FINITE SPECTRAL DETERMINATION
OF COMPACT HOMOGENEOUS MANIFOLDS

ANASS NIFA

ABSTRACT. A finite initial segment of a prescribed scalar Laplace spectrum determines the full
spectrum among closed homogeneous manifolds of the same dimension. The realizations are represented
by finitely many compact semialgebraic sets of positive invariant cometrics. They are therefore
smoothly compact modulo diffeomorphisms and have finitely many diffeomorphism types. Among
globally naturally reductive metrics, each spectrum has only finitely many isometry classes. For these
metrics, a finite set of scalar eigenvalues also gives a local Lipschitz estimate for the metric modulo
diffeomorphisms, simultaneously in every differentiability order. An explicit family on SU(2) x S has
fixed volume and uniform relative convergence of all positive eigenvalues, while its scalar curvature
tends to —oo.

1. INTRODUCTION

All manifolds are smooth, closed, connected and of positive dimension. Homogeneity means
global homogeneity. The nonnegative scalar Laplacian and its eigenvalues are denoted by

Ag = _dng v, 0= A0(g) < Ai(g) < Aa(g) < .

Eigenvalues are repeated according to multiplicity. Put Ax(g) = (A1(g), ..., An(g)). A cometric is the
inverse of a Riemannian metric, regarded as a positive symmetric contravariant tensor.

1.1. Finite spectral determination.

Theorem A. LetY = (0 = 09 < 01 < 03 < --) be the scalar spectrum of a closed connected smooth
Riemannian n-manifold, where n > 0. There is an integer N = N(n,X) such that, for every homogeneous
n-manifold (M, g),

AN(g) = (01,...,0n) = Spec(Ag) = 2.

There are finitely many homogeneous presentations M; = G;/H; and compact semialgebraic sets K; of
positive invariant cometrics on M; such that

(i) every homogeneous realization of T is isometric to a metric represented in some K;;
(ii) every member of every K; has spectrum X.

Consequently, these realizations have finitely many diffeomorphism types and are compact for smooth
convergence modulo diffeomorphisms.

The transitive group, the isotropy subgroup, the topology and the toral factors may vary. The
reference manifold need not be homogeneous. If ¥ has no homogeneous realization, some finite initial
segment has no homogeneous realization in dimension n.

Schueth [18] constructed continuous isospectral families of globally homogeneous metrics.

Dai-Wei [7, Theorem 1.2] prove finite spectral determination on compact thin families of unit-
volume metrics; their thinness condition is local containment in a finite-dimensional real analytic
variety. Their Theorem 1.3 applies to normalized Einstein metrics with a positive lower bound for the
injectivity radius and an upper bound for the diameter. Their hypotheses include compact families
of unit-volume invariant metrics on a fixed homogeneous space. Here, equality of finitely many
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initial eigenvalues gives the compact positive parameter sets and the finite list of presentations. In
dimension three, the recent preprint of Li-Wu-Zhou [16, Theorem 1.2] proves smooth compactness
of the full isospectral class, without a homogeneity assumption.

1.2. Naturally reductive metrics. A globally naturally reductive metric admits a transitive presenta-
tion satisfying (8.1). On a closed manifold the presenting group can be taken compact and connected,
by Lemma 8.4. The isotropy subgroup may be disconnected.

Theorem B. A prescribed scalar Laplace spectrum has only finitely many isometry classes of closed
connected globally naturally reductive realizations. In particular, it has only finitely many normal
homogeneous realizations up to isometry.

Theorems A and B imply that, in a fixed dimension, a sufficiently long prescribed initial segment
has only finitely many naturally reductive realizations up to isometry; see Corollary 8.12. Yu [22,
arXiv v2, Theorems 4.1 and 4.2] proves finiteness of the isotropy conjugacy classes for a fixed compact
group with a fixed normal metric, and for a fixed semisimple group with a varying normal metric.
The normal homogeneous case of Theorem B is [22, arXiv v2, Conjecture 4.1].

Sutton [20] constructed nonisometric isospectral pairs of normal homogeneous spaces.

There is also a local estimate. If g is globally naturally reductive, then there are N > 1, a smooth
neighborhood U of Diff(M) - gy, and constants C, > 0 such that every globally naturally reductive
g € U has a diffeomorphism ¢ with

9" g — goller(g) < Cr max 14;(g) — A;(go)l, r=0,1,... (1.1)

The same ¢ and N occur in all differentiability orders. The transitive action and the naturally
reductive complement may vary; see Theorem 8.1. Gordon—Sutton [12, Theorem 4.1] prove local
spectral isolation for naturally reductive left-invariant metrics on a fixed compact simple Lie group.
Gordon-Schueth—-Sutton [11, Theorem 2.3] prove local determination of a bi-invariant metric on a
compact connected Lie group by finitely many distinct eigenvalues among left-invariant metrics of
no greater volume.

For a compact transitive action B ~ M, an invariant symmetric tensor on b defines a central
quadratic operator. When its principal symbol is positive, this operator is the Laplacian of a naturally
reductive metric. Conversely, every metric in the stated class has such a realization; see Lemma 8.4.
The inducing tensor may be indefinite or degenerate on b. For a nondegenerate invariant inducing
form, the generalized Casimir formula and scalar action are given in [1, Lemmas 2.6 and 2.9].

In a fixed space of central quadratic operators, finitely many scalar representation functionals
form linear coordinates. Eigenvalues near an isolated reference cluster remain in its fixed interval of
indices. This gives (1.1) on the fixed operator space. The slice theorem and the finiteness of conjugacy
classes of semisimple subgroups with maximal centralizing tori reduce the varying-action case to
finitely many such spaces. Their closedness also proves smooth closure of the naturally reductive
class. Theorem B then follows from Theorem A and local isolation.

1.3. Representation multiplicities and compactness. Let G be compact, connected and semisimple,
and let H C G be closed. Fix an invariant inner product on g. An invariant cometric A determines,
in each irreducible unitary representation 7, a Hermitian matrix LZ(A) on the fixed space V. Its
entries are linear in A, and

multg(p) = Z dim V, dimker(LY(A) — uI).
neG

A summand contributing to an eigenvalue of multiplicity m, has dim V; < m,. The Weyl dimension
formula leaves only finitely many such representations. Requiring their total contribution to be at least
m,, is a finite union of polynomial rank conditions. This condition is necessary for multiplicity exactly
m,, and sufficient for multiplicity at least m,. The Hilbert basis theorem reduces the intersection
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over all prescribed eigenvalues to a finite subintersection. On compact positive parameter sets, these
identities give finite spectral determination; see Lemma 2.8.

An unbounded semialgebraic family of cometrics on a fixed presentation contains an escaping
Nash arc with a nonzero positive semidefinite normalized limit A.,. A vector with bounded spectral
energy is annihilated, in the limit, by every direction in im A.. The persistent multiplicities therefore
occur on a quotient of smaller dimension. Its Weyl count cannot contain the prescribed spectrum.
At a bounded singular limit, adding eI and applying the Weyl law bounds the volume from above,
whereas the determinant formula makes it tend to infinity. These arguments involve the Weyl law
only for fixed positive metrics.

For varying isotropy, Yu’s theorem [21, Theorem 1.1] gives, after conjugation and passage to
a subsequence, H; C H and v = VI eventually for each fixed 7. Finite-dimensional tensor
representations make the quadratic operators descend to G/H. Their spectra contain the prescribed
initial segments. The dimension comparison then leaves finitely many isotropy types.

