ X is identified with the smooth locus of X;
on every compact subset of this locus the metrics converge smoothly.

Here S° is the group of unit quaternions and j acts by right multiplication. The round quotient
is isometric, without a specified orientation, to L(4, 1). Sections 6—8 give the order-two filling, its
curvature tensor and the proof.

Brena [3] constructed noncollapsed sequences of closed four-manifolds with nonnegative Ricci
curvature, fundamental groups C; and 1, and the same simply connected limit. A diagonal involution
applied to his C, sequence gives the following result.

Theorem 1.3. There is a sequence of closed smooth five-manifolds P; and constants D,v > 0 such that
Ricp, > 0, diam(P;) < D, Vol(P;) > v, 71(P;) = Deo, (1.6)

and P; converges in Gromov—Hausdorff distance to a simply connected compact length space. No ori-
entability assertion is made for this sequence.

This construction is proved in Section 9. It does not use the cutoff metrics of Theorem 1.2, whose
Ricci tensor has a negative eigenvalue in the transition annulus.

Let V be Thompson’s infinite finitely presented simple group; we use the prefix-replacement
description in Bleak—Quick [2]. Every nonidentity involution normally generates V. Theorem 1.1
therefore applies to V — 1. Replacing the same orbifold point by a second ALE filling gives another
resolution.

Corollary 1.4. Let V be Thompson’s infinite finitely presented simple group. There are fixed closed
oriented smooth four-manifolds M, N, a simply connected compact Riemannian orbifold X with one
isolated singular point, and sequences of metrics g;, h; with common fixed positive volume, bounded
diameter, two-sided Ricci bounds and bounded curvature energy, such that

mM)=v,  mN)=1, (M g) > X < (N, k). (17)

Every finite-dimensional complex representation of 1(M) is trivial. There are no nontrivial finite-sheeted
connected coverings of either M or N. For every fixed j > 0, the scalar eigenvalues of the two sequences
converge to the same jth eigenvalue of X.

The topology and representation assertions are proved in Section 10. Spectral convergence follows
from the measured convergence of these resolutions and Gigli-Mondino-Savaré [5, Theorem 7.8]. It
is convergence at each fixed eigenvalue index, not exact isospectrality of the smooth metrics and not
a uniform comparison over all indices.
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A heat integral and the homotopy systole. Let (M", g) be closed, with n > 2, let M be its universal
Riemannian covering, and let py, pg; be the heat kernels for A = —div V. For p > 0, put

Uy(M, g) = /0°° e Ht (/M [pM(t, X, X) —pM(t, X, f)] dvg(x)) %,

where X is any lift of x. The covering diagonal is independent of this choice. Lemma 11.1 proves that
U}, is finite and nonnegative for every fixed closed metric. The proof uses the Gaussian heat-kernel
estimate of Jiang-Li—Zhang [6, Theorem 1.2].

Write sys; (M, g) for the infimum of the lengths of noncontractible rectifiable loops, with value
+00 when M is simply connected. For every fixed n > 2 and D, v, y > 0, Theorem 11.2 gives, on the
class (1.1),

U,(M;, g) — +oo <= sys,(M;, g) — 0.
No convergence of the metric spaces is assumed in this criterion. In a marked realization, a nontrivial
kernel forces divergence of U}, whereas a trivial kernel gives a bounded sequence (Corollary 11.3).
For the resolutions in Corollary 1.4, the integral diverges on M and is zero on N. The integral uses
the heat kernel of the universal cover; it is not asserted to be determined by the scalar spectrum of M.

Conventions. Manifolds are connected unless stated otherwise. A closed manifold is compact and
without boundary. Balls are open. We normalize Hausdorff measure to agree with Riemannian volume.
Path concatenation is read from left to right. The notation — W means W with the opposite orientation.
If (L, y) is closed, C<4(L) is the completion of ((0, a] x L, dr? + r?y) at r = 0; the added point is its
vertex, and C,(L) denotes r < a. Throughout A = —divV, |Ricg |op = SUP|y|,=1 |Ricg(u, u)|, and |Rm |
is the full four-tensor norm. Ricci inequalities are inequalities of covariant quadratic forms. Constants
C, ¢ > 0 in uniform estimates are independent of i and of € | 0, unless a dependence is stated; their
values may change between estimates.

2. FINITE SUBGROUPS GENERATED BY SHORT LOOPS

Let w, be the Euclidean unit-ball volume and put ¢,—; = nw,. Write

V,u(r) = opq / sinh™ t dt (2.1)
0

for the volume of a ball in the simply connected space of constant sectional curvature —1. Let (M, g)
be complete and connected, and let 7 : (M, ) — (M, g) be its universal Riemannian covering, with
deck group I'. The lifted metric is complete. For x € M, let .Z, be the set of rectifiable loops based at
x whose class in 7;(M, x) is nontrivial. Fix ¥ € 77!(x). A loop representing y € T lifts to a path from
X to yX, while the projection of a minimizing segment between these two points represents the same
deck transformation. Hence

= inf L,(f) = inf d(T y%). 2.2
sg(x) Jnf ¢(0) yé{l\{l}d(x,y@ (2.2)

The convention is inf @ = +oco. The orbit I'X = 77 !(x) is closed and discrete. By completeness
and the Hopf-Rinow theorem, its intersection with any closed bounded ball is finite. If y, # 1
and R = d(X, yoX), the nonidentity orbit points in Bg(X) form a nonempty finite set. Their positive
distances have a minimum, which is the infimum in (2.2). For a minimizing path c from x to y and
t € %), theloop ¢ * £ * ¢! belongs to %, and has length 2d(x, y) + Ly(¢). Taking infima, and then
interchanging x, y, gives

50 = s <2d(x,y) (T =)

Lemma 2.1. Let n > 2 and let (M", g, p) be complete and connected, with Ric, > —(n — 1)g and

Vol(By(p)) > v > 0. Let T be its universal deck group. Then

V,.(R+1)
v

#Hy el : d(p,yp) <R} < (R>0). (2.3)



6 ANASS NIFA

Proof. Let U = By(p) \ Cut(p). For x € U, let s(x) be the endpoint of the lift, starting at p, of the
unique minimizing segment from p to x. The inverse exponential map is smooth on the complement
of the cut locus; thus s is measurable. Set E = s(U) C By(p). Since the cut locus has measure zero
and 7 o s = Idy, the local-isometry change-of-variables formula gives

Vol(E) = Vol(U) = Vol(B;(p)) > v.
If YEN y’E # @, then ys(x) = y’s(x”) for some x, x” € U. Projection gives x = x’, so (y")"'y fixes
s(x). A deck transformation with a fixed point is the identity. Therefore y = y’.
If d(p,yp) < R, then yE C Bgy1(p). For every finite collection F of these elements, Bishop
comparison on the complete covering gives
[Flo < )" Vol(yE) < Vol(Bry1($)) < Va(R + 1).
YEF

An infinite set has finite subsets of arbitrarily large cardinality. The displayed estimate therefore
bounds the cardinality of the whole set by V,(R + 1) /v. O

Lemma 2.2. Fixn > 2, D,v > 0. There are an integer A > 1 and > 0 such that, on every closed
n-manifold with

Ricg > —(n—-1)g, diam(M, g) < D, Vol(M, g) > v, (2.4)

the subgroup of m1(M, x) generated by loops based at x of length less than n has order at most A, for
every x € M.

Proof. Since Bp+1(x) = M, Bishop—Gromov comparison gives

\%
VolBr () 20— s 0<r<t), v e 0O
Va(D +1) Vu(D + 1)
Choose an integer A > max{1, V,(2)/v.} and put n = (2A)"!. Lemma 2.1 implies
#Hy el : d(X,yX) <1} < A

Put

S={yel:dXyX)<n, H=(S), Br=S" (k>0),
where By = {1}. Since S = S! and 1 € S, the sets By are increasing. If By, = By, then B;S = By and
induction gives By ; = By for every j > 0. Since H = | J;5, B}, this implies By = H. If [H| > A and
|Bal < A, none of the A inclusions By C -+ C B4 can be an equality. They are therefore strict, and
|Bal > |Bo| + A = A+ 1, a contradiction. Thus |H| > A implies |B4| > A + 1. On the other hand, for
1<k<Aandy = s - sp with s; € S, isometry of the deck action gives

k k
d(Z,y%) < ) d(si - sia%, 51 5;%) = Y. d(F, 5;%) < Ap = 1.
j=1 j=1
The identity has displacement zero. Thus B, is contained in the set counted above, whose cardinality
is at most A, a contradiction. It follows that |[H| < A. Every loop based at x of length less than n
represents an element of S, so its generated subgroup is contained in H. O

For every x € M, a loop based at x of length less than 7 represents an element of order at most A.
This assertion does not bound the normal subgroup generated by these elements as x varies.

3. KERNELS OF CONTINUOUS APPROXIMATION MAPS

For a connected geodesic space A and r > 0, write R,(A) for the abstract simplicial complex
whose simplices are the finite subsets of A of diameter strictly less than r. We write 7;(R,(A)) for
the fundamental group of its geometric realization, endowed with the weak topology. Its basepoint
is the vertex corresponding to the chosen basepoint of A. Cellular approximation shows that its
two-skeleton determines this group. Fix gy € A and define

NA(A) =(la = f+a']: a(0) = ap, a(1) = p(0) = f(1), p rectifiable, L(B) < rr,(a.a0)-
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Here « is any continuous path with the specified endpoints. For a semilocally simply connected
geodesic space A, Ns3.(A) is Virk’s length subgroup L(A, 3r, m1), and every continuous loop has a
rectifiable representative. The following lemma is therefore the open-Rips quotient correspondence
[12, Proposition 5.6 and Theorem 5.7], with its discretization map specified for use in Proposition 3.2.

Lemma 3.1. If A is connected, geodesic and semilocally simply connected, discretizing loops gives an
epimorphism compatible with changes of scale

g+ m(A) > m(R(A),  kerg, = Ny (A). (3.1)

The inclusion map between Rips complexes induces a surjection on fundamental groups for every increase
of scale. If every loop of length less than 3r is nullhomotopic in A, then q, is an isomorphism.

Proof. Let y : [0,1] — A be aloop at ay. Uniform continuity gives a partition 0 =ty < - < t,, = 1
such that diam y([t;_y, t;]) < r for every j. Associate the edge loop

Di(ys to, ..., tm) = (y(t0), .., y (tm))-

Inserting a partition point replaces an edge by two edges in a single simplex. Two partitions have
a common refinement, so they give the same based edge-homotopy class. For a based homotopy
H : [0,1]> — A, choose a rectangular subdivision whose closed rectangles have images of diameter
less than 7, and divide each rectangle into two triangles. Their vertex images define a simplicial
homotopy between the boundary edge loops. The constant side edges map to ay. Hence D, defines a
homomorphism g, on 71(A, ay); concatenation of partitions gives the homomorphism identity.

For each unoriented Rips edge {x, y}, choose a minimizing geodesic in one orientation and denote
the reverse path by g,, = g;;. Put g,(t) = x. Consecutive repeated vertices in an edge path are
deleted. The length of gy, is less than r, so every finite set of its points has diameter less than r. Its
discretization is edge-homotopic to (x, y). Replacing the edges of an edge loop by these paths proves
surjectivity of g,.

Put II = (A, ao)/N3,(A). The elementary edge-path relations are deletion of (x, y, x) and
replacement of (x, y, z) by (x, z) when {x, y, z} is a simplex. Geodesic replacement sends the first
relation to a path followed by its inverse. In the second relation, the two paths differ by gy, * gy, * gux,
whose length is

d(x,y) + d(y,z) + d(z,x) < 3r.
After transport to ay, its class belongs to N3.(A). Thus geodesic replacement induces e, : 71(R(A)) —
IT.

Choose a finite cover of y([0, 1]) by balls B, (z;) such that 2p; < r and every loop in B, (z;) is
nullhomotopic in A. Semilocal simple connectivity and local path connectivity give these balls. A
Lebesgue number for their inverse images under y gives a partition for which each subarc lies in one
ball. Write (z, p) = (zj, p;) for that subarc. If x, y € B,(z), a minimizing geodesic from x to y lies in
Bs,(2), because

d(z,w) < d(z,x)+d(x,w) < p+2p
for every point w of that geodesic. The subarc followed by the reverse geodesic is therefore nullho-
motopic in A. The chosen path gy, is also minimizing and has this property. Consequently e, g, is the
quotient homomorphism 7;(A, ay) — II, and ker g, C N3,(A).