On a semisimple homogeneous space times a torus, the corresponding matrices have the form

Lo(A) + ) Bap(mal = To(V))mpl = To(Vy)),  Tp = —idr.
a,b

Here B > 0, the V, are invariant vector fields, and m ranges over the prescribed Fourier cosets.
Representation dimension no longer bounds m. Lattice reduction and multiplicity counts first bound
A and B from above. A common Cartan minimization bounds the components of the V, perpendicular
to that Cartan: an unbounded component would annihilate all persistent eigenspaces in one nonzero
Lie algebra direction and lower the Weyl exponent.

The remaining unbounded components are toral. Their separated weights give a positive limiting
operator. Exact spectral persistence then implies polynomial factorization of the original matrix
pencils in the Fourier variables. The variational formula for sums of eigenvalues makes the limiting
weight projections reduce the original operators. This gives an actual right-torus symmetry. Integral
shears consequently produce isometric representatives with bounded parameters and positive limits.

1.4. Relative spectral convergence. For two closed connected metrics put

A;(8)
Aj(h)

log € [0, o0]. (1.2)

dsp(g, h) = sup

Jj>1
On SU(2) x S, Proposition 9.1 gives left-invariant metrics g; of the same volume as the round product
Q, and diffeomorphisms F;, such that
dsp(gis Q) -— 0> -Fi*gi — Q ln C07 Scal(gi) —> —00.

Thus uniform relative convergence of the entire positive spectrum does not imply smooth precom-
pactness, even with fixed volume and C° convergence modulo diffeomorphisms. The parameters are
a horizontal anisotropy tending to zero and an integral shear tending to infinity.

2. INVARIANT LAPLACIANS AND POLYNOMIAL SPECTRAL CONDITIONS
2.1. The homogeneous Laplacian.

Lemma 2.1. Let Dy, D, be real scalar differential operators of order at most two on a smooth manifold.
Suppose that both are formally self-adjoint for the same positive smooth density, that D1(1) = D»(1) = 0,
and that their quadratic principal symbols agree. Then Dy = D;.

Proof. The difference D; — D; has order at most one and annihilates constants, so it is a real vector
field Y. Its formal adjoint is —Y — div Y. Equality of the first-order symbols gives Y = —Y, hence
Y =0. O
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Let G be a compact connected Lie group, let H C G be closed, and let Q be an Ad(G)-invariant
inner product on g. Put m = h*¢ and

P(G,H) ={A € Sym(m) : A >0, AAd(h) = Ad(h)A for every h € H}.
The invariant metric corresponding to A € P(G, H) is

(gA)EH(X3 Y) = Q(A_IX, Y) (21)

The Ad(H)-invariance of this inner product makes its translates independent of the representative of
each coset. Extend A by zero on ). Unless otherwise indicated, its determinant means det,, A. Fix a
Q-orthonormal basis Xj, ..., Xp of g.

For a unitary representation 7 : G — U(V,;) define

D
Lo(A) = - ). Ayjdrn(X)dm(X)). (2.2)
ij=1
Since dn(X;)* = —dn(X;) and A;; = Aj;, one has L,(A)* = L,(A). For h € H,
m(WL(A)r(h)™" = Ly(Ad(R)AAd(h)™") = L.(A).
Thus V is invariant under L,(A). Write LE(A) = L,I(A)|V;1.

Proposition 2.2. Form € G, on the r-summand of LA(G/H; C) the scalar Laplacian of g, is Iy: ® L (A).
Consequently,

Spec(Ag,) = |_| d, Spec(L?(A)), d, = dim¢ V. (2.3)

1eG

The union includes multiplicities; a summand with VI = 0 is empty. The trivial representation contributes
one zero eigenvalue. Every other eigenvalue in the union is positive.

Proof. For X € g put

XN = o

f(x exp(tX)).
0

=

Haar measure is invariant under the flow x > x exp(¢X), so X* = —X. The operator

DA = - Z Ainin
i

is formally self-adjoint. Conjugation by right translation through h € H replaces its coefficient tensor
by Ad(h)A Ad(h)~! = A. Hence D, preserves right H-invariant functions and descends to G/H. Its
principal symbol at eH is A; at xH it is the image of A under left translation by x. This equals the
principal symbol of A,,. Integrating right H-invariant functions on G shows that the descended
operator is symmetric for quotient Haar probability.

The Riemannian measure of an invariant metric is a constant multiple of the invariant probability
measure. Both D4 and A, annihilate constants. Lemma 2.1 therefore gives Dy = Ay,.

For v € VH and 5 € V7, the function fro(xH) = n((x)v) is well defined, and differentiation gives

DAfn,u = fr],L”(A)u-

The Peter-Weyl decomposition on G [4, Chapter III], followed by the orthogonal projection f(x) —
fH f(xh) dh, gives

—

2 . _ * H
1*(G/H;C) = @ﬂeavﬁ ® VI (2.4)

This proves (2.3). If Ag, f = 0, then /G/H |df|§A = 0. Thus df = 0, and f is constant because G/H is
connected. Constants occur precisely in the trivial summand. g
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2.2. Finite representation lists. In the conventions of [2, 3], the irreducibles of the simply connected
cover of a compact connected semisimple group have highest weights

r
A= Z a; Wi, a; € ZZO'
i=1

Only those trivial on the covering kernel occur for the given global group. If ®* is a positive system
and p its half sum, then

dy = H M_ (2.5)

For the inner product Q, the Casimir eigenvalue is ¢y = (A, A + 2p), where the pairing is induced by
the dual of Q.

Lemma 2.3. For each integer M > 1, a compact connected semisimple group has only finitely many
irreducible representations of dimension at most M.

Proof. Each positive coroot is a nonnegative integral combination of the simple coroots. Therefore
every factor in (2.5) is at least one. The factor corresponding to the simple root ¢; is a; + 1. Thus
dy < M implies 0 < a; < M — 1 for every i. There are at most M" such weights. Representations of
the given group form a subset of this finite list. O

Lemma 2.4 (Volume formula). For A € P(G, H),
Vol(ga) = Vol(gr)(det A)™'/2, (2.6)
m
Proof. By (2.1), the ratio of the Riemannian densities at eH is (dety, A)~1/2, Both densities are invariant,
so their ratio is constant on G/H. Integration gives the formula. 0

2.3. Analytic conventions and estimates. For a closed smooth Riemannian manifold, the elliptic
estimate is [10, Lemmas 1.3.4(c) and 1.3.5]

Il < Cs(Inflas +1fl2) (s € Zxo). (2.7)

The scalar Laplacian admits an orthonormal basis of smooth eigenfunctions [10, Lemma 1.6.3]. On a
closed n-manifold, Sobolev embedding gives the continuous inclusion H*(M) — C"(M) whenever
s> r+n/2[10, Lemma 1.3.4(b)].

Lemma 2.5. Finite sums of Laplace eigenfunctions are dense in C*(M) for its usual Fréchet topology.

Proof. Let (¢;) be an orthonormal eigenbasis and f € C*(M). Put a; = [, f¢;d Vol. For every
integer k > 0, integration by parts and Parseval’s identity give

Y+ 2% ai? = 11+ A7 < oo
j

For fy = )<y a;;, the same identity gives (1 + NF(f = f)lz = 0. Iterating (2.7) gives fy — f in

H?*. For each r, choose 2k > r + n/2 and apply Sobolev embedding. Then fy — f in C". 0
For 0 # f € C*(M), put Rg(f) = fM |df|§ dVol/ fM |f|* d Vol. The variational formula is
A = inf  sup R,(f). 2.8
()=, jnf, sup R() @9)
dim E=k+1

Indeed, E = span(¢y, ..., §x) gives the upper bound. Every (k + 1)-dimensional E contains a nonzero
function orthogonal to ¢, ..., ¢x_1; its eigenfunction expansion gives Ry(f) > Ax(g). The same
argument in a finite orthonormal eigenbasis gives the variational formula for Hermitian matrices. In
particular, for two Hermitian matrices of the same size,

[4k(B) = Ak(B')| < [B = B'|op.
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2.4. Weyl counting and Casimir bounds. For a fixed closed smooth d-manifold Y, let Ny(T) = #{j :
Ai(Y) < T}. The spectral-function asymptotic for 1 + Ay, integrated over Y, gives [14, Theorem 1.1]
wd
(2m)

The count for a point is one. For a sequence ¥ = (0, 01, ...), write Nx(T) = #{j >0 : 0; < T} and
N (T) =#{j > 1 : 0; < T}. Formula (2.9) concerns each fixed positive metric. The notation Vol(%)
denotes the volume recovered from its leading coefficient. For 7 € G, put T,(X) = —i dn(X). The
Ad(G)-invariance of Q and Schur’s lemma give Y ; T,(X;)* = c,I with ¢, > 0. Consequently,

I TGOl < VerlXllo- (2.10)

For | X|o = 1, extend X to an orthonormal basis. Its squared Hermitian operator is a positive summand
of ¢,I; homogeneity proves the formula. The bi-invariant Laplacian on G has finite-dimensional
spectral subspaces below every fixed bound. Since each irreducible 7 occurs in L2(G), only finitely
many 7 satisfy ¢, < T for a fixed T.

Ny(T) ~ Vol(Y)T%/2. (2.9)

2.5. Eventual equalities and compact parameter sets.

Lemma 2.6 (Eventual polynomial identities). Let (x;) be a sequence in R? and let {p, : a € A} C
R[ X, ..., X4]. Suppose

for every a there is ], such that p,(x;) =0 (j > Ja).
Then there is ] such that p,(x;) = 0 for every o and every j > J.

Proof. The ideal I = (p, : a € A) is finitely generated. Each member of a finite generating set is
a finite polynomial combination of the p,. The finitely many p, occurring in these combinations
therefore generate I themselves. Write them as py,, ..., pq, and put J = maxi<i<s Jo,. If I = 0, take
J = 1instead. For every a, there are polynomials g, ; such that

S
Po = Z 9oiPa;-
i=1
Evaluation at x;, j > J, makes each summand zero. O

For rational functions, the lemma applies after clearing denominators, provided the denominators
are nonzero at the points under consideration.

Lemma 2.7 (Uniform finite spectral support). Let P be a topological space. For each o in a countable set,
let B,(x) be a continuous Hermitian matrix of fixed finite size, and let w, be a positive integer. Suppose
that

|| wa Spec(Bu(x)) = (Ao(x) < Ai(x) < )

has finite multiplicities, tends to infinity, and has continuous indexed eigenvalues. If K C P is compact,
then for every T € R there is a finite set A such that

xe€K, a¢ A = Spec(By(x)) C(T,o).

Proof. If K = @, take A = @. Otherwise fix x € K. Choose R > max{T, 1¢(x)} outside the spectrum at
x, and let m > 1 be the number of its eigenvalues below R, counted with multiplicity. The block roots
contributing these m occurrences lie in finitely many blocks A,, since every w, > 1. Continuity of
their ordered matrix eigenvalues preserves all these occurrences below R on a neighborhood U, of x.
Shrinking U, by indexed spectral continuity gives

Am-1(z) < R < Ap(2) (z € Uy).

Thus the selected block roots account for every occurrence below R on U,. No block outside .4, has
a root at most T there. A finite subcover Uy,, ..., Uy, of K gives A = Ule Ay, O
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Lemma 2.8 (Finite polynomial determination). Let P C R™ be open and let K C P be compact. For each
a in a countable set, let B,(x) be a fixed-size Hermitian matrix whose real and imaginary entries are
polynomials in x, and let w, be a positive integer. Suppose that

|| wa Spec(Ba(x)) = (0 = Ao(x) < A1(x) < Aa(x) < )

is a nonnegative discrete spectrum, with finite multiplicities and Aj(x) — oo as j — co. Assume that
every A; is continuous on P. Fix a sequence > = (0 = 0y < 01 < 03 < --) tending to infinity. Then some
N satisfies

xeK, Aj(x)=0;(1<j<N) = Ai(x)=0; (j=0).

IfK is semialgebraic, the full isospectral subset of K is compact and semialgebraic. Each block spectrum
is constant on every connected component of that subset.

Proof. Let F = {x € K : Aj(x) = g; for every j}. Continuity makes F closed in K, hence compact. Fix
x; € F. For every a, expand

det(z] — B(x)) — det(z] — Bu(x.)) = ), fur(x)2".
{

By the finite-generation argument in the proof of Lemma 2.6, the ideal generated by all f,, in
R[x1, ..., Xm] is generated by finitely many of these polynomials. Let A, be the finite set of their block
indices.

Let E, be the finite set of eigenvalues of B,(x.), « € A.. Enlarge A., if necessary, so that E, is
nonempty. Choose N, with oy, > max E.. For each y € E. choose an open interval I, containing u
such that the intervals are disjoint,

Lin{o;: j>0}={u} sup I, < on,.
Finite-dimensional eigenvalue continuity gives a neighborhood Ui of x, in which every eigenvalue
of each selected block remains in the interval containing its value at x.. Suppose x € U, and the first
N, eigenvalues agree with X. A selected block eigenvalue lies below Ay, (x) = on,, so it belongs to
the prescribed finite scalar list. The interval condition makes it equal to its value at x,. The selected
characteristic polynomials are therefore unchanged. Every f, , vanishes, and all block spectra, with
their fixed outer multiplicities, agree with those at x.. Thus x has spectrum X.

Take finitely many U, covering F, and let N be the maximum of the corresponding indices. If
F = @, take their union empty and Ny = 1. The complement K, of this union in K is compact and
contains no realization. For each x € Ky, choose j(x) with A;,)(x) # 0 (). Continuity preserves this
inequality on a neighborhood of x. A finite subcover of K; has a finite set of associated indices. Their
maximum together with Nj is a determining N.

By Lemma 2.7, only finitely many blocks have an eigenvalue at most T = oy + 1 at some point of
K. Let B(x) be the direct sum of these blocks, with w, copies of B,(x). Its entries are polynomial. If
its size is less than N + 1, no parameter can realize the prescribed initial segment, so the realization
set is empty. Otherwise, requiring its first N + 1 ordered eigenvalues to be oy, ..., on is semialgebraic:
introduce ordered real root variables, equate elementary symmetric functions with its characteristic
coeflicients, and project the resulting semialgebraic set. The projection theorem for semialgebraic sets
applies [6, Theorem 1.1]. Blocks omitted from B(x) have all eigenvalues above T, so the condition
is exactly scalar initial segment agreement. The first part identifies its intersection with K with F.
Finally each ordered eigenvalue of a fixed block is continuous on F and takes values in the discrete
set {o j}. It is constant on every connected component. 0

Lemma 2.9 (Uniform comparison of positive cometrics). On a fixed compact homogeneous presentation,
let Cy > 0 and C > 0 be invariant cometrics and suppose

16, *(C = C)Cy P lop < p < 1.

Then, for every j > 1,
(1= mA;(Co) < 4,(C) < (1 + MA;(Co).
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Proof. The matrix norm bound is equivalent to (1 — n)Cy < C < (1 + 1)Cy. All invariant metric

measures are constant multiples of the same invariant probability measure v. The Rayleigh quotient
of gc can therefore be written as

J cdf,df)dv
J1fEdv

The matrix inequalities bound this quotient by (1 + n)R¢,(f). Taking the supremum over each
finite-dimensional trial space and then the infimum in the min-max formula gives the eigenvalue
inequalities. 0

Re(f) =

If C — Cy > 0, the norm in Lemma 2.9 tends to zero. Hence every indexed eigenvalue is continuous
in the positive-cometric cone. Lemma 2.7 applies to each compact subset of that cone.