Let S be rectifiable with L(f) < 3r. Divide its parameter interval into three consecutive subarcs,
each of length less than r. The sampled vertices of each subarc belong to a simplex, so its edge path is
homotopic to its endpoint edge. The three endpoint edges bound a simplex. Hence g,[f] = 1 at its
basepoint. For every joining path @, g,[a *  * a~1] = 1, which gives N3,(A) C ker g,.

For r < R, refine a partition until every subarc has image diameter less than r. The same vertices
compute g, and gg, so (1;r)«qr = qgr. Since gg is onto, (1, r)« is onto. The final assertion follows from
ker g, = N3,(A). O

Under the geometric hypotheses of Proposition 3.2, the limit is semilocally simply connected
by Pan-Wei [8, Main Theorem 1.1]. Wang [13] proves this conclusion without the noncollapse
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assumption. The proposition retains semilocal simple connectivity as an explicit hypothesis; it also
assumes that the approximation maps are continuous.

to a compact semilocally simply connected geodesic space X. Suppose continuous Gromov—Hausdorff
approximation maps f; : M; — X have distortion and density error tending to zero. There are r,, > 0
and A = A(n, D,v) € N with the following property: for every fixed 0 < r < r, there is i(r) such that

(fi)« is onto, ker(f)« = No,(M;) (i > i(r)). (3.2)

The displayed kernel is normally generated by elements of orders at most A. The constant r, may depend
on X.

Proposition 3.2. Let n > 2. Suppose closed smooth n-manifolds (M, g;) satisfy (2.4) and converge

Proof. Compactness and semilocal simple connectivity give £x > 0 such that every loop in X with
image diameter less than £x contracts in X. For each x € X, choose a path-connected open neigh-
bourhood U, on which the inclusion homomorphism to 7;(X, x) is trivial. Such neighbourhoods
exist because a geodesic space is locally path connected. Any loop based at another point of Uy is
conjugate, inside Uy, to a loop based at x. Choose a finite subcover and let £x be a positive Lebesgue
number for it. In particular every loop of length less than £x is nullhomotopic.
Let 7 and A be the constants in Lemma 2.2 and set . = min{¢fx /12, /9}. Fix 0 < r < r,. Let f; be
an g;-approximation, where a; — 0, and fix p; € M;, ¢; = fi(p;). Choose h; : X — M; with h;(q;) = p;
and dx(fihi(y),y) < a;. For y,z € X and x € M,
A (hi(). (@) — dx (3. 2)] < @+ dx(f(y). ) + dx(fihi(2). 2) < 3as,
d;(hi fi(x), x) < dx(fihi fi(x), fi(x)) + @i < 2.
Choose i(r) such that a; < r/10 for i > i(r). For a finite subset S the diameter bounds
diam f;(S) < diam S + «a;, diam h;(S) < diam S + 3¢;

then give the based simplicial maps

R (M) %> Rap(X) = R (Mp) > Rap(X), (3:3)
where a;, ¢; use f; and b; uses h;. If x, x” belong to a simplex of R ,(M;), then
dy (i), B i) < dag (e, x7) + et
d, (e, hi fi(x7)) < dp (6, x7) + 201

Thus the union of its vertices and their h; f;-images has diameter less than r + 4a; < 3r. Hence b;a; is
contiguous to the inclusion from scale r to 3r. For vertices y, y’ of a simplex of R,,(X),

dx(fihi(y), ili(y") < dx(y,y") + 24,
dx(y, ili(y")) < dx(y.y") + a.
The union of the original and image vertices has diameter less than 2r + 2¢; < 4r. Hence c¢;b; is
contiguous to the inclusion from scale 2r to 4r. Both contiguities fix the respective basepoints.

By Lemma 3.1, (b;)«(a;)« is surjective. The map (¢;)«(b;)« is an isomorphism: the discretization
maps identify both its source and target with ;(X), since 12r < £x. Therefore

im(b). = mi (R, (M), ker(b;). C ker ((c)«(b).) = 1.
Thus (b;). is an isomorphism, and so is (¢;)« = ((ci)*(b,-)*)(b,-)jl. It follows that

(M) 25 (R (M) 255 1y (R4, (X)) = m(X) (3.4)

is onto with kernel No,(M;).

For a loop y based at p;, choose a subdivision whose subarcs have image diameter less than 3r in
M;. Each image subarc under f; has diameter less than 3r + ; < 4r; it is a continuous subarc because
f; is continuous. The vertices used by ¢; are exactly those of the discretized loop f;y. Consequently

(ci)« %r[}/] = q4r(fi)*[)’]-
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Since g4y on X is an isomorphism, this identity gives
(s = qi (e)e@sr,  ker(fi)e = Nop(Mp).

In particular, the kernel is that of the given continuous map.
If [ * B * a~ '] is a generator in the definition of No,(M;), then L() < 9r < 5. Lemma 2.2 applied
at p(0) gives ord[f] < A. The map

T, « mi(Mi, f(0)) — m(My, pi), [Alv—[a* Axa”]

is an isomorphism with inverse T,-1. It preserves orders, so ord T,[f] < A. This proves the assertion
for every i > i(r). O

Lemma 3.3 (Finite normal generation). Let G be finitely generated, let Q be finitely presented, and let
¢ : G — Q be an epimorphism. Ifker ¢ = {S)G for a subset S C G, thenker ¢ = {T)¢ for some finite
subset T C S.

Proof. Put K = ker ¢. Let xi, ..., x; generate G, and take a finite presentation Q = (y1,...,y; |
S1s .- s Sm). Choose words u,(y) representing ¢(x,) and words vj(x) representing y, in the images of
the x,. Then
0 = {xio st | SO0, Xaua0(x) .
Let Q” denote the group defined by the displayed presentation. Define A : Q" — Q by A(x,) = u.(y)
and B : Q = Q' by B(yp) = vp(x). The relations S;(v(x)) = 1 make B well-defined. In Q, the equality
vp(u(y)) = yp holds by the choice of vy, so every defining relation of Q maps to the identity under
A. Moreover,
AB(y) = oy () =y, BAGxa) = a(0(x) = o

Thus A and B are inverse. If F(x) is the free group on the x,, its kernel under F(x) — Q is normally
generated by the finitely many displayed relators. The inclusion ker(F(x) — G) C ker(F(x) — Q)
and passage to the quotient G show that their images normally generate K.

Let ry, ..., rv € K be these images. For each v, choose an expression

m,
| | ey —1

ry = gvjsvvj’gvj, syj €S, &) €{1,—1}
j=1

Theset T ={s,; : 1< v <N, 1< j<m,}isfinite, is contained in S, and satisfies

K =(r,....rv)c C{Thc c K.
Hence K = {T)g. O

Corollary 3.4. Under the hypotheses of Proposition 3.2, if m1(M;) is torsion-free, then (f;). is an isomor-
phism for all sufficiently large i.

Proof. For all sufficiently large i, Proposition 3.2 gives an epimorphism (f;). and a set S; of finite-order
elements with ker(f;). = (S;). Torsion-freeness implies S; C {1}. Hence ker(f;). = 1, and (f;). is an
isomorphism. g

No conclusion that the whole kernel is a torsion group follows from Proposition 3.2. The infinite-
order word ab in (1.4) belongs to the kernel of Theorem 1.2.

4. METRIC REPLACEMENT AND RiccI-FLAT ALE FILLINGS

Lemma 4.1. Let Y; and Y be compact length spaces obtained by attaching, respectively, compact connected
length spaces A; 1, ..., Ais and B; 1, ..., B; s to a common compact length space Z;. The attachment identifies
closed subsets of corresponding pieces with the same nonempty closed sets S; j C Z;, which are pairwise
disjoint. In both unions, assume that the distance is the infimum of the lengths of finite concatenations of
paths in the constituent spaces. The length metric on Z; is the same in the two unions. Suppose

diam A;; < n;, diamB;; <n; (1<j<s), ni — 0,
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where all diameters are intrinsic. Regard each piece as its image in the corresponding union and put

Cl' = {(Z, Z) 1z € Zl} U O(Ai’j X Bi,j)-

j=1
For a relation C C Y; x Y, define

disC= sup |dy(uu)—dy(v,v)
(up),(w’,v")eC

Then dis C; < (s + 4)n;. In particular dgu(Y;, Y) < (s +4)n;/2.

Proof. For a finite concatenation ¢ = (cy, ..., ¢p), write Z(c) = Y,7_; L(¢,), with each summand
measured in its assigned constituent space. The hypothesis identifies the union distance with the
infimum of .. Fix x, x’ € Z; and & > 0. Choose a finite concatenation ¢, of paths in the pieces of Y;
joining x to x” with Z(¢p) < dy,(x,x”) + a. Assign each constituent path to one piece. For 0 < j < s,
consider the union consisting of Z;, the pieces B; x with k < j, and the pieces A;; with k > j, with
the specified identifications. If no constituent of ¢;_; is assigned to A; j, put ¢; = c¢j_;. Otherwise, let
u; be the initial point of the first such constituent and v; the terminal point of the last. Both points
belong to S; j: the endpoints x, x” are in Z;, and a transition to or from A; ; occurs only through S; ;.
Choose a path b; in B; ; from u; to v; with L(b;) < n; + a. Write ¢j_; = ¢~ % a; = ¢*, where a; is the
concatenation from the specified occurrence of u; to that of v;, and put ¢; = ¢™ * b; * c¢*. Then

ZL(cj) = L(cj-1) — ZL(ajp) + L(bj) < L(cj-1) + mi + a,
and c; has no constituent assigned to A;; for k < j. Induction gives a concatenation c; in Y and
dy(x, x") < ZL(cs) < dy.(x,x") + sy + (s + .
Letting o | 0 and interchanging the two unions yields
|dy(x, x") — dy,(x, x")| < s,

For (u,v) € C;, choose z = u = v if the pair belongs to the diagonal of Z;, and choose z € S; ; if it
belongs to A; j x B; j. In either case dy,(u, z), dy(v, z) < ;. For two such pairs, with choices z, z/, the
triangle inequality gives

dy,(u, u") — dy(v,0")| < dy,(u, 2) + dy,(v/, 2') + |dy, (2, 2") — dy(z, 2")|
+dy(z,v) + dy(Z/,0") < (s + ;.

Both projections of C; are onto. The correspondence characterization of Gromov-Hausdorff distance
proves the last assertion. (]

Lemma 4.2 (Distances across the gluing hypersurfaces). Let Y be a compact smooth Riemannian
manifold without boundary, or a compact Riemannian orbifold without boundary with finitely many
isolated singular points, each having a flat conical neighbourhood. Cut Y along finitely many disjoint
closed smooth hypersurfaces in its regular part. The distance on Y is the infimum of the sums of intrinsic
lengths of finite concatenations of paths in the resulting pieces.

Proof. Let D(x, y) be the infimum in the statement. Every admissible finite concatenation is a path
from x to y, so dy(x,y) < D(x, y). Fix a rectifiable path ¢ : [0,1] — Y from x to y and € > 0. Write
H for the union of the cutting hypersurfaces.

In the orbifold case, choose pairwise disjoint sets K; = C<,(L;) about all s singular points, with
KjnH = @ and 2sa < €/3. For each j, let I; be the inverse image of K; under the current path. If
I; # @, replace the restriction between min I; and max I; by the radial path from its first endpoint to
the vertex followed by the radial path to its second endpoint. The replacement has length at most 2a
and lies in K. Since K; N K = @ for j # k, the replacement introduces no intersection with another
Kj. After these finitely many replacements the path ¢’ satisfies

L(c") < L(e) + 2sa < L(c) + €/3.
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Its radial restrictions lie in single cut pieces; its other restrictions form a finite family of paths in the
regular part. In the smooth case put ¢’ = ¢ and use its single restriction.

Approximation of rectifiable Riemannian paths by piecewise smooth paths, relative to their
endpoints, gives a path ¢’ with L(¢””) < L(¢”) + €/3 on these regular restrictions. At an endpoint
z € H, prescribe a segment t — exp,(tv,) or its reverse, where v, is a nonzero normal vector to H;
the segment lengths can be chosen arbitrarily small and included in this error bound. Choose the
remaining subdivision vertices outside H. Relative transversality, applied to the finitely many smooth
restrictions and fixing the prescribed endpoint segments, gives ¢’/ with

L") < L(¢")+ e/3 < L(c) + e, ¢ MH
on their interiors. The length inequality follows from continuity of length in the C! topology on each
compact parameter interval. The inverse image of H in each such interval is closed and discrete; the
transverse endpoint segments exclude accumulation at its endpoints. It is therefore finite. Subdivision

at these inverse images, together with the radial restrictions, gives an admissible finite concatenation.
Its sum of intrinsic lengths is L(¢”””). Consequently

D(x,y) < L(c) + €.