Lemma 2.10. Let E be a finite-dimensional real normed space and T,, : E — F, linear maps into finite-
dimensional normed spaces. Put K = (1, ker T,. There are indices ay, ..., &y, withm < dimE — dim K,
for which

m
K= ﬂ ker Ty,.
i=1
IfK # E, there is ¢ > 0 such that

¢ dist(x, K) < max [T, x| (x € E). (2.11)
1<i<m

Proof. Set Eq = E. If E; # K, choose v; € E; \ K. There is an index a;; with T, ,v; # 0. Then

Ejy1 = Ejnker Ty;,, contains K and has dimension strictly smaller than dim E;. After at most
dim E — dim K steps one obtains E,, = K. If K = E, the empty collection suffices. Otherwise pass
to the quotient norm on E/K. On its unit sphere the continuous function [x] +— max;|T,x]| is
everywhere positive. Its minimum c is positive by compactness. Homogeneity proves (2.11). O

2.6. A nonsingular limit criterion.

Lemma 2.11. On a fixed closed homogeneous n-manifold M, fix a positive invariant reference cometric
I and identify symmetric cometrics with self-adjoint endomorphisms by its inverse metric. Let C; > 0
belong to a fixed finite-dimensional invariant-cometric space. Suppose C; is bounded, C; — Cy > 0, and
A(Cj) = oy for every k, where X is a smooth n-dimensional spectrum. Then Cy > 0.

Proof. For every ¢ > 0, one has C; < Cy + ¢ for all sufficiently large j. All invariant measures have
the same normalized probability measure, so min—max gives

ok S M(Co+el) (k=0),  Neyer(T) < No(T).
Apply (2.9) to this one fixed positive cometric and the reference spectrum, then let T — oo. Thus

Vol(gr) det(Cy + eD)™V2 < Vol(®), 0 € M.
Singularity of Cy would make the left side tend to infinity as ¢ | 0. This is impossible. g

3. A FIXED HOMOGENEOUS PRESENTATION

Let G be a compact connected semisimple Lie group and let H be a closed subgroup with M = G/H
of positive dimension n; H need not be connected and the action need not be effective. Fix an Ad(G)-
invariant inner product Q on g, put m = h*¢, and identify invariant cometrics with the cone

P ={C € Sym(m)*H . ¢ > o}.

The corresponding metric is go(X, Y) = Q(C71X,Y) at the base point. All Laplacians act on the
common Hilbert space defined by invariant probability measure. Let

0 =2p(C) < 41(C) < A2(C) < -
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for the scalar eigenvalues, repeated with multiplicity. The normal homogeneous Laplacian is Ag = A;.
In the notation of Eq. (2.2), A,(C) = LE(0).

Theorem 3.1. LetX = (0 = 0y < 01 < 02 < --) be the scalar spectrum of a closed connected smooth
Riemannian n-manifold. There exists an integer N = N(G, H,X.) such that

(A1(0), ..., AN(C)) = (01, ..., ON), CeP,
implies Spec(A¢) = X.
The full isospectral locus
Iy ={C € P : Spec(Ac) =3}
is compact and semialgebraic. It has finitely many connected components, and the spectrum of every
representation multiplicity block is constant on each component.

If Ty = @, no invariant metric on G/H has the determining initial segment.

3.1. Polynomial conditions for spectral inclusion. Peter-Weyl decomposition gives

—~

1*(G/H;C) = @”eév;; ® W,, W, = VI

Put d; = dim V;. On this summand the invariant Laplacian is I ® A,(C), with A;(C) Hermitian and
linear in C. For w € W, one has dz(Y)w = 0 for every Y € h). Adding a Q-orthonormal basis of f) to
one of m therefore gives A,(I) = c,I. Positivity of the quadratic form in (2.2) yields

C>al = Ay(C)>ac,l (3.1)

The linear block formula extends to all invariant symmetric C, whether or not positive definite.
For each distinct positive reference eigenvalue 1, denote its multiplicity by m, and set

Z,=4C: Z d, dimker(A,(C) — pI) > my, ¢ . (3.2)
dr<my,
Zero multiplicity spaces are omitted. The sum in (3.2) is finite by Lemma 2.3.

Each Z), is a real algebraic set: take a finite union over tuples of required kernel dimensions whose
weighted sum is at least m,, and express the rank bounds by vanishing minors. Replace complex
equations by their real and imaginary parts. Since V(I;) U V(I;) = V(1 ), these finite unions are
algebraic. Hilbert’s basis theorem gives a finite nonempty list of reference values pi, ..., us for which

N
Z:= () Zz=()2u (3.3)
p>0, pex i=1
Apply the finite-generation argument in the proof of Lemma 2.6 to the ideal generated by all defining
polynomials of the sets Z,. The selected original equations involve only finitely many reference
values. If this list is empty, add any positive reference value.

For C € Z n P, every positive u € X occurs with multiplicity at least m,. Conversely, if its scalar
multiplicity is exactly m,, then every representation contributing to this eigenspace has d, < my;
hence C € Z,. For each selected y;, put b; = max{k : o = p;}. Agreement through the index
1 + max; b; gives exactly m,, occurrences of every y;, and consequently implies C € Z.

3.2. The kernel of a positive semidefinite direction.
Lemma 3.2. Let0 = V > 0 be an Ad(H)-invariant symmetric endomorphism of m. There is a closed
subgroup K > H with dim(G/K) < n such that
ker A,(V) = VX foreveryr e G.
Consequently,
> drdimker A (V) = Ng/x o(T) = o(T"?), (3.4)

¢ <T

where the count on the right includes zero and refers to the normal homogeneous metric on G/K.
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Proof. Write V. =3" _, X, ® X,, with X, € m, and let K be the closure of the subgroup generated by
H and all one-parameter groups exp(RX,). In a unitary realization p, on V,, the quadratic form of
A (V)on W, is

,
(Ax(V)w, w) = . [dpa(Xo)wl.
a=1

This follows by lifting the invariant quadratic operator to G, where it is the sum of the negative
squares of the corresponding left-invariant vector fields. The individual fields need not preserve
right-H-invariant functions, but their sum does, by Ad(H )-invariance. Positivity shows that its kernel
consists precisely of the vectors fixed by H and annihilated by every dp,(X,), which are exactly the
K-fixed vectors.

Since V # 0, some X, is nonzero and belongs to Lie(K) \ h. Thus dimK > dim H. On VX,
the normal Laplacian of G/K is c,I. The Peter-Weyl formula proves the equality in (3.4); (2.9) in
dimension dim(G/K) < n proves the estimate. If G/K is a point, its count is identically one. O

3.3. Boundedness of the cometrics.
Lemma 3.3. The set Z N P is bounded in the finite-dimensional cometric space.

Proof. Suppose it is unbounded. Equip the cometric space with the Frobenius norm. Apply the
semialgebraic compactification C — C//1 + |C|?. The closure of the image of Z N P meets the unit
sphere at a point V. Analytic curve selection [6, Theorem 1.15] gives a Nash arc through V whose
positive branch lies in this image. The inverse map U — U//1 — |U|? is analytic on the open unit
ball. It therefore gives a real analytic semialgebraic arc

C(t)eZnP, 0<t<é, IC(H)] — oo (£ | 0).

The compactified arc tends to V, and positivity is preserved in its limit. Hence

C(t) B
0] —V, V>0, |V|=1. (3.5)

For each 7 and each positive p € ¥, define

kry = 0121<n§ dimker(A,(C(t)) — pI).

If the largest rank of A,(C(t)) — pI is zero, its nullity is constant. Otherwise choose a minor of largest
possible size which is nonzero at some t € (0, §). Its determinant is analytic and not identically zero;
its zero set is discrete. Outside this set the nullity is k, ,. For fixed y, the finitely many representations
in (3.2) attain their minimum nullities simultaneously outside a finite union of discrete sets. At such a
parameter, membership in Z, gives

> drkny > my. (3.6)

d.<my

By definition, y occurs at least k., times in A,(C(t)) for every t € (0, §).
Fix 7 and an interior parameter t;. Every p with k., > 0 is an eigenvalue of A;(C(t)). There are
therefore finitely many such g, and their distinct eigenspaces are orthogonal. In particular,

Kp := Y kuy < dim Wy
u

If K; >0, put M; = max{y : kr, > 0}. At every t, at least K, eigenvalues of A;(C(1)) lie in (0, M,].
The first K, eigenvalues of A,(C(¢))/|C(t)| therefore lie in [0, M, /|C(t)|] and tend to zero. The
whole matrix tends to A, (V) by (3.5). Continuity of the ordered eigenvalues gives, also when K, = 0,

K, < dimker A,(V). (3.7)
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In the sums below, y runs through the distinct positive values of %, and m,, is their multiplicity.
Choose any fixed interior point #) and ao > 0 such that C(#y) > aol. If k., > 0, then y is an eigenvalue
at ty, so (3.1) implies y > agc,. Combining (3.6) and (3.7) therefore gives

NI(D S Y, Y, dekay

HEX d<my,
0<u<T

< Y dpdimker Ag(V) = o(T"?),

cx<T/ag

by Lemma 3.2. This contradicts the positive leading coefficient in the n-dimensional reference Weyl
law. 0

3.4. Finite determination and the isospectral locus.

Proof of Theorem 3.1. Put Ny = 1 + max; b;. Every C € P with the prescribed first Nj eigenvalues
belongs to Z. By Lemma 3.3, there is b > 0 such that C < bl forall C € Z nP.

There are N; > Nj and a > 0 such that agreement through N; also implies C > al. Otherwise,
for every j > N, one could choose C; € P with the prescribed first j eigenvalues and Amin(C;) < 1/}
These cometrics belong to Z and are bounded. A subsequence converges to Cy > 0 with Ay;n(Co) = 0.
For each fixed k, its indexed scalar eigenvalues tend to ox. Lemma 2.11 would give C; > 0, a
contradiction.

After decreasing a if necessary, assume a < b and put

K ={C e Sym(m)*D . g1 < C < b1}

This is a compact semialgebraic subset of P. The matrices A,(C) have linear entries, their outer
multiplicities are d,, and their scalar union has continuous indexed eigenvalues by Lemma 2.9.
Lemma 2.8 gives a determining index N, on K. For N = max{Nj, N,}, agreement through N places C
in K and then gives its full spectrum.

Every fully isospectral cometric belongs to K. The same lemma therefore makes I5 compact and
semialgebraic, with constant block spectra on each connected component. A semialgebraic set has
finitely many connected components [6, Proposition 1.6]. g

Corollary 3.4. The same finite-initial-segment determination holds on any prescribed finite union of fixed
compact semisimple homogeneous presentations. On a fixed presentation, it also holds after restricting
the cometric cone to a real linear subspace. Its full isospectral locus in that subspace remains compact
and semialgebraic.

Proof. For finitely many presentations take the maximum of their determining indices. Restriction
to a linear subspace preserves the determining implication; the restricted isospectral locus is the
intersection of a compact semialgebraic set with a closed linear subspace. 0

Lemma 3.5. If a smooth reference spectrum has dimension greater than dim(G/H), some finite initial
segment is not realized by any invariant metric on G/H.

Proof. If every initial segment were realized, define Z, as in (3.2) with the reference multiplicities.
The finite intersection equality (3.3) gives one positive cometric whose spectrum contains the entire
positive reference multiset. Its counting function has growth O(T4™(G/H)/2) whereas the contained
multiset has the larger reference Weyl exponent. This is a contradiction. If G/H is a point, its absence
of positive eigenvalues gives the contradiction directly. O

4., SEMISIMPLE PRESENTATIONS WITH VARYING ISOTROPY

Theorem 4.1 (Global finite spectral determination and compactness). Fix n > 0 and a scalar spectrum
3> of a closed connected smooth n-manifold. There exists an integer N = N(n, %) such that, among all
closed connected homogeneous Riemannian n-manifolds with finite fundamental group, exact agreement
with the first N positive eigenvalues of 2 is equivalent to equality of the full spectrum.
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The realization set is compact in the smooth topology modulo diffeomorphisms and has finitely
many diffeomorphism types. More precisely, it is covered, up to isometry, by finitely many compact
semialgebraic sets of invariant cometrics on fixed semisimple homogeneous presentations. On each such
presentation, only finitely many collections (Spec LY (C)) g occur.

Throughout this section eigenvalues are repeated according to their scalar multiplicities, and
a positive initial segment starts with the first eigenvalue after the constant eigenfunction. The
reference spectrum is always that of a closed connected smooth manifold of the same dimension as
the homogeneous manifolds under consideration. Neither the reference manifold nor its spectrum is
required to have a homogeneous realization.

Theorem 4.2 (Finiteness of isotropy types from finitely many eigenvalues). Let G be a fixed compact
connected semisimple Lie group, let n > 0, and let 3 be the scalar spectrum of a closed connected
smooth n-manifold. There exists an integer N = N(G, X) with the following property. Among the closed
subgroups H C G for which dim(G/H) = n and some G-invariant metric on G/H agrees with the first
N positive eigenvalues of 3, only finitely many G-conjugacy classes occur.

Proof. Suppose that no such integer exists. For every j, infinitely many conjugacy classes admit a
metric with the prescribed first j eigenvalues. Inductively choose H; from a class different from the
previously chosen classes, together with such a metric on G/H;. Thus dim(G/H;) = n and the H; are
pairwise nonconjugate.

By Yu’s dimension-datum subsequence theorem [21, Theorem 1.1], after passing to a subsequence
and conjugating the subgroups and metrics, there is a closed subgroup H C G such that

HjCH, dim V;” —> dim VE  for every irreducible r € G.

Put W, = V. Then

v = Wy for all sufficiently large j, for each fixed 7. (4.1)
Indeed, H; C H gives W, C Vf /, and the integer dimensions eventually agree. The index from which
equality holds may depend on 7.

Fix a bi-invariant inner product Q on g. Write h; for the Lie algebra of H;, and extend the jth
quotient cometric by zero on h;. Denote the resulting symmetric endomorphism of g by C;. It is
positive definite on h]l-Q. All parameters belong to the fixed finite-dimensional real vector space
Sym(g); they need not be bounded.

For a general C in this space, let D¢ be the real quadratic differential operator on G formed from
left-invariant vector fields, with the sign chosen so that positive C gives a nonnegative operator. In
Peter-Weyl decomposition its multiplicity-space matrices L,(C) on V,; are Hermitian and linear in C.
The operator Dc, restricts on right-Hj-invariant functions to the quotient Laplacian.