Taking the infimum over ¢ and then letting € | 0 gives D(x, y) < dy(x, y). O
Fix a nonnegative function b € C;°((1, 2)) with fIR b =1, and put
S
x(s)=1 —/ b(u)du (s >0). (4.1)
Then0 < y <1, y/ €0, y = 1near [0,1], and y = 0 near [2, »).
For p > 2, let
Ly=S/Tp  Tp=Cp,  (21,2) > (/P 2, 07D/P 5, (4.2)

Since p? — (p — 1)(p + 1) = 1, one has gcd(p — 1, p?) = 1. A power of the displayed generator that
fixes a point of S is the identity: at least one coordinate is nonzero, and either weight then forces
the exponent to be divisible by p. Thus the action is free. Let y, be the round quotient metric. The
rational homology and boundary-group data occur in [4, Lemma 2.1]; the existence of the Ricci-flat
ALE metrics is [11, Proposition 3.3].

Lemma 4.3. For every p > 2 there is a complete connected oriented Ricci-flat ALE four-manifold (B, h;,)
with compact core W), and one end (Ry, ) x L,, such that

H.(W,; Q) = H(D%Q), m(W,) = Cp, m(Ly) = Cpz — Cy. (4.3)
In suitable end coordinates,
hy, = gc + e, gc = dR* + R%y,, [Welg. < C;R*7 (j=0,1,2). (4.4)
In (4.4),V = V& Also pr |Rmy,,, [* dop,, < co.

Proof. With n = p and m = 1, [11, Proposition 3.3] gives a Ricci-flat ALE rational homology ball
(Bp, hp) with m1(B,) = C, and end link L(p?, p — 1). Choose Ry strictly inside the radial domain
of an end chart. The chart then extends across the level R = Ry, and the complement of {R > Ry}
is a compact smooth core with boundary L,. The universal cover of B, is the simply connected
A,_1 ALE manifold in the construction of [11, Sections 3-5]. This cover has one end. Let Ep — B,
denote this finite covering. The inverse image of a compact core is compact. Each component of
the inverse image of the product end is a product of (R, o) with a connected finite cover of L,; it is
noncompact. If there were two components, deleting the inverse image of the core would separate
two ends of Ep, contrary to its ALE description. The restricted covering over the end is therefore
connected. Its monodromy has a transitive action on the fibre C, by translations, so its image is C,,.
Under a choice of generators, the boundary homomorphism is Z/p*Z — Z./pZ, [a]y2 = [a]p. On
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the end, the homotopy (R, 8) — ((1 — t)R + tRy, 0) extends by the identity on the truncated core. It is
a deformation retraction of the complete space onto that core.

The differentiated order-four coordinates follow from Kréncke-Szabé [7, Theorem 1.16 and
Definition 1.4] in dimension four. These coordinates retain the round quotient link. Choose Ry
inside this coordinate domain and truncate at that level; the radial retraction above applies in these
coordinates as well. For sufficiently large R, (4.4) implies % gc < hy < % gc. With V = V& and
A = V" — ¥, the coefficients satisfy

k k - _ _
Ay = 3hy (Vieje + Ve — Veey), Vh,! = —h,'(Ve)h,".

Thus |Alg. < CR™ and [VAlg. < C(R™® + R719). Since Rmyg. = 0, the identity

R(hp)k[ij = viAj(t’ - vinkf + Azkm e Afm it

gives |[Rmy, |5, < CR™®. Also dvj, < CR® dR dv,,. For a sufficiently large Ry,

« CVol(L,,
/ |Rmhp ? dUhp < CVol(Ly, )’p)/ RPdR = w < 0.
{RZRZ} Rz 5

The complementary region is compact and the metric is smooth, so its curvature energy is finite. [

Lemma 4.4. Let Z be a fixed compact connected oriented smooth four-manifold with boundary compo-
nentsLy,, ..., Ly, carrying a fixed smooth metric which equals dr*+r? Yp,; on anouter collar1 <r < 1+n
at each component. Fill these boundaries by the cores W), of Lemma 4.3, with opposite boundary orienta-
tions. On the resulting fixed closed manifold M there are metrics g. which converge to

X =272 Uyz HCSl(LPj)’ (4.5)

=1
with uniformly bounded diameter, two-sided Ricci tensor and curvature energy, and with volume tending
to H*(X) > 0. The convergence is realized by continuous maps equal to the identity on the common
complement. After volume normalization and one fixed scaling, the metrics satisfy (1.2)—=(1.3). The same
conclusions hold for any Ricci-flat ALE fillings with the same round ends and the differentiated decay in
(4.4), without a restriction on their fundamental groups.

Proof. For one filling, scale h, by € and set r = €R. In the coordinate r, (4.4) becomes
hpe =dr* + 'y, + e, [Veelge < Cije*r™7 (j=0,1,2). (4.6)

Let y be as in (4.1). Set § = /e and decrease € so that eRy < § and 26 < 1. On the compact core
retain €°h,, and on the end define

hpes €Ry <r <4,
kpe=1gc+ x(r/d)ee, 6<r<29, (4.7)
gcs 20 <r<i.

The cutoff is one near its inner boundary and zero near its outer boundary. On this annulus,
lx(r/8)eclg. < Ce?. Choose € so that Ce} < 1/2. Then

lge <ge+x(r/®e.<3gc  (0<e< e

which proves positive definiteness.
Put g. = y(r/d)e. and g = gc + ge. For V = V&€, the identities

—dr?
vy = €747 , dy(r/8)=8"y'(r/8)dr,
r

Vix(r/8) =8 2x"(r/8)dr ® dr + 6 Y/ (r/S)V?r
give [V/ x(r/8)| < C;677 on the annulus. The product rule and (4.6) therefore give

j
Vgelge < C; Y, 87600 < Clets™ (o< j<2)

a=0
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For V = V&¢ the connection difference is
1 _ _ _
A,kj = ggkf(vick,jt’ +Vqeic — Viqe,ij) Vgl =—g'(Vg)g .

Since gc is flat,
R(g)ku; = ViAff — VAl + Al, T AfmA?;-
The inequality 1 gc < g < 3 gc gives |g7![g. < C. Consequently
|Alge < Ce*s77, [VAg. < C(e*s7 + 85719,
The curvature identity therefore gives
|IRm| < C(e*67% +€%671%) = C(e + €¥) < 2Ce (e < 1). (4.8)

On r < § the metric is Ricci-flat, and on r > 2§ it is flat. On the transition annulus, | Ric |, < C|Rm| <
Ce by (4.8). The inner curvature energy is at most the fixed energy of h,, by four-dimensional scaling
invariance. On the transition annulus T, = {6 < r < 26},

28
Vol(T.) < c/ rdr < C8*, / |IRm |2 dv < Ce?8* = Ce*.
5 T,

Choose Ry large enough that h, and gc are uniformly bilipschitz on R > Ry, and fix a point o
in the compact core. Every point of the end with eRy < r < 26 is joined to the level r = €R, by a
radial path of length at most C4. Let D, be the intrinsic diameter of the compact core in h,. Each of
its points is joined to o by a path in the core of length at most (D, + 1)e for the scaled metric. Put
Co = D, + 1. If K, denotes the union of the core and the region r < 26, then
26

diamin (K. ) < 2C8 + 2Cye, Vol(K,) < Cie* + G, / rdr < C36°.
€R0

The metric is exactly conical near r = 1 and hence matches the given metric on Z on a full collar.
Fix Ry > 2Ry and use the core truncated at R = R; as W), with boundary collar coordinate r = R/R;.
Put a = Ry, b = Ry and d = €' — Ry. For sufficiently small €, d > 0. Choose disjoint endpoint
intervals I,,I, C [a, b] and smooth functions 0 < 6,, 0, < 1, equal to 1 near the corresponding

endpoint and supported in those intervals, such that
I
|L| + 0] <d/2.
€R1

Choose 0 < ¢ < d/(2(b — a)) and set
0
=0+ — +c(1—0,—0p).
q =0 +€R1+c( 0, —06y)

Then gy > 0 and |, b qo < d. For a nonnegative ¢ € C°((a, b)) with integral one, put

b R
q=q t <d—/ CIO) v, ¥.(R) =Ry +/R q(u) du.

Thus ¥, > 0, ¥.(R) = R near Ry, and ¥.(R) = R/(€R;) near Ry; the last equality follows from the
derivative there and ¥.(R;) = €~'. Extend the resulting radial map by the identity on the compact
core. It is a diffeomorphism from W), to the truncation at R = ¢ ' and satisfies e¥<(R) = R/R; on the
outer collar. Pullback therefore fixes both the smooth manifold and its gluing collar.

Let v; be the vertex of the jth cone. On the corresponding filling, define

vj, x lies in the core or r(x) < 6,
fe(x) = 1@2(r-9),0), §<r<26,
(r, 9), r>26.

Set fe =Id on Z. At r = 26 both formulas give (26, 8), and on § < r < 26,
dx(fe(r, 0),v;) < 2(r - 9).
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Thus the formulas define a continuous map. Every cone point (¢, 8) with 0 < ¢ < 2§ is the image of
(6 + t/2, 0); the remaining points are fixed. Hence f; is onto. Apply Lemma 4.2 to the hypersurfaces
r = 24. It verifies the distance hypothesis of Lemma 4.1 for both M and X. The graph of f. is
contained in the correspondence of Lemma 4.1, with all inserted and removed pieces of diameter at
most Cé. Thus
dis f, < C6, diam(M, g.) < diam(X) + C§.

On the common complement the two metrics agree. Since the total volumes of both the inserted
pieces and the removed cone pieces are at most C§*, one also has

| Vol(M, g.) — H*(X)| < C5*.
The fixed metric on Z contributes a bounded Ricci tensor and finite curvature energy.

Multiply each metric by ¢Z, where ¢, = (H*(X)/ Vol(M, :g@\e))l/4 — 1. Choose ¢, > 0 with ¢, > ¢,
and a common bound |Ricg [op < Co. Fix A > 0 such that Co/ (A2%¢?) < 3, and put g. = A?c?g.. Then

| Ricg, lop < 3, Vol(M, g¢) = A*H*(X).

The diameter remains bounded because ¢, — 1, and the curvature energy is unchanged by constant
rescaling in dimension four:

| Rm,2,, |22g = a_4|ng Z,, dvgg = a4dvg.

For the maps with target distance Adyx,
dis(fo + (M, go) > (X, Ady)) < Acedis(fe + (M, ) = (X, dx)) + Alce — 1] diam(X, dx) — 0.

Thus the rescaled metrics converge to (X, Adx). Equation (2.5) gives uniform noncollapse. g

5. RELATIVE SURGERY AND REALIZATION

Lemma 5.1. Let G be finitely presented, and let t1, ..., t; € G have exact orders p1, ..., ps > 2. There is
a compact connected oriented smooth four-manifold Z with boundary [[;(~L,,) and an identification
m1(Z) = G such that the jth boundary homomorphism sends a generator of ijz_ to t;.

Proof. Choose a presentation G = (xy, ..., X | Ry, ..., Rp) and words w;(x) representing t;. Form the
interior connected sum Zy of —W,,,..., =W, and k copies of S'xS3 setZy=S*if s+ k=0.Fixa
basepoint and paths to all boundary components. Van Kampen’s theorem gives

m1(Z0) = (X1, oo, X A1, v a5 | @ = 1(1 < j < 5)),

and the jth boundary generator has image a;.
Choose free homotopy classes in Int Z; represented by the words

Ri,...,Rm, ajwi(x)™" (1<j<s) (5.1)

Let S be the disjoint union of m + s circles and let ¢ : S — Int Zj be a smooth representative of these
classes. Put

Z={(x,z,A) € J'(S,Int Zy) : A=0}, Az ={(z,2) : z € Int Zy},

andlet S® = {(x,y) € SxS : x # y}. One-jet and two-point multijet transversality give an arbitrarily
small smooth perturbation, still denoted by ¢, such that

jleh Z, (ex0)lg Az

The two target strata have codimension four, whereas their source dimensions are one and two. Both
inverse images are empty. Hence c is an injective immersion; compactness of S makes it an embedding.
The perturbation can be chosen in a normal neighbourhood of the original map, so pointwise
minimizing segments give a homotopy between the two maps. Its restrictions ¢, : S! & IntZ,
therefore represent the prescribed free homotopy classes and have pairwise disjoint images.