Consider E = Sym?(g) with the action induced by Ad(G). Its complexification is a finite direct
sum of irreducible representations. Equation (4.1), applied to these finitely many summands, gives
(E® C)l = (E ® ©)F for all sufficiently large j. Taking real parts gives

EfN = EH, (4.2)

The zero extension C; belongs to E™/, hence is H-invariant. The quadratic operator D¢, consequently
preserves smooth right-H- invariant functions and descends to G/H. Its tangent symbol is the
restriction of the quadratic form C; to h¢. For 0 # X € h'¢ one has X ¢ f)jQ and therefore
Q(CjX,X) > 0. Thus the descended symbol is positive definite. It is symmetric for quotient Haar
probability and annihilates constants. Lemma 2.1 identifies it with the scalar Laplacian of the descended
symbol.

For each distinct positive reference eigenvalue p, write m,, for its multiplicity and d, = dim V.
There are only finitely many irreducible representations of G with d, < m,,. Define the rectangular
maps

An(€) = (La(C) = pI)lw, + Wa — Vi
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and the subsets of the fixed parameter space

Z,=4C: Z d, dimker A, ,(C) >my ¢ . (4.3)

d.<my

Each Z, is real algebraic. Namely, take the finite union over tuples of required nullities whose
weighted total is at least m,; each tuple is specified by rank-minor equations for the corresponding
rectangular matrices. This definition does not require preservation of W, by L,(C) for arbitrary
parameters.

Fix y1 and put b, = max{k : o = p}. For j > b, + 1, the jth metric has exactly m, scalar
occurrences of u. Every contributing representation has d, < m,. Equation (4.1) holds for all these
finitely many representations when j is sufficiently large. Thus there is J, such that C; € Z, for every
J2Ju

Noetherianity of the polynomial ring in the entries of C gives a finite list of original reference
values fiy, ..., jis such that

N
N Z.=()2.
HEX, u>0 i=1
Choose J larger than all J,, and large enough for (4.2). For every j > J, the tensor C; is H-invariant
and belongs to every Z,,. The kernels in (4.3) are then eigenspaces of the descended Laplacian on
G/H. Formula (2.3) shows that its spectrum contains ¥, with at least the prescribed multiplicities.
Set d = dim(G/H). If d = 0, the quotient is a point because G is connected, and its spectrum
cannot contain the infinitely many positive reference eigenvalues. Thus d > 0. Fix one j in the
common tail. Weyl’s law on its descended d-dimensional quotient, together with spectral containment
and the n-dimensional reference Weyl law, gives d > n. On the other hand H; C H gives

d < dim(G/H;) = n.

It follows that d = nand h; = b.
Equal Lie algebras of these compact subgroups imply

H° C Hj C H.

The intermediate subgroups correspond to subgroups of the finite group H/H?, so only finitely many
are possible. This contradicts the pairwise nonconjugate choice of the H; and proves the theorem. [J

Proof of Theorem 4.1. Let (M, g) be a closed connected homogeneous n-manifold with finite funda-
mental group. Choose a compact connected transitive isometry group K and write M = K /L. Such a
connected group exists because the full compact isometry group has finitely many components. Its
identity component has finitely many orbits in the homogeneous space; each orbit is closed, so its
complement is closed and it is also open. Connectedness of M gives one orbit.

The derived subgroup S = [K, K] is compact, connected, and semisimple. The product SL is
compact. Its image in the abelian group K/S is normal, so SL is a closed normal subgroup of K. The
fibration

K/L — K/SL

has connected fiber SL/L = S/(S n L). Its base is a compact connected abelian Lie group, hence a
torus. A loop in the base lifts to a path in M whose endpoints lie in the same fiber. Join its endpoint
to its initial point by a path in that connected fiber. The resulting loop shows that 7z;(M) maps onto
the fundamental group of the torus. Finiteness of 7;(M) forces the torus to be a point. Therefore S
acts transitively on (M, g).

Quotient S by the kernel of its action. The resulting compact connected semisimple group Se¢t
acts effectively. Isotropy at one point injects into O(n): an isometry fixing that point with identity
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derivative fixes every geodesic issuing from it. Since every point is joined to it by a geodesic, the
isometry is the identity. Consequently,

n(n—1) n(n+1)
2 2

Pass to the compact simply connected covering group of Serr. The covering group has the same
transformation image on M and the same cone of invariant metrics.

There are only finitely many simply connected compact semisimple groups of dimension at most
the bound in (4.4). Indeed, the classification of compact simple Lie algebras gives finitely many simple
factors below a dimension bound, and their positive dimensions bound the number of factors. Denote
a list of these groups by Gy, ..., G.

Apply Theorem 4.2 to each G, and to the same reference 3, and take the maximum of the
resulting initial segment lengths. Only finitely many quotient presentations G,/H can then occur
among homogeneous manifolds with that initial segment. Conjugate subgroups give equivariantly
diffeomorphic quotient presentations and identify their invariant-cometric cones. The admissible
quotients therefore belong to a finite list of fixed presentations My = G;)/Hp.

If the finite list of admissible isotropy presentations is empty, the initial segment already excludes
every realization. Otherwise the following maximum is over a nonempty finite list.

On each M, apply Theorem 3.1 to the full space of invariant cometrics. Its theorem applies to the
prescribed reference spectrum even if that spectrum is not realized on this particular presentation;
in that case a sufficiently long initial segment has no realization there. Take the maximum of the
finitely many determining indices and the preceding isotropy index. Every metric matching this final
initial segment is fully isospectral to X. Full spectral equality implies equality of every initial segment,
proving the converse.

For each presentation in the finite list the isospectral invariant-cometric set is compact and
semialgebraic by Theorem 3.1. A compact subset of the positive-cometric cone has uniform positive
lower and finite upper eigenvalue bounds. Inverting the cometric and extending the resulting
invariant tensor over a fixed quotient gives a continuous map into the Fréchet space of smooth metric
tensors, smooth in the finite-dimensional parameters. Its image is therefore compact in the smooth
topology. Equivalently, all smooth seminorms are controlled on the compact parameter set, and every
parameter-convergent subsequence gives smooth convergence of the metric tensors.

Taking a finite union over the fixed presentations proves compactness modulo diffeomorphisms and
finiteness of diffeomorphism types. In particular, a sequence in the realization set has a subsequence
which, after diffeomorphisms onto one fixed M, converges smoothly to a metric in the same compact
isospectral set. Its limit is again homogeneous and has finite fundamental group.

Finally, Theorem 3.1 makes every Spec LY (C) constant on each connected component of a fixed-
presentation isospectral set. There are finitely many such components. Hence the collections of these
spectra form a finite set. g

dim Sepr < n+ (4.4)

Corollary 4.3. For fixed 3 as in Theorem 4.1, its homogeneous realizations with finite fundamental
group satisfy

diam(g) < Ds, inj(g) > ix > 0, 4 Rm, lo < Csp (r>0).

Proof. Fix one of the presentations in Theorem 4.1, and write K for its compact set of invariant
metrics. Relative to a fixed metric g., compactness gives

ag. < g<bg (ge k)

with a, b > 0. Hence diam(g) < v/b diam(g.). The coordinate formulas for the Levi-Civita connection
and curvature express V" Rmg in terms of g~! and derivatives of g through order r+2. Their coefficients
are bounded on K, as are all these derivatives. This gives the curvature bounds.

For the injectivity radius, cover M by finitely many coordinate domains whose closures lie in larger
coordinate domains. The geodesic equation depends smoothly on the metric parameters, the initial
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point, and the initial vector. In the coordinates of any larger domain, put E, ,(v) = exp}(v), identifying
tangent vectors with their coordinate components. One has dEg ,(0) = I. Compactness of K and of
the smaller coordinate closures gives p > 0 such that every E ;, is defined in the corresponding larger
domain for |v| < p and

ldEgp@) =11 <3 (] < p).