Orient each circle. Its normal bundle is an oriented rank-three bundle over S'. Choose a fibre metric
and a compatible connection. Parallel transport an oriented orthonormal frame along [0, 1]; write
e(1) = e(0)T at the identified endpoints, with T € SO(3). Choose a smooth path A : [0,1] — SO(3)
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equal to I near 0 and to T~! near 1. Such a path exists since SO(3) is path connected. The frame
e(t)A(t) descends smoothly to S!: on an interval about the identified endpoint, its two restrictions
are parallel frames with the same value, and hence agree by uniqueness of parallel transport. Thus
the normal bundle is smoothly trivial. Choose pairwise disjoint framed tubular neighbourhoods
T, = S' x D? and put
Z=Zo\| It T,,.
14

Write C = |, ¢,(S!). Relative transversality gives
m1(Zo\ C) = m(Zo).

Relative transversality moves paths with endpoints outside C off C, since 1 + 1 < 4; in particular,
the complement is path connected and the displayed homomorphism is onto. A nullhomotopy of a
loop in the complement can be perturbed relative to its boundary to avoid C, since 2 + 1 < 4. The
homomorphism is therefore injective. In each punctured normal fibre of radius one, the homotopy

Ul—>((1—t)+t)v ©<ll<1)

lv]
fixes the unit sphere and retracts the fibre onto it. Extended by the identity outside the tubular
neighbourhoods, it retracts Zy \ C onto Z°. Hence 71(Z°) — m1(Zp) is an isomorphism.

Attach D? x S to every dT, = S! x S%. Choose the orientation of each attached piece so that the
framed boundary identification reverses the boundary orientations. Collars give open covers to which
van Kampen’s theorem applies. Since D? x S? is simply connected and 7;(S! x %) is generated by its
circle factor, the resulting manifold Z satisfies

m(Z) = m(Zo)/{lel. ... [emes]).

Eliminating the generators a; yields
m(Z) =(x,a afj,Rf, ajo(x)_1> = (x| Rp, wj(x)P’) = G,

because tf 7 = 1in G. The surgeries preserve the given orientations and do not meet 8Z,. The joining
paths may be perturbed relative to their endpoints to avoid the circles and then retracted into Z°.
Under the quotient map just computed, the jth boundary generator has image a; = wj(x) = t;. Thus
0Z = [];(~Ly,) with the required boundary maps. O

Proof of Theorem 1.1. (i)=(iii). Discard any identity elements from the list in (i). Suppose the remain-
ing list is nonempty and write p; = ord(t;). Let Z be the manifold in Lemma 5.1. Choose disjoint
boundary collars and prescribe the metrics dr? + r? Yp; on them. Take any smooth Riemannian metric
&o on Z and a smooth function 0 < 8 < 1, supported in the boundary collars and equal to one near
the boundary. On the collars set g7 = 0(dr?® + r’y, ) + (1 — 0)g and set gz = go off them. This is
smooth and positive definite. Apply Lemma 4.4 with the fillings Wj,..

For one attachment the group pushout is G *C,,§ Cp,. It has the presentation obtained by adding a

generator a with a?/ = 1 and a = t;. The first relation already holds in G; thus the pushout is G. Each

attachment preserves the original identification of G. All fillings together give 7;(M) = G. Attaching
the corresponding cone imposes the relation ¢; = 1. Therefore

77.'1(X): G/«tl,...,ts»c; = Q (52)
Choose p € IntZ and let ji; : Z - M and jx : Z — X be the inclusions. The preceding pushout
calculation shows that (js)« is an isomorphism. Let € : 71(Z, p) — G be the marking from Lemma 5.1,
and put @ = 0(jiyr);!. The quotient identification in (5.2) is the unique isomorphism f : 71(X, p) = Q
such that f(jx)« = ¢0. The maps from Lemma 4.4 satisfy f; o jy = jx and fi(p) = p. Hence

.B(fi)*ail = ﬂ(fi)*(jM)*Gil = ﬁ(].X)>k971 = Q.
Lemma 4.4 gives |Ricg, [op < 3, Vol(M, g;) = V; > 0, sup; diam(M, g;) < oo and sup, fM |Rmy, [* dvg, <

o0,
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At each conical point, radial retraction identifies the fundamental group of every punctured cone
neighbourhood with C p * L. If a four-ball chart existed there, choose a smaller cone neighbourhood
inside the chart and a larger cone neighbourhood containing the chart. The inclusion between the two
punctured cones induces an isomorphism on s, but factors through the simply connected punctured
four-ball. This is impossible. Thus these are exactly the s singular points.

If the list is empty, ¢ is an isomorphism. Realize G by a closed oriented four-manifold, starting
with a connected sum of S' x S* and performing the relator surgeries of Lemma 5.1; use S* when
the group is trivial. Use a fixed smooth metric, a constant sequence and the identity maps, with the
marking on the target composed with ¢. Constant scaling gives the stated normalization.

(iii)=(ii). A compact connected Riemannian orbifold is a geodesic space. At a smooth point it
has a contractible coordinate ball; at each singular point in (iii) it has a radially contractible cone
neighbourhood. It is therefore locally contractible and semilocally simply connected. Take n = 4 and
v = V().

(ii)=(i). Fix an index ij for which Proposition 3.2 applies. Let S C 71(M, p) consist of its finite-order
normal generators of ker(f;,).. The marking identity gives

ker ¢ = a(ker(f;)).) = {a(S))e.
Every element of a(S) has finite order, since « is an isomorphism. Lemma 3.3 gives a finite subset
with the same normal closure. Its elements still have finite order. O

6. THE ORDER-TWO RATIONAL BALL

Let i,j, k denote the quaternion units. Identify S* with SU(2), and consider
E = SU(2) xya) C, (u, 2) ~ (ue'?, e72%). (6.1)

The base is S? = SU(2)/U(1). The associated-bundle norm is |[u, z]| = |z]; it is well-defined because
the fibre action has modulus one. For b > 0, put E<j, = {[u, z] : |z| < b}. Fibre contraction retracts
each E<j, onto the simply connected zero section.

Lemma 6.1. The map

tlu, z] = [uj, z] (6.2)
is a free, orientation-preserving involution of E preserving each E<),. Let W = E_1/,/{1). Then W is a
compact connected oriented smooth four-manifold with

W=RP>, m(W)=C, ow=L:=5/G, ml)=Cs (6.3)
The boundary homomorphism is the surjection Cy — Co.

Proof. For every 6 € R,
[ueiej,m] = [uje™, €%92] = [uj, 2].
Thus (6.2) is well-defined. Since |z| = |z, it preserves E<; for every b > 0. Its square is [u, z] —
[—u, z] = [u, z], since the equivalence with 6 = 7 does not change z.
The projection 7x([u, z]) = uiu™! satisfies

1 1

me(u, z]) = ujij 'u™ = —uiv! = —7p([u, z]).

Thus ¢ has no fixed point. In a local bundle trivialization it reverses the orientations of the base and
of the complex fibre. Let V = ker drg. The derivative preserves the exact sequence

d
0— VYV — TE 5 7iTS? — 0.

Its induced maps on V and 7} T'S? reverse orientation. The determinant identity for this exact sequence
gives signdetdt = (—1)(—1) = 1. The free finite quotient is therefore smooth and oriented. The
homotopy [u, z] = [u, (1 — s)z], 0 < s < 1, commutes with ¢ and is a deformation retraction onto the
zero section. Its quotient is a deformation retraction of W onto S?/(x ~ —x) = RP?. The rational

cellular chain complex of RP? is 0 — Q ER Q R Q — 0. Thus Hy(W;Q) = Q and H;(W; Q) = 0 for
i>o.
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For b > 0, the map u — [u, b] identifies the fibre level |z| = b with S® /{+1}: every class has such
a representative, and [u, b] = [v, b] holds exactly when v = +u. There : is right multiplication by j;
quotienting gives L. Right multiplication J by j is orthogonal on R* and satisfies J* = —Id. Choose a
unit vector v and a unit vector w perpendicular to span{v, Jv}. Then (v, Jv, w, Jw) is an orthonormal
basis. In the corresponding identification with C?, J(z;, z2) = (iz1,iz,). Hence the round quotient is
isometric, without a chosen orientation, to L(4, 1), and its fundamental group is Cy. The restricted
two-sheeted boundary covering S®/{+1} — L is connected. Its monodromy onto C; is surjective. It is
the restriction of the universal covering of W, whose total space is the disc bundle over S?. Hence it
is the composition m1(L) = m1(W) = C,, proving the final assertion. O

Give L the round quotient metric y. Then

O 71'2

Vol(L,y) = — = —. 6.4
wp=2=" (6.4
This rational ball is the order-two case of the construction in [11, Proposition 3.3]; the involution also
occurs in Brena’s construction [3, discussion preceding Theorem 1]. Section 7 gives the Ricci tensor

and the curvature-energy bound for the metrics used here.

7. CURVATURE ESTIMATES AND RICCI-BOUNDED TRUNCATIONS

Choose the left-invariant coframe w;, w,, w3 dual to j,k,i. Thus ), a)iz is the curvature-one round
metric and the brackets of the dual fields are [X;, X»] = 2X3 and its cyclic permutations. The
individual forms are used on the covering space. Right multiplication by j acts on the dual basis
by Adj(j. k,i) = (j, —k, —i). Hence R (w1, wa, 3) = (w1, —w2, —w3). The tensors w} and w? + w3
descend to L.

Lemma 7.1. For a positive smooth function F(r), set
hr = F'dr® + r*(o* + w3) + r*Fos. (7.1)

In the orthonormal frame ey = VF,, e; = r Xy, e = r"' Xy, e3 = (rJ/F)™!X;, its Ricci tensor is
diagonal:

RiCQO = Rng3 = *F” 7F/’ (72)
2 2r
41-F) F
RiCll = Risz = ( 2 ) (73)
r r
IfF = 1—m(r)r 4, these identities become
rm” —3m’ /
Rngo = RiC33 =, RiCll = Risz = —. (74)
2r° r
The volume density is r* dr dv, on the quotient. For F = 1 — e*r™,
Ricy, = 0, |Rmy, [> = 384€%r712, (7.5)

Proof. Write @ = VF/r, B = a + F’ /(2J/F) and 7 = 2/(r J/F). The nonzero brackets, together with
their negatives, are

[eo, e1] = —aer, [ep, e2] = —aes, [eo, e3] = —pes,
(7.6)
[e1, e2] = 2aes, ey, e3] = Ty, [e3, €] = Tey.
Koszul’s formula in an orthonormal frame is
2<vea €p, ec> = <[ea, eb]: ec> - <[eba ec]’ ea) + <[eca ea]’ eb>' (7.7)
It gives V¢, e, = 0 for all a, V,, ey = a;e; and Ve, e; = —ajeo, with (a1, az, a3) = (@, a, ), and
Ve €2 = e, Ve = —aes, Ve, €3 = —aey, (7.8)

Ve,e3 = ae;, Veer =(7—a)ey, Veea =—(7—a)e.
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All other coeflicients vanish. If Cgb and FZ , denote the bracket and connection coefficients, respectively,
then
(R(eq, ep)eq, ec) = el —eplcy + Z(derzq - del"iq - Cgbl"f]d).
q
Use R(u,v)w = V,V,w — V,V, W — V[, ,w. For every smooth function u = u(r), eou = JFu’ and
e;u = 0fori € {1,2,3}. Define

F’ F” 3F 41-F
__F __F s _4-F) (7.9)
2r 2 2r r2
In the ordered basis (01,02, 03, 23, 31, 12) of two-forms, the matrix with entries (R(e,, ep)eq, €.) is

A 0 0 A 0 0
0 A 0 0 A 0
0 0 B 0 0 —-2A
A0 0 A0 o0 (7.10)
0 A 0 0 A 0
0 0 —2A 0 O C

The coefficients used in this matrix satisfy
—epa — a® = ala — p)=A, —eyf — ﬁz = B, 2t — 4a® = C,
—ey(r —a)— f(r — a) = —2A.

With Ryp cq = (R(eq, €p)eg, ec), the independent nonzero entries are

Ro101 = Roz02 = Raszs = R3131 = A,

Ros03 = B, Riz12 = C,
Ro123 = Roz31 = A, Ros12 = —2A.

The identities Ry ¢ = —Rpacd = —Rab.dc = Red.qp determine the other entries; substitution in the

coefficient formula gives zero for entries not listed. Hence
3
Ricpy = Z Rab,ad: (RiCOO, Ricy1, Ricyy, RiC33) = (2A +B,2A+ C,2A+ C,2A+ B),
a=0
and Ricpg = 0 for b # d. Since

/ / — — /7 /77— /. — —
F=—mr4+4mr5, F'=-m r4+8mr5—20mr6,

substitution gives (7.4).

The determinant of (7.1) in the coframe (dr, w1, w2, w3) is ¥®. If m = €%, then (A,B,C) =
(—2,4,4)e*r %, Antisymmetry in each index pair gives

3
IRm[*= > R . =4 Y R%..=4(16A%+B*+C?) =384¢r 12
a,b,c,d=0 a<b,c<d

O

Proposition 7.2. There are smooth metrics ke on W, 0 < € < €y, with an end coordinate € < r < 1, such
that k. equals dr* + r*y forr > 2 /€, and

Vol(L
|Ricg, [op < Ce,  Vol(W, k) = 04( D1 - &b, (7.11)
diamin{r < 2} < C/e, / |Rmy, [* dv < 247° + Ce*. (7.12)
w

The set in the diameter estimate includes the zero section. On r < \J€, the pullback of ke to the canonical
disc-bundle double cover is the scaled Eguchi—Hanson metric. On that region, k¢ is the quotient of this
restriction by the free involution (6.2).
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Proof. Fix 0 < €y < 1/16 and use the cutoff y in (4.1). Put
me(r)

S=Ve  mdn=er/o), R =1-"5

Fore <r<§,F.=1—¢€*r"*>0 Forr>§,F.>1—¢€? > 1/2 after decreasing €. Use (7.1) with
this F,.

Set p = %\/r4 — €*. Then r* = €* + 4p? and dr = 2pr~3 dp. On the disc-bundle double cover, the
metric for r < § is

(7.13)

(e* + 4/)2)_1/2(dp2 +4p’0d) + (e* + 4p2)1/2(wf + 0d). (7.14)
On S3 /{+1} the connection form 2ws has fibre period 27. In a local trivialization write 2w3 = di/ + 7.
With x + iy = pel?,
dp? + p*dy?* = dx* + dy?, p*dy = xdy — ydx.
In these coordinates,
dp* + p*(dy + n)* = dx* + dy* + 2(x dy — y dx)n + (x* + yH)n.

Here aff = (a® f+ f ® a)/2 for one-forms «, . Both scalar coefficients in (7.14) are smooth functions
of x% + y%. At x = y = 0 the tensor is € ?(dx? + dy?) + €%(w? + w3); the second term is the pullback
of a positive metric on the base. The cross terms vanish there. Thus the extension is smooth and
positive definite at the zero section. The metric is invariant under (6.2) and descends to a smooth
metric on its free quotient.

The cutoff makes the metric exactly conical for r > 26. On § < r < 2,

Iml| < Ce*s7, Im?| < Ce*672.
Equation (7.4) gives |Ric |, < C €*57% = Ce. For the full curvature tensor, (7.9) becomes
_mg 2me _m{  5m;  4me _ 4m,
2rs o’ 2rt 275 re’ rée
Since |m| < €* and § < r < 26,
|A| + |B| +|C| < Coe*57¢ = Cye, |Rm|? = 4(16A% + B? + C?) < Cy €2

The Ricci tensor vanishes on r < § and on r > 25. The volume formula follows by integrating
rdr dv, from € to one; the zero section has volume zero.
The radial length from € to § is

S/e
e/ A-uH"2du< 8+ Ce. (7.15)
1
Fori<u<2,
. _4_(u—1)(u3+u2+u+1)>u—1
T ut -4
For u > 2,
ut
A-uH V1= <2u™

CJ1- u i1+ V1-u?)
Thus the nonnegative difference has integral at most /| 2o(u—1)""2 du+ /, “2u™* du = 49/12. Con-
sequently the left side of (7.15) is at most § — € +(49/12)e. Let hj be the fixed quotient metric induced
by w% + a)‘% on the zero section. Its induced metric is €2hg, and hence its diameter is e diam(RIP?, hy).
Every point with r < 26 has a radial path to that section of length at most § + Ce + /26. It follows
that
diami{r < 26} < 2(1 + v/2)8 + 2Ce + e diam(RP?, hy) < C’6.
By (7.5), the curvature energy of the inner part is at most

384€8 Vol(L) / r=° dr = 48 Vol(L) = 24r°.
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OnT,.={6<r<26},
26 15
Vol(T,) = Vol(L)/ rdr = T Vol(L)§*, / |Rm [* dv < Ce?8* = Cé*.
) Te

On r > 29, the curvature tensor vanishes.
Use the fixed disc bundle 0 < py < 1/2, with outer collar coordinate r = /2py. Choose an
increasing smooth map
fe +[0,1/2] — [0, 3V1 — €]
which equals p, on a neighbourhood of [0, €*] and /pZ — €*/4 for 2¢ < py < 1/2. Puta = €*, b = 2¢
and g(po) = \/p% — €*/4near [b,1/2]. Then0 < a< b <1/2and d := g(b) — a > 0. Choose disjoint
endpoint intervals I, I C [a, b] such that

L]+ / o/ (u) du < d/2.
I

Let 0 < 6,, 0, < 1 be smooth, supported in I,, I, and equal to 1 near the respective endpoints. For
0 < ¢ <min{1,d/(2(b — a))}, set

Qo = 0a+ 058"+ c(1— 0a— Op).

The product 0, g” is extended by zero away from I,. Disjointness of the supports gives gy > 0, with
qo = 1 near a and gy = g’ near b. Moreover,

b
/q0$|1a|+/g’+c(b—a)<d.
a Ib

Take ¢ € C((a, b)) with ¢ > 0and [,” § = 1, and put

b 0
q=qo+(g(b)—a—/ qO>¢, fe(po)=a+/pq (a< po < b).

Then q > 0, f. = p near a, and f. = g near b. Extend by these two formulas to [0, 1/2]. This gives
the required smooth increasing bijection with strictly positive derivative. The induced fibre map is
smooth at zero because f.(py) = po there. It commutes with fibre conjugation and descends to W.
Near the boundary, 4 f.(py)? + €* = 4p? = r*, so the end coordinate agrees with the fixed coordinate
r = \[2py whenever p, > 2¢. Every compact subset of the punctured fixed disc bundle is eventually in
this range. Pullback by these diffeomorphisms preserves all preceding estimates and fixes the conical
tensor on each such compact subset. (|

Since y(1) = 1 and y(2) = 0, there is s € (1,2) with y’(s) < 0. At r = §s, formula (7.4) gives
Ricy; = e*67! x (s)r™ < 0. For every 0 < € < €y, the Ricci tensor of k. therefore has a negative
eigenvalue at some point of the annulus. Formula (7.5) also gives |Rm | = /384 €2 on the zero section
by continuity; there is no uniform pointwise curvature bound there.

8. THE INFINITE DIHEDRAL REALIZATION

Proof of Theorem 1.2. Remove an interior four-disc from each of two copies of — W and identify the
resulting three-sphere boundaries by an orientation-reversing diffeomorphism. Denote the interior
connected sum by Z. Removing a disc does not change 1, and the gluing three-sphere is simply
connected. Van Kampen therefore gives

m(Z)=(a,b|a*=0b*=1). (8.1)

Its two boundary components are copies of L. Choose a basepoint in the connected-sum region and
joining paths to the two boundary components. Under these paths, their chosen generators map to
a, b, respectively, by Lemma 6.1.

Glue a copy of W to each component and put

M=Zupr(WuWw), X = Z upr (C<a(L) U Cy(L)). (8.2)
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All boundary identifications are the fixed identity maps of the underlying L; the orientations of Z
and the fillings are opposite at the boundary. The first attachment to M adds the relations ¢* = 1
and ¢ = a, and the second adds d* = 1 and d = b. Thus 7;(M) = De. The cone attachments instead
add a = b = 1, so m1;(X) = 1. Collars make these applications of van Kampen applications to open
path-connected covers. The manifold is diffeomorphic to D(W)#D(W), where D(W) = W U (—W).

The assignments a(t) = —t and b(t) = 2 — t define a homomorphism from the group in (8.1) to
Isom(R). With composition of maps, (ab)*(t) = t — 2k for every k € Z. Hence ab has infinite order,
and (1.5) follows.

Fix disjoint boundary collars of Z, with coordinate 1 < r < 1+ 5, and let gy be any smooth
Riemannian metric on Z. Let 8 be a smooth function supported in these collars, with 0 < 8 < 1 and
0=1on1<r<1+n/3. Set

gz =0(dr* +r*y) + (1 - 0)go
on the collars and gz = gy off them. The two definitions agree near the boundary of the collar
support. For every nonzero tangent vector v, gz(v,v) > 0; hence gz is smooth and positive definite.
Its curvature is bounded by compactness of Z. Adjoin the exact cone metrics for 0 < r < 1 to obtain
the metric on X. Each vertex is a flat R*/C4 orbifold point, with the specified free sphere action.
Suppose a vertex v has a manifold chart. After restricting the chart, there are 0 < r < R and a chart
neighbourhood U = B* such that

v€Co (L) C U C Cpr(L),

with v corresponding to the centre of B*. Choose a basepoint in C.,(L) \ {v}. The inclusion of the
punctured cones induces an isomorphism C4 — Cy, since both retract radially onto L. It also factors
through 7;(U \ {v}) = 1(B*\{0}) = 1, a contradiction. All other points have smooth neighbourhoods.

Use Proposition 7.2 in the two fillings in M, and denote the resulting smooth metric by g.. The
metrics agree as tensors on a full collar of r = 1, so they define one smooth metric. Lemma 4.2, applied
at r = 2./, identifies both distances with the infima required in Lemma 4.1. The underlying manifold

and all identifications are fixed. With
2 2

Vo = VoI(Z) + ”Z’ V. = Vol(M,8.) = Veo — %64, (8.3)

we have V, —» V., > 0.

By (7.12), the sets r < 2./€ have intrinsic diameter at most C \/€; the corresponding cone pieces
have diameter at most 4 \/e. Their complements carry the same metric. Each point in a filling can be
joined to its boundary by a path of length at most 1 + C /€. Paths in Z therefore give

diam(M, g.) < diam;,(Z2) + 2 + 2C J/«.

Moreover, with E; = fZ |Rmg, 2 dvg,,
|Ric/g\e |0p < max{| Rich ||Loo’0p, Ceo}, /M |Rm§€ |2 dv < Ez; + 4872 + 2C€g.
Thus there are constants Dy, Cy, Eq such that
diam(M, g.) < Dy, |Ricg_|op < Co, / |Rmg, [> dv < E,. (8.4)
M

The last inequality uses two copies of (7.12) and the fixed curvature energy of Z.
Put § = /€. Define f, to be the identity on Z and on the regions r > 24. In either filling, with
vertex v in the corresponding cone, set

fe(x)=v (r(x) <), fe(r,0) =(2(r—196),0) (5 <r<296).

The latter formula tends to v as r | &, uniformly in 60, and equals (r,0) at r = 25. Thus f; is
continuous and onto. Its graph is contained in the correspondence of Lemma 4.1, with s = 2 and
Ne < C4. Therefore dis f. < 6C§ — 0, which proves the convergence.

Put ¢, = (Voo /V.)/*. Choose a constant A > 0 with Cy/A? < 3, and set

ge = N*c%Z.. (8.5)
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Here ¢, > 1 and ¢, — 1. Constant scaling leaves the covariant Ricci tensor unchanged and divides

its metric eigenvalues by the squared distance factor. In dimension four, |[Rm,z, |22g = a *|Rm, |§,
and dvg, = a*dvg, so / |Rm[? dv is unchanged. Equations (8.3) and (8.4) prove all the bounds in the
theorem, with V = A*V,. The limit metric is multiplied by A?. For the target distance Ady,

dis fe < Ac, dis(fe : (M, ge) > X) + Alce — 1] diam X — 0.

Equation (2.5) gives a common positive unit-ball volume lower bound. Since f.|; = Idz, its
homomorphism is the quotient by {a, b))p, = D«. Let 2 be the two quotient zero sections. The
radial identifications in Proposition 7.2 give a fixed diffeomorphism M\ X — Xi¢g. For every compact
K C Xreg, 8clx = gx|k for all sufficiently small e. Hence ge|x = A%c2gx|k converges in C™ to Agx|k.
Choose any sequence €; | 0. O

Proposition 8.1. For the sequence in Theorem 1.2, choose a basepoint p in the interior of Z. For every
r>0,
Nr(M; gl) = DOO

for all sufficiently large i. At every basepoint the subgroup generated by loops of length less than the
constant n of Lemma 2.2 has uniformly bounded finite order.

Proof. Let y generate 7;(RP?) in either quotient zero section, and let £, be its length for the fixed
metric hy of Proposition 7.2. Equations (7.14) and (8.5) give

Lo (y) = Ace ity — 0.

Denote these local loops by y1, y2. Let ; join p to the basepoint of y;, using the fixed exterior paths
and radial paths in the fillings. Then

[ar* 1 * ;'] = a, [az %y, % a3 '] = b.