Integration on the segment from v to w gives |Eg ,(v) — Eg ,(W)| > 1[v—w|. Thus E, , is injective there
and has invertible derivative. Uniform equivalence of the coordinate norms and the g-norms gives
i > 0 such that the g-ball of radius i in T, M lies in {Jv| < p}, for all g € K and all p € M. Consequently
inj(g) > i. Taking extrema of the finitely many constants over the presentations proves the result. [

Remark 4.4. Every closed homogeneous manifold with finite fundamental group has a semisimple
transitive action. The common dimension hypothesis cannot be dropped: for cyclic groups Cy of
increasing order in a maximal torus T C SU(2), the normal quotients SU(2)/Cy. eventually have every
prescribed finite initial segment of the spectrum of SU(2)/T. To see this, first bound the Casimir by
the last eigenvalue under consideration. Only finitely many representations occur below that bound.
For k larger than the absolute value of every nonzero integral T-weight in those representations, Cy
fixes exactly the zero-weight spaces. These are the T-fixed spaces, so the spectra and multiplicities
below that bound coincide. The quotient dimensions are three and two.

5. PERIODIC DIRECTIONS AND MULTIPLICITY BOUNDS

Let K be compact, connected, and semisimple, let H C K be closed, and put [ = Lie H, Q = —Bg,
m = [, and d = dim(K/H). The group H is not assumed connected. Fix r > 1 and commuting
c1,..., ¢, € Nx(H)/H with ¢l = e for one integer ¢ > 1. On (K/H) x T”, where T" = R /(22 Z)", let
[.=(Z/q) actby

(0,2) V> (yca, 2 + 27meq/q). (5.1)

The translation part makes this action free, including when the homomorphism defined by c is not
injective. Write M, = ((K/H) x T")/T.. The left action of K x T" commutes with I'; and descends to
a transitive action on M. Let H, be the preimage of (cy, ..., ¢,) in Nx(H). It is a finite extension of H
and has Lie algebra [.

Theorem 5.1. Fix K, H, r, c and the scalar spectrum Y = (0 = 09 < 01 < 02 < -) of a closed connected
smooth (d + r)-manifold. There is an integer N such that every K x T"-invariant metric g on the cover
which descends to M, satisfies

Ai(g)=0; (1<j<N) = Spec(g)=2.

Moreover, there are an integer Ny, finitely many presentations of the form above, and a compact semial-
gebraic set of positive invariant cometrics on each presentation, such that every g satisfying A;(g) = o;
for1 < j < Ny is isometric to a metric in one of these sets.

Here A; = A;(M,).
5.1. The compact group of invariant vector fields.

Lemma 5.2. The subspace 0 = m'™ is the Lie algebra of a closed connected subgroup D C Cx(H,)", and
D n H, is finite.

Proof. Put C = Ck(H,)’, ¢ = Lie C, and 3 = ¢ n [. Averaging the adjoint action of H, on [ is the
orthogonal projection onto 3. For X € cand Y € [it follows that Q(X, Y) = Q(X, pr, Y). Consequently

o =cnje.
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The subalgebra 3 is central in ¢ and integrates to Z(H,). The space ? contains [c, ¢] and its remaining
summand is the orthogonal complement of 3 in 3(c). Let a be the Lie algebra of a torus of K, with
lattice Ay = {X : exp(27X) = e}. If « ranges over its adjoint weights, counted with multiplicity, then

OX,Y) =Y a(X)a(Y),  alAd)CZ.

o

Thus Q is rational on this lattice. The subspace j3 is rational in the centre of ¢, since it is the Lie
algebra of the closed torus Z(H,)°. Its orthogonal complement there is therefore rational and is the
Lie algebra of a closed torus T; C C. The group [C, C] is the image of a simply connected compact
semisimple group, hence is closed. Consequently D = [C, C]T; is compact and has Lie algebra 0. Its
intersection with H, has zero Lie algebra and is compact, hence is finite. O

An invariant metric in Theorem 5.1 is described uniquely by Schur parameters
A € Sym* (m)™, B € Sym™(R"), V, €. (5.2)
In the frame (X, ..., Xy, Z1, ..., Z,) its cometric is

A+ VBVT —VB
C(A, B, V):< :I;/VTV 5 ) det C = det Adet B, (5.3)

where the columns of V are the V,. To recover the parameters from C = ( ;T g ), set V.= —RB™! and
A =P — RB™'RT. The factorization

cnsn=(5 ) (4 )b )

proves that C > 0 if and only if A > 0 and B > 0, and gives its determinant. Invariance makes the

columns of V belong to m* = 9. In particular

(2m)" Vol(K/H, Q)
q" /dety, AdetB

For h € D, the map (y, z) = (yh, z) commutes with every transformation in (5.1). Pullback by this

map replaces (A, V,) by (Ad(h)A Ad(h)™!, Ad(h)V,) and leaves B unchanged. These simultaneous
conjugations therefore give isometric metrics on M,.

Vol(M,, g) = (5.4)

For 7 € K put d, = dim V, and W, = Vf . Representatives of the ¢, act unitarily on W; their
restrictions are independent of the representatives. They commute and have order dividing q. Thus

We= @D Wus (e, = 7L (5.5)
se(Z/q)

Choose the Fourier convention for which invariance under (5.1) is m € —s + gZ". With T,(X) =
—i dn(X), the scalar blocks are

Mn,s,m = Ln(A)|WM + Z Bab(mal - Tn(Va))(mbI - Tn(Vb))|Wms me-—-s+ qu: (5-6)
a,b

each repeated d, times. The group D preserves every sector. If B = R'R, the second term is
> . Rap(mpI — T,(V})))?; hence it is positive, without any commutation assumption on the V.
On W,, every | derivative vanishes. Therefore

A>al = L;(Alw, = ac.l, (5.7)

where ¢, is the Q-Casimir of K. Proposition 2.2, applied on K x T" and restricted to I'.-invariant
functions, gives (5.6). On a matrix coefficient with Fourier factor em2) the field Z,— V4, where V, is
induced by V,, acts on the representation vector by i(m,I — T,(V,)).
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5.2. Integral reduction.

Lemma 5.3. For each r there is b, > 0 such that a positive form B satisfying m'Bm > € for0 # m € Z"
has a lattice basis in which B > b, {I.

Proof. If £ < 0, positive definiteness gives B > b, I in every lattice basis. Assume ¢ > 0. For a lattice
basis (b;), write its Gram-Schmidt expansion as b; = b} + Yic j pijbi and put h; = [b]"]. Successive
integer subtractions make |p;;| < 1/2. If

2 2 12 3y2
hiiy + piahi < $hi,

interchange by, b;11 and repeat the subtractions. The product []_; [b1 A - A bj|* is unchanged by the
subtractions. A swap multiplies it by h?_,/h? + pi2;,; < 3/4. Each exterior lattice is discrete, so its
nonzero vectors have norms bounded below by a positive constant. The product has a positive lower
bound, and there are only finitely many swaps. At termination,

2 2 112 1-
hi>t  REPxinE >2'7e

The Gram matrix is R" diag(h?)R, where R is unit triangular and its off-diagonal entries have absolute
value at most 1/2. For R = I + N, the identity R™! = z;;(l)(—N)j bounds |R™!| in terms of r. Since
INlop < r/2, one has

r—1 r—1 -2
IR Hop < Z(r/z)V, B> b, b, =217 (Z(r/z)v> > 0.
v=0

v=0
O

The trivial K-representation in (5.6) contains the frequencies gZ". Thus a fixed first eigenvalue
yields, after an integral change of the torus coordinates,

B> pI, B =b1()/q* > 0. (5.8)

The coordinate change replaces ¢ by integral products of its entries. These products depend only on
the change-of-basis matrix modulo g; there are finitely many resulting tuples. Subsequences may
consequently be taken in one fixed presentation.