For all sufficiently large i, Ly (y;) < r for j = 1, 2. The definition of N, imposes no length bound on
a;. It follows that
DOO = <<a’ b»Dm C Nr(M’ gl) c DOO'

The last assertion is Lemma 2.2, applied to (1.2). ]
The product ab has infinite order. Thus a kernel normally generated by finite-order elements need

not be a torsion group.

9. DIAGONAL INVOLUTIONS AND NONNEGATIVE RICCI CURVATURE

Proposition 9.1. Let A; be closed connected smooth m-manifolds such that
Ricy, >0, diam(A;) < D, Vol(A) >v >0, m1(4;) = Co.

Suppose A; — A in Gromov—Hausdorff distance and A is simply connected. Then, after passage to a
subsequence, there are closed smooth (m + 1)-manifolds P; with

Ricp, >0, diam(P;) <3D+1, Vol(P)>2v, m(P;) = Dw, (9.1)
which converge to a simply connected compact length space.
Proof. Let q; : Z, — A; be the universal double covering, with involution r;. Fix u € Z, and let w
be a midpoint of a minimizing segment from u to 7;u, of length I. Isometry of 7; gives d(u, w) =

d(u, r;yw) = 1/2. Lifting and projecting minimizing paths gives the quotient-distance formula, and
hence

 — min{d(u,w), dCu, 7o)} = d(aw), a(w) < D.

For arbitrary u,v € A;, a minimizing path between their projections lifts from u to either v or 7, and
has length at most D. In the second case, d(u,v) < d(u, 7;v) + d(7;v,v) < D + 2D. Consequently

diam(A4;) < 3D. (9.2)
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The covers have volume 2 Vol(A;) and Ricci curvature at least zero. For 0 < r < 1, a disjoint family of
balls of radius r/2 contains at most (2(3D + 1)/r)™ members. Indeed, Bishop—Gromov comparison
bounds the volume of each ball below by (r/(2(3D + 1)))™ Vol(4;). A maximal r-separated set
therefore has uniformly bounded cardinality and its radius-r balls cover A;. Gromov compactness
gives a subsequence converging to a compact metric space Y. Choose maps a; : A; = Y of distortion
and density error {; — 0. Let {y;};>1 be dense in Y, and choose x; ; with a;x;; — y;. A diagonal
subsequence satisfies a;7;x; ; — z; for every j. Isometry of 7; gives
dy(zj, zi) = lim d (7%, Ti%;.) = dy (yj, yi)-
Hence y; = z; extends to an isometricmap 7 : ¥ — Y. Given b > 0, choose finitely many y; forming
a b-net in Y. For x € A; choose one of them with dy(a;x, ¥;) < b. The triangle inequality gives
dy(aitix, Ta;x) < dgi(X, xij) + & + dy(aitixi j, z;) + dy(y;, aix)
<2b+ Zévl + dy(a,-xi,j, y]) + dy(a,-rix,-,j, Zj).
The last two errors tend to zero uniformly over the finite net. Taking the supremum over x, then

lim sup;, and then b | 0 proves

E; :=sup dy(a;t;x, Ta;x) — 0.
X

Since 77 = Id, dy(a;x, t2a;x) < 2E;. For y € Y, choose x; with dy(a;x;, ) < &. Then
dy(y, t%y) < 24 + 2E; — 0.
Thus 72 = Id. In particular 7 is onto. Let ¢ : Y — Y /(z) be the quotient map. The relation

D; = {(q(x), q(ai(x))) : x € A}
contains a pair for every representative x € A;. The identities
da,(gi(x), ¢i(x)) = min{d(x, x"), d(x, ix")},
dy ;(ry(q(ai(x)), q(ai(x"))) = min{dy(a;(x), a;(x")), dy(ai(x), ra;(x"))}
give dis D; < {; + E;. Its first projection is onto and its second is {;-dense. Define

ﬁ,- = {(u,v) : there is (u, w) € D; with d(v, w) < {;}.

Both projections of ﬁi are onto, and the triangle inequality gives dis ﬁi < disD;+2{ < 3¢+ E;. Thus
A; — Y /{r). Uniqueness of the compact Gromov-Hausdorff limit gives A = Y /(r) isometrically. No
freeness or effectiveness of 7 is used. For y, z € Y, choose approximating points y;, z;, and let m; be a
midpoint of a minimizing segment joining them. A subsequence of a;(m;) converges tom € Y, and
the distortion estimate gives dy(y,m) = dy(m, z) = dy(y, z)/2. Thus every pair has a midpoint. Put
I = dy(y, z). If I = 0, use the constant path. Otherwise successive midpoint subdivisions define y at
dyadic parameters in [0, 1]. For dyadic s < t, subdivision and the triangle inequality give

dy(y(s), y(1) <t —s),  I<Is+dy(y(s),y(0) +I(1—-1).

Thus dy(y(s), y(t)) = I|t —s|. Completeness extends y to a minimizing segment on [0, 1]. In particular,
Y is path connected.
Let S; = R/2Z be the circle of length two and set

Pi= (A x S3)/{(u, £) = (ri, —1)). (9.3)

This is a free isometric involution, even at the fixed points of circle reflection, because z; has no fixed
point. The quotient is a closed smooth manifold. For the product metric,

RicE_XsZ}((v, a),(v,a)) = RicZi(v, v) > 0.
The quotient map is a local isometry of degree two. Consequently,

2 Vol(A))

Ricp, > 0, diam(P;) < \J(3D)®2+1 < 3D +1, Vol(P;) = = 2Vol(4)).
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The simply connected manifold A; x R covers P;. Its full deck group is generated by
T(u,t) = (u, t +2), R(u,t) = (tju, —t).

It has the relations R* = 1 and RTR = T~'. Every element has a unique form T* or T¥R; equality of
two such maps is excluded by their actions on the real coordinate, and equality within a form forces
the same integer. Each T* with k # 0 acts freely, and T*R acts freely because of its 7; component. If a
compact set K has real-coordinate projection in [—B, B, then either TFK N K # @ or T'RK N K # @
implies |2k| < 2B. Only finitely many group elements meet this condition, so the action is properly
discontinuous. These maps give the full equivalence relation defining (9.3). Thus their group is
71(P;) = De. -

Choose approximation maps u; : A; — Y with metric, density and equivariance errors at most
n; — 0; thus dy(u;7;x, Tu;x) < ;. The quotient distance is

min { [dz Ce,x/)2 + dyg (1, 2, \[dz Ge, rx' e+ dg (1,~)2 )

Replacing x, x’ by u;x, u;x” changes the first term by at most #; and the second by at most 27;. Here
|Va?2 + c2 — Vb% + c2| < |a — b| for a, b, ¢ > 0. The relation pairing [x, t] with [u;x, t] therefore has
distortion at most 21; and n;-dense target projection. Extending that projection to all target points
increases its distortion by at most 27;. Hence

Pi— P := (Y xS)/(y. 1) & (1, =1))-

The product Y x S} is geodesic. Indeed, constant-speed minimizing segments in the two factors,
parametrized on [0, 1], give a minimizing segment for the product distance. For two orbits of the finite
isometric action, choose representatives realizing the minimum in the quotient-distance formula.
Projection of a minimizing segment between them has length at most that minimum and at least the
distance of its endpoints. The two lengths are equal. Thus P is a compact geodesic space.

The compact space P is homeomorphic to

(Y x[0,1)/((3,0) ~ (z,0), (¥, 1) ~ (zy,1)). (9:4)
The map Y x [0,1] — P given by (y,t) — [y,t] is continuous and onto. If 0 < t < 1, equality
[y,t] = [y, t'] with 0 < t/ < 1 forces (y/,t') = (y,t). At t = 0 or t = 1, it identifies precisely y and
ty. It therefore factors through a continuous bijection from the quotient in (9.4) to P. The domain is
compact and P is Hausdorff, so this bijection is a homeomorphism.
The coordinate t descends continuously to (9.4). Its inverse images Uy = {t < 2/3} and U; =
{t > 1/3} are open. The maps [y,t] — [y,(1 — s)t] on U and [y, t] = [y,1 — (1 — s)(1 — t)] on
U, are well-defined deformation retractions onto the endpoint copies of Y/(r) = A. Moreover
Uo N Uy =Y x(1/3,2/3) is path connected. Van Kampen gives

ﬂ'l(P) = ”I(UO) *ﬁl(UoﬂUl) ﬂl(Ul) =1 *HI(Y) 1=1
([

Proof of Theorem 1.3. Use Brena’s sequence with fundamental group C, [3, unnumbered main theorem
and its proof]. It consists of closed four-manifolds with nonnegative Ricci curvature, uniformly
bounded diameters and uniformly positive volumes. The proof identifies its limit as the spherical
suspension of a connected scaled round lens space. Let L denote that connected lens space and
U., U_ the open cone subsets of its suspension. Radial contraction gives 71 (U,) = 71(U-) = 1, while
U; n U= = L x(—1,1) is path connected. Van Kampen gives

m(SuspL) = 1%,y 1= 1.
Proposition 9.1 applies with m = 4. O

The limit in (9.4) is computed using only the path connectivity of Y and the simple connectivity
of Y /(r). No simple-connectivity assumption on Y is used.
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10. TWO RESOLUTIONS OF ONE ORBIFOLD

Let V act on the binary Cantor space by finite prefix replacements. We use its finite presentability
and simplicity as recalled in [2]. Infinitude also follows from the subgroups (C;)™ constructed below.

Lemma 10.1. The group V contains an involution 3 # 1, and {I3)v = V. Every finite-dimensional
complex representation of V is trivial. The group has no proper subgroup of finite index.

Proof. For a finite binary word a, let [a] be its cylinder in {0, 1}N. If [a] n [b] = @, define

tap(ad) =b&,  Tep(b) =al,  Tep(x)=x (x¢[a]U[D]).

Set N = max{|al, |b|}. The complement of [a] U [b] is the disjoint union of those length-N cylinders
which are disjoint from [a] and [b]. Together with [a] and [b], they form a finite prefix partition. On
this partition 7, is a prefix substitution; hence 7, € V. Its square is the identity and it interchanges
the two nonempty cylinders, so it has order two. In particular, 3 = 7, is a nonidentity involution.
Givenm > 1, choose N with 2V > 2m and distinct words ay, by, ..., am, bm of length N. The involutions
74,5, have disjoint supports. They commute. If J C {1, ..., m} is nonempty and j € J, then [ [1c; a5,
sends [a;] to [b;], so this product is not the identity. Thus the homomorphism

m
"=V, (e — ]2,
j=1

is injective.

Simplicity gives {I)v = V for every & # 1. Suppose p : V — GL,(C) is nontrivial. Its kernel
is a normal subgroup of V and is not V. Simplicity therefore gives ker p = 1. Restriction to (C,)"*!
gives an injection into GL,(C). Each image involution is diagonalizable, since its minimal polynomial
divides (T — 1)(T + 1). Let Ty, ..., T,41 be the commuting image involutions. For € € {1, —1}"*1, set

L+ €T
P.=]]—"=
DIt

The identities sz = I give P2 = P, P.P» = 0 for e # €, and },, P. = I. On imP,, each T; is
multiplication by €;. The direct sum of these images is C"; choosing bases in the nonzero sum-
mands gives simultaneous diagonalizability. In a simultaneous eigenbasis, the image is contained in
{diag(ey, ..., €,) @ €; € {1, —1}}, which has order 2". An injective homomorphism from (Cy)"! would
give 21 < 27, a contradiction. Thus every such p is trivial.

If H <V has finite index d, the action on V/H defines a homomorphism V — S; < GLy4(C). It is
trivial. Since the action is transitive, d = 1. O

Proposition 10.2. There exist fixed closed oriented smooth four-manifolds M, N, a compact simply con-
nected Riemannian orbifold X, and metrics g;, h; satisfying the common geometric bounds in Corollary 1.4,
such that m;(M) = V, m;(N) = 1 and both sequences converge to X. The space X has one singular point
p, with round link isometric to L(4, 1). There are continuous Gromov—Hausdorff approximation maps
fi + (M, g;) > X and loops y; based at x; such that

[vl=1  Lg(w) >0,  fi(x)—p.
Conversely, every sequence of noncontractible based loops of lengths tending to zero has basepoints whose

images under f; tend to p.

Proof. Fix an involution ¢ € V \ {1}. Lemma 5.1, using the explicit W of Lemma 6.1, gives a compact
oriented four-manifold Z with boundary —L, fundamental group V, and boundary homomorphism
sending a generator of Cy to §. Give Z a fixed metric with an exact flat-cone collar. Put

M=Z ur W, X=7Z UL Cgl(L) (10.1)

The pushout calculation in (5.2) gives 7;(M) = V and 7;(X) = V/{J) = 1. Use the metrics of
Proposition 7.2 on the attached W. With one copy of (W, k.), equations (7.11)—(7.12) and Lemma 4.1
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give the Ricci, diameter and energy bounds, volume convergence, and continuous approximation
maps before normalization.

There is also a simply connected Ricci-flat ALE four-manifold of type As, obtained from the
four-centre hyperkihler construction recalled in [11, Section 3]. Its end is the round quotient of S* by
the cyclic action

(21, 22) ¥ (iz1, —iz2).
The real orthogonal map (z3, z2) — (21, Z2) conjugates this action to (z3, z2) > (iz1,1z2). The resulting
round quotient is isometric to L. Choose a compact core A of this ALE manifold and reverse its
orientation if necessary, so that the chosen boundary isometry is orientation reversing for the gluing
to Z. Put
N=Z7Zu; A (10.2)
The end retraction gives 7;(A) = 1. Van Kampen therefore gives 71(N) = V/{9) = 1.

The last assertion of Lemma 4.4 applies to A: its metric is Ricci-flat, its asymptotic cone is the
flat cone over L, and [7, Theorem 1.16] gives the differentiated decay (4.4). The curvature-energy
estimate in Lemma 4.3 is finite. Thus N has metrics converging to the same metric on X. The two
unnormalized volumes tend to Vo, = H*(X) > 0. Normalize each sequence to V., and choose one
constant A large enough for both Ricci bounds. Their final common volume is A* Ve, and both limits
have distance A times the original distance of X. Take the maxima of the two diameter and energy
bounds.

Fix a generator loop in the zero section of W. Its image in 7;(M) is ¢ # 1, and its length is at most
Ce; after normalization. The map f; sends its basepoint to p. This proves the existence assertion.

Let K € X \{p} be nonempty and compact. Choose a finite family of coordinate balls U, € X \ {p}
and nonempty open sets V, € U,, 1 < a < m, such that K c |J)_, V,. For all sufficiently large
i, their closures are identified with subsets of M on which g = c?kx, where ¢; — 1 and ky is the
final limit metric. The replaced region has image contained in Bsj (p). For sufficiently large i,
3A J€ < dx(p, K); therefore f,'(K) is the identified copy of K. Put

d, = dx(V,, X\ U,) >0, tx = 3 mind, > 0.
a
Positivity follows from compactness of V, and the inclusion V, C U,. Take i large enough that

¢i > 1/2. Suppose a rectifiable loop y based in V, leaves U,, and let ¢, be its first exit time. Its initial
segment lies in U, and satisfies

Lg(y) 2 Lg(ylio.r) = €iLiey (Yljo.5) = cidx(y(0), y (%)) 2 cida > tk.
Every loop based in V, of length less than £k therefore lies in the contractible set U,. Hence
inf{sg (x) : fi(x) € K} > £k (i sufficiently large).

If fi(x;) failed to converge to p, some subsequence would belong to K = X \ B,(p) for a fixed p > 0.
The last inequality would contradict Lg (y;) — 0 for noncontractible y; based at x;. O

Proposition 10.3. For the metrics in Proposition 10.2, every fixed scalar eigenvalue, counted with
multiplicity starting at Ay = 0, satisfies

lim A,(M, g) = A,(X) = lim A;(N, hy),  j>0. (10.3)

The operator on X is associated with the closed quadratic form Ex = 2Chy on L>(X, H*). Here the
Cheeger energy is

1
Chx(f) = - inflim inf/(lip fi)? dH*,
2 fi koo X
where f ranges over real-valued Lipschitz functions converging to f in L*, and

lip fi(x) = lim sup |fk(ﬁ — fi)| )
YoX, YEX X, y)
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The complex form is its complexification. Every rank-r Hermitian vector bundle on either resolving
manifold, equipped with a flat unitary connection V, has connection Laplacian V*V unitarily equivalent
to r copies of the scalar Laplacian.

Proof. Denote either resolving sequence by (Y;, k;) and its continuous approximation map by f;. Let
A; C Y;and B; C X be the replaced regions. Their volumes tend to zero. On their common complement,
ki = c?kx with ¢; —> 1, where ky includes the common final factor A%. Hence, for every ¢ € C(X),

'/neboﬁdvk,.—/wa‘*

Together with the vanishing distortions this gives measured Gromov-Hausdorff convergence. Fix
zo € IntZ and use its identified copy as basepoint in both resolving manifolds and in X. The
approximation maps satisfy fi(zy9) = zo; the measured convergence is therefore pointed for these
basepoints. Divide all measures by their common total mass V; > 0.

The smooth Ricci lower bound gives RCD(—3, o0) for each normalized metric-measure space. By
[5, Theorem 7.2], the limit has the same condition. The smooth measures have full support. Every
nonempty open subset of X meets its smooth locus in an open set of positive volume, so the limiting
measure has full support as well. Each L? space is infinite dimensional: a smooth open subset contains
arbitrarily many disjoint balls of positive measure. Let m; be the normalized reference measure and
let x; = z¢ be the chosen basepoint, also for the limiting space. A common diameter bound D gives,
for every u € L?(m;),

< | @lloo (Voli, (A) + HA(B) + Ic} — 1|/H* (X)) —> 0.

1/2
(/ di(x, x;)*|u(x)? dmi(X)) < Dlulz(m,).-

This is exactly condition (6.16) of [5, Definition 6.4] with constants (D, 0). The compact embedding
and spectral convergence in [5, Proposition 6.7 and Theorem 7.8] therefore apply. Their form is 2 Ch,
and on a smooth manifold

2Ch(f):/|vf|2 dm.

Its associated operator has convention — div V. The first min-max value in that theorem is our 1y = 0.
Multiplication of m by V, multiplies both terms of the Rayleigh quotient by V, and does not change
an eigenvalue. This proves (10.3).

Let E be a Hermitian vector bundle equipped with a flat unitary connection V. Its holonomy on M
is a homomorphism V — U(r), and is trivial by Lemma 10.1. On N it is trivial because N is simply
connected. Fix an orthonormal basis at yy. For any point y and path ¢ : yo — y, let e,(y) be its
parallel transport. If ¢/ is another such path, trivial holonomy of ¢ * (¢/)™! gives the same vector.
On a coordinate ball these vectors are obtained by solving the parallel-transport equations along a
smooth family of paths; they are smooth. For any path d from y to z, path independence applied to
¢ % d gives Pye,(y) = e4(z). Thus Ve, = 0 and (e,, €5) = d4p. On either manifold Y, the map

U : LZ(Y)r — LZ(Y, E), U(fl,---,fr) = Zfaea
a=1

is unitary. For smooth f,,

_ - 2 _ - 2
vu(ﬁ,...,f,)_;dfacaea, /Y|vu(f)| dv_a;/ymm dv.

Since U and U™! preserve the L? norm and the displayed energy, they extend to inverse isometries
between W2(Y)" and the form domain of V*V. The representation theorem for closed nonnegative
forms therefore gives

U Y(V'V)U = ErBAy, D(V*V) = U(D(Ay)").
a=1
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Proof of Corollary 1.4. Proposition 10.2 gives the two manifolds, the common limit, and the geometric
bounds. Lemma 10.1 gives triviality of every finite-dimensional complex representation of 7;(M) = V.
A connected finite-sheeted covering corresponds to a finite-index subgroup of the fundamental group.
The only such subgroup of V is V itself, and the trivial group has only itself as a subgroup. Thus every
connected finite-sheeted covering of either manifold has degree one. Proposition 10.3 gives the stated
eigenvalue convergence. O

Equation (10.3) is coordinatewise convergence. It asserts neither exact isospectrality for a finite i
nor a uniform comparison over all eigenvalue indices. It does not compare the orbifold fundamental
group of X with the groups of the resolutions.

11. A HEAT INTEGRAL AND THE HOMOTOPY SYSTOLE

Let n > 2 and let (M", g) be closed and connected. Let 7 : (M, ) — (M, g) be its universal

Riemannian covering. Write py(t, x, y) and p M(t’ u, w) for the heat kernels of e7*2, with A = — div V.
Deck transformations preserve the heat kernel, so p;(t, X, X) is independent of X € 7 1(x). Put

Oum(t, x) = pu(t, x, x) — p(t, X, X), (11.1)
H(t) = / Qu(t, x) dvg(x) (11.2)

M

C dt

UM, g) = e " Hy (1) e u>0. (11.3)

0

For an infinite fundamental group, the second diagonal integral is an integral over one fundamental
domain, not a trace on the noncompact universal cover. No ordinary zeta determinant on that cover
is asserted.
Put
sys;(M, g) = ;2]& sg(x) = inf{Lg(y) : y is a noncontractible rectifiable loop}. (11.49)

The infimum of the empty set is +oo. If 71(M) # 1, then s, is positive and 2-Lipschitz by the discussion
of (2.2); compactness gives a point where its positive minimum is attained. The deck-displacement
infimum at that point is also attained. Thus a noncontractible loop of length sys, (M, g) exists.

Lemma 11.1. For a fixed closed (M", g), the quantity U,,(M, g) is finite and nonnegative. On the class

Ricg > —(n—1)g, diam(M, g) < D, Vol(M, g) >v >0, (11.5)
there are positive constants depending only on n, D,v such that
2
0 < Ou(t,x) < Ct /2 exp<—5gg;) ) , 0<t<1. (11.6)

When s4(x) = +oo, the right side is interpreted as zero. If a nonidentity deck transformation moves a lift
of x by at most 0 < £ < 1, then
Hy(t)>c¢ (£ <t<). (11.7)

Proof. (a) Gaussian bounds. Assume first (11.5). The comparison used in (2.5) gives, at every basepoint,
Vol(B,(x)) > ver" for0 < r < 1. If u € M and x = n(u), lifting minimizing segments from x gives
7(Br(u)) = B,(x). The area formula for the local isometry, whose multiplicity is at least one on B,(x),
gives Vol(B,(u)) > Vol(B,(x)). Bishop comparison gives the upper bound. Thus

br" <Vol(B(w) < Cr"  (wel, 0<r<1).

The complete smooth covering satisfies RCD*(—(n — 1), n). Theorem 1.2 of [6], with K = —(n — 1),
N = n and Gaussian parameter 1, gives constants C;, C; > 0 depending only on n such that
exp(—d(u, w)?/(3t) — Cyt) Cy exp(—d(u, w)?/(5t) + Cyt)
C1 Vol(B ;(w)) Vol(B j;(w))

<pi(tiu,w) <
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Combining this inequality with the preceding volume bounds gives, for 0 < ¢t < 1,
pM(t, u,w) < Ct_"/ze_d(”’w)z/(a), d(u, w) <3Vt = pM(t, u,w) > ct "2, (11.8)

On 0 < t < 1, the factors from the cited theorem satisfy e ¢ < e ¢! < 1 < e©* < €®. Consequently
the constants in (11.8) depend only on n, D, v.

The mass-preservation identity preceding [6, Theorem 3.1], applied to nonnegative functions in
L' n L%, and symmetry of the kernel give

/~ Pyt u, wydvg(w)=1  (t>0).
M

Write the left side as S;(u). Mass preservation and symmetry give, for every nonnegative ¢ € L! n L?,

/Mgi)(u)St(u)dv(u):/Me_mﬂg{)dvzlngdv.

Tonelli’s theorem therefore gives S; = 1 almost everywhere. Fix t > 0, 0 € M and b > 0. The Gaussian
bound and Bishop comparison imply, for R > b,

sup /~ Pt u, w) dv(w) < Cpe (R0 /20 Z Va(j+ 1)e /@ g,
u€By (o) J M\Bg(0) j=0

The series converges because V,(j + 1) < C,e(* DU+ The integral over Bg(0) is continuous in u
by continuity of the kernel on compact sets. Hence S; is continuous. Full support of Riemannian
measure gives S;(u) = 1 at every u.