5.3. Finite Fourier labels and polynomial rank conditions.

Lemma 5.4. Let D be a compact connected Lie group with an invariant inner product on its Lie algebra
0, and let t be a maximal abelian subalgebra. Every commuting tuple in 0 is conjugate into {. Moreover,
for X € 0 and H € t, there is g € D such that

Ad(g)X €t, | Ad(g)X — H| < [X - H]|.

Proof. The commuting skew-adjoint operators ad H, H € t, are simultaneously diagonalizable over
C. Their common kernel is {¢, since t is maximal abelian. A vector Hj € t outside the finitely many
nonzero weight kernels therefore satisfies 3,(Hy) = t. At a minimum of | Ad(g)X —Hy|?, differentiation
along exp(uY) gives [Ad(g)X, Hy] = 0. Thus every X has a conjugate in t.

Let b be the span of a commuting tuple. The same weight decomposition for ad b gives X € b
with 35(X) = 32(b). Conjugate X into t. Then t centralizes the conjugate of b, so this conjugate lies in
M=t

For the last assertion, choose a conjugate X, minimizing | Xo—H|?. Differentiation gives [ Xy, H] = 0.
Put Cp(H) = {g € D : Ad(g)H = H}. Its identity component is compact, its Lie algebra contains
Xo, and t is maximal abelian in that Lie algebra. The first paragraph conjugates X, into t within this
centralizer. This conjugation fixes H and preserves the minimum. a
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Fix a maximal torus of D with Lie algebra t and lattice A = {X € t : exp(27X) = e}. A subspace
U is rational if U = spang(U N A). An integral covector belongs to A* = {y € t* : y(A) C Z}. For
each a separately write

Vo=Ro(ka+0,), R,eAdD), k,e€qA, (5.9)

where 6, is in a fixed bounded parallelotope. Lemma 5.4 applies to each V, separately; the elements
R, may differ. The image of Ad(D) on 0 equals that of Ad(Cx(H,)°): the complementary connected
subgroup with Lie algebra j is central in Cx(H.)? and acts trivially on 9. Moreover,

Ad( CK(HC)O) = cAut(E)O (Ad Hc)0~

Indeed, a path in the centralizer lifts through the finite covering K — Aut(£); its commutator with
each h € H, takes values in the finite centre of K and is therefore constant. Orthogonality and bracket
preservation are polynomial equations. Commutation with Ad H, is equivalent to commutation with a
finite basis of its real linear span in End(£). Connected components and linear images of real algebraic
sets are semialgebraic. The conjugating group in (5.9) is consequently compact and semialgebraic.

Let ;1 > 0 be an eigenvalue of multiplicity m, whose whole cluster and next eigenvalue occur in
the prescribed initial segment. Every contributing representation has d, < m,,; the Weyl dimension
formula makes this a finite list. Positivity and (5.8) imply, for a unit p-eigenvector,

[(maI — T(V))ol < \Ju/B.

For each a some torus weight 1, consequently gives

mg = na(ka) + ng, Ing| < W + Cyex (5.10)

The last term follows by applying the Q-Casimir to the bounded vector 8,. Since k, € gA, the offset
remains in the prescribed congruence class —s + gZ'.

Lemma 5.5 (Lattice flags). Let A be a full lattice in a Euclidean spacet, and let k; € qA. After passage to a
subsequence and subtraction of one fixed kg € g/, there are a rational subspace U C t, fixed orthonormal
vectors uy, ..., Up, and real numbers t; ; such that

lit1,j

— 0, Sj — So- (511)
l',"j

J4
kj—k0=Zti,ju,-+sj, tjj —> +oo,
i=1

The vectors s;j are perpendicular to all u;, kj — ko € U, and for every integral covector y,
)(|U 0 Eand |X(k] — k0)| —> 00, (5.12)
If the original sequence is bounded, take p = 0 and U = 0.

Proof. An unbounded sequence has a subsequence with |[k;| — oo and k;/|k;| — uy, |us1| = 1. Put
t1; = (kj,u1) and r;; = k; — t1 jus. Then t;; > 0 eventually, t; ; ~ |k;|, and |ry | /t1; — 0. If ry; is
unbounded, pass to a subsequence on which its norm tends to infinity and its normalized direction
tends to u,. Then uy L uy, ty; = (r1j, up) > 0 eventually, and 1, j/t; ; — 0. Repeat on the successive
orthogonal residuals. At most dim t steps are possible. At termination the residual is bounded; pass
to a convergent subsequence. This gives the displayed flag before subtracting k.

Let L be the group of integral covectors vanishing on all ;. It has a finite integral basis yi, ..., xp.
Each y,(k;) = xa(s;j) is both bounded and integral. Pass to a subsequence on which these finitely
many values are constant, and choose kj to be one member of that subsequence. Then every k; — ko
liesin U = ﬂ2:1 ker y,. Subtracting k, changes each t; ; by a constant and the bounded residual by
a constant perpendicular vector; the flag limits persist. If y|y # 0, then y ¢ L, so there is a first i
with y(u;) # 0. The flag gives y(k; — ko) = t;jx(u;) + o(t;;), proving separation. For bounded k;,
discreteness of the lattice gives a constant subsequence, which can be subtracted entirely. 0
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Apply the lemma to each column in (5.9). Absorb ky into the bounded 6, and again write the
shifted columns as k,. Label weights only by their restrictions to U,. For a fixed representation,
distinct tuples of these restricted weights and bounded offsets give distinct actual Fourier vectors
eventually. Indeed, equality of two such Fourier vectors would make every (5, — n,)(k,) = n/, — n,
bounded; separation forces equality of the restricted weights, and then equality of the offsets.

For a fixed y, let G, consist of the tuples y = (x, s, 5, n) for which d, < m,, each 5, is a weight
restricted to Uy, and n € —s + gZ" satisfies (5.10). This is a finite set. For y € G, put

D’,)a = T’laI + I]a(ka)I - T]T(Ra(ka + ea))’
M)/ = Ln(A)|WM + Z BabDy,aD},,b. (5.13)
a,b

Choose bases once in m, 0, and every W, ;. The real and imaginary parts of these entries are
polynomials in the coordinates of (A, B, R, k, 0); this parameter space is independent of y and y. Put

Z, = { Z d, dimker(M, — pI) > mu} . (5.14)
Y€Q,

dim W, s — h, for all y. These are equations in minors. The union over the finitely many choices of

(hy) is Z,. A finite intersection of real zero sets is the zero set of a sum of squares; a finite union is

the zero set of a product. Thus Z,, is real algebraic. The Hilbert basis theorem gives finitely many

eigenvalues py, ..., gp such that

For every choice of integers 0 < h, < dim W, s with 3, d;h, > m,, impose rank(M, — pl) <

b
N 2z.=()Z.
pefoj: j>1} i=1

A sequence with Ax(g;) = o for k < j belongs to the right side for all sufficiently large j. Indeed, the
chosen initial segments eventually contain each of these finitely many clusters and its successor, and
(5.10) includes every contributing Fourier label.

Lemma 5.6 (Nash arcs and limiting eigenspaces). Let a sequence as above be given, with the flags in
(5.11). There is a Nash family of positive parameters satisfying every (5.14), with k,(t) € U, and all
separations (5.12). Any prescribed upper bounds A; < bl and B; < b’I may be imposed on this family.
Iftr Aj — oo ortr Bj — oo, the corresponding trace tends to infinity on the family. If g = e minimizes