(b) Periodization. Let T be the deck group. Isometric invariance of the minimal heat kernel gives

it yu,yw) = py(t,u,w) (y €T).
Thus its diagonal is independent of the chosen lift. For each x, choose a lift X and put L, (x) = d(X, yX).
Replacing X by §% replaces the index y by 57!y §; hence the multiset of displacements, its counting
function and every sum used below are independent of this choice. These assertions concern the
pointwise sums and do not require a continuous section of the covering. Lemma 2.1 and the unit-ball
lower bound give

#y : L(x) <R} < APED (R >0). (11.9)
We prove the identity
pu(t,x, ) =Y. pu(t. % v). (11.10)
yer

For a fixed 0 € M, T = Ums1ly @ d(o, yo) < m} is countable by (11.9). Changing the lifts to 5x, ny
reindexes the sum by the bijection y — §~'y#. Thus any convergent sum in (11.10) is independent
of both lifts. Let Fy be the measurable section obtained by lifting minimizing paths from a fixed
basepoint outside its cut locus. The translates yF, y € T, are pairwise disjoint and cover the inverse
image of the complement of that cut locus. The omitted set is 7~ !(Cut(x)), where x, is the chosen
basepoint. It has measure zero, since the cut locus has measure zero and a countable atlas of local
isometries covers M. Thus F, is a fundamental domain up to a null set. For each compact interval
[7, T] C (0, 00), the Gaussian upper estimate and the positive lower bound for Vol(By,ins 7 13()) give

Pyt u,w) < Coyexp(—d(u, w)/Cr7) (r<t<T)
This estimate, (11.9), and
give the following locally uniform majorant. Fix o € M and restrict X, J to a compact subset of B (o).
Then
d(X,yy) > d(o,yo) — 2b.
On a compact positive-time interval, the sum over j < d(o, yo) < j+ 1 is bounded, for all sufficiently
large j, by Cexp(B(j + 2) — (j — 2b)*/C). These bounds are summable andindependent of X, y. The
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Weierstrass test therefore gives absolute locally uniform convergence. For real-valued f € C(M),
Tonelli’s theorem for | f| and the change of variable w = yv give

A) > pi(t % yo) f(rv) do = Aﬁ pi(t, %, w)f(rw) dw.

yer

Put F = f o 7. This function is bounded and uniformly continuous, since f is uniformly continuous
on compact M and 7 is 1-Lipschitz. Let

PE@) = [ ptu wF () dog). 0r(®) = sup|Fu) = Flw).
M d(u,w)<8
Conservativeness gives |P;F| < |F|« and, for 0 < § < 1,
IPiF() = FG)| < 0r(0) + 2L | i) g,
u,w)>

For 0 < t < 1, splitting the Gaussian exponent and using Bishop’s volume bound on the annuli
j<d(u,w)<j+1gives

/ Pyt u, w) dvg(w) < Ct"/2=9/CCH) Z Va(j + 1)e 77O
d(u,w)>5 j=0

< C/t—n/ze—zsz/(zm) 50

Bishop’s model volume satisfies V,,(j + 1) < C,e DU 5o the displayed series is bounded by a
convergent Gaussian series. For each fixed § > 0,
lim sup |P;F — Fllo < wp(5).
tL0

Since wp(6) = 0as § | 0, |[PtF — Floo — 0.

Fix 0 € M. Choose yg € C’(M) with 0 < yg < 1 and yg = 1 on Bg(0), and put Fg = ygF. The
closed ball Bg(0) is compact by Hopf-Rinow, so a smooth compactly supported function equal to one
there exists. Since F is bounded, Fg € L' n L?, and

ur(t,u) := /Mp]ﬁ(t, u, W)Fr(w) do(w) = e~ Fg(u)

satisfies (9; + Ag)ug = 0 for t > 0. Fix 0 < 7 < T < co and a compact set K C Bg,(0). Theorem 1.2 of
(6], the lower ball-volume estimate, and Bishop comparison imply, with C; r independent of R,

sup |ug — PiF| < Cp pl[Floe™ ®RY/QCD) Ny, (4 1)/ /2Ce)
[r.T]xK j=0

— 0 (R - ).

Here R > Ry: on supp(1 — yr) one has d(u, w) > R — Ry; splitting the Gaussian exponent gives the
displayed bound. The series is finite. For every ¢ € CZ°((0, o) x M),

Am/ﬂ ur(=0:y + Agzy) dvdt = 0.

Local uniform convergence permits passage to the limit. Thus (9; + Ag)P,F = 0 distributionally.
Interior parabolic regularity on the smooth covering makes P;Fsmooth for ¢ > 0. Isometric invariance
of the kernel and F o y = F imply P,F o y = P,F for every y € I'. Let u(t, ) be the descended solution
on the compact base. For 0 < 7 < t, the parabolic maximum principle gives

lu,) = €™ floo < Ju(z,) = €™ flo.

Both terms on the right converge uniformly to f as 7 | 0, so u(t,-) = e"**¥ f. Equality against every
f € C(M) and continuity of the kernels give (11.10).
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(c) Integrability. Equation (11.10) gives
Oum(t,x) = Z pi(t, X, yx) > 0.
y#1
Split the exponent in (11.8) into two equal parts. Every nonidentity displacement is at least s¢(x).
Summing the remaining factor over integer annuli and using (11.9) gives
3 e LGP/ < s /@D 3 oL GP/EC) o Cosila /20,
y#1 yer
For 0 < t < 1, (11.9) bounds the last series by
A Bm+2)——|.
n; exp ( (m+2) 2C>

The inequality Bm < m?/(4C) + CB? bounds this by

(<]

A 623+c32 Z e—mz/(4c) < oo,

m=0
This bound is independent of x and ¢ and proves (11.6), after enlarging C.
For a fixed nonsimply connected M, the positive continuous function s, has a positive minimum
;. Puta = {’é/C > 0. The substitution u = a/t gives

1 )
/ t*lfn/Zefa/t dt = an/Z/ un/Zflefu du < co.
0 a

By (11.6), this bounds the small-time part of (11.3) up to a fixed factor. For t > 1, the eigenvalues of
Ajr are nonnegative, so

0 < Hy(t) < ). e HM8) < Tr(e™™) < oo,
j=0
It follows that - d p
; -
/ e M Hy(t) — < Tr(eiAM)e— < oo,
1 t u
For a > 0, the identities A2, = a Ay and dvge, = a"dvg imply pe,(t,x,y) = a "pg(t/a* x,y) on
the base and its covering. Changing variables ¢t = a*s in the integral gives
Qazg(t; x) = aian(t/az’x)’ Uﬂ(Ma azg) = UpaZ(M’ g)

For an arbitrary fixed closed metric g, put

K = max{0, — min Ricg(v, v)}, a = max{l,\K/(n— 1)}

Iolg=1
Then
Ricgzy > —(n — 1)a’g, diam(M, a*g) = adiam(M, g), Vol(M, a®g) = a" Vol(M, g) > 0.
Finiteness for the rescaled metric with parameter y1/a” gives Uy(M, g) = U};/2(M, a*g) < 00. If M is
simply connected, Qp = 0.

(d) A nontrivial deck transformation. Suppose d(X, yX) < £ < 1 with y # 1. For y € B (x), lift a
minimizing path from x to y, starting at X, and denote its endpoint by 7. If £ < t < 1, then

d(7,yy) <24t + £ <34t
Since y # 1, its term occurs in Qy(t, y). Equations (11.10) and (11.8) give
Om(t, ) = pg(t, Ty 2 et (y € B j(x)).
Therefore

Hy(t) > Qui(t, y) dvg(y) > ct 2 Vol(B 7(x)) > cv., £ <t< 1
B (x)
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Theorem 11.2 (Systolic criterion). Fix n > 2, D,v, u > 0. On the class of closed n-manifolds satisfying
(11.5), there is ¢ = ¢(n, D,v) > 0 such that

U,(M, g) > 2ce”"log sysl(lM,g) (O <sys,(M, g) < 1). (11.11)
For every sy > 0, there is C = C(n, D,v, 1, S9) < o such that
sys;(M,g)>s, = U,M,g)<C. (11.12)
Consequently, for every sequence in this class,
U,(M;, g) — +oo = sys,(M;, g) — 0. (11.13)

Proof. Let ¢ = sys,(M, g) < 1. By (11.4), a nonidentity deck transformation has displacement ¢ at
some point. Lemma 11.1 gives

1
1
U,(M,g) > ce”/ dt =2ce Vlog -.
ezt 4

This proves (11.11).
Suppose sys,; (M, g) > sy. Bishop comparison and Bp1(x) = M give Vol(M, g) < V(D + 1). The
upper bound in Lemma 11.1 therefore implies

Hy(t) < Cot "2e755/(G0 (9 <t < 1),

with C, depending only on n, D,v. Set a = s3/Coy > 0. Then

! dt ®
/ e M Hy(1) " < Coa_"/z/ UM et dy.
0 a

The same heat-kernel upper estimate applied to the base at t = 1 gives py(1,x,x) < Cy, since
Vol(Bi(x)) > v.. Hence

Tr(e ) = / pm(1, x,x) dvg(x) < CiV,u(D + 1).
M

The nonnegativity of the scalar Laplacian and of Qj gives
® dt * H
/ e M Hy(t) - < CiVa(D + 1)/ e dt = C V(D + 1)6—.
1 1 U

These two estimates prove (11.12). They also apply when the manifold is simply connected, in which
case Hy; = 0.

If sys,(M;, g) — 0, equation (11.11) gives divergence of U/},. Conversely, if the systoles do not tend
to zero, there are sp > 0 and a subsequence on which they are at least sy. Equation (11.12) bounds U,
on that subsequence, excluding convergence to +oo. |

No Gromov-Hausdorff convergence is assumed in Theorem 11.2. Its assertion holds for every
fixed n > 2; the constants depend on n.

Corollary 11.3 (Kernels and heat divergence). Under the hypotheses of Proposition 3.2, fix p > 0. Then
U,(M;, g) — +oo = (fi). is noninjective for all sufficiently large i.

If (fi)« is injective for all sufficiently large i, then sup; U,(M;, g) < oo. In particular, in a marked
realization satisfying condition (ii) of Theorem 1.1,

kero #1 = U,(M, g) — +oo, kerp =1 = sup U,(M, g) < 0.
i

Proof. Let r, > 0 be the constant in Proposition 3.2. For every fixed 0 < r < r,, equation (3.2) gives
ker(fi)« = No,(M;) (i > i(r)). (11.14)

Suppose (fi)« is eventually noninjective. Let I satisfy ker(f;). # 1 fori > I. Given a > 0, choose
0 < r < min{ry, a/9}. For i > max{l,i(r)}, No,(M;) # 1. If every rectifiable loop f with L(f) < 9r
were nullhomotopic, every conjugate in the defining family of Ny,(M;) would be the identity. This
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would give No,(M;) = 1. Hence such a noncontractible § exists, and sys,;(M;, g) < L(f) < 9r < a.
Thus sys, (M;, gi) = 0, and Theorem 11.2 gives divergence.

Fix one admissible ry > 0. If (fi). is injective and i > i(ry), then (11.14) gives Ny, (M;) = 1. For
a rectifiable loop S of length less than 9ry, choose a path a from the fixed basepoint to $(0). Then
[¢ = B * a™'] = 1; the basepoint-change isomorphism gives [] = 1. Thus sys,(M;, g) > 9.
Equation (11.12) gives one upper bound for ¥}, on all such indices. If injectivity holds at infinitely
many indices, select an increasing sequence i > i(ry) of such indices. The same upper bound applies
to every Uy(M;,, g,), so the full sequence cannot tend to +co. If injectivity holds for i > I, put
J = max{l, i(ry)}. With this uniform bound denoted by C,

sup Uy (M;, &) < max{C, Uy (M1, g1), ..., UVy(Mj-1, gj-1)} < o0,
1

where the finite maximum is omitted when J = 1. Finiteness of each displayed term is Lemma 11.1.
The marked-realization assertions follow from (f;).a™! = ¢. g

Corollary 11.4. For the sequences in Proposition 10.2 and every fixed y > 0,
UH(M’ gl) —> +o00, Ull(N’ h;) = 0. (11.15)

Every flat unitary connection on a finite-rank Hermitian vector bundle over either manifold has trivial
holonomy and the eigenvalue multiplicities described in Proposition 10.3.

Proof. Let y; be the image of a fixed generator loop in the quotient zero section of (W, k). Its class
in (M) = Vis & # 1, and Ly (y;) < Ce;. For a lift X; of its basepoint, the lifted loop joins X; to o;X;
for a deck transformation o; # 1, with

d(F, %) < Ly(y) < Cer
Lemma 11.1 gives Hy(t) > ¢ for C?e? < t < 1, for large i. Hence

UM, g) > ce™” /
2

C%ée;

Lodt 1
Tzcllog——C1—>+00.
6.

1

The manifold N is simply connected, so its universal covering is itself and Qn(t, x) = 0 for every
t > 0 and x € N. The last assertion is Proposition 10.3. 0

The integral (11.3) depends on the heat kernel of the universal covering. This corollary makes no
assertion that the scalar spectrum of a single metric determines its fundamental group.
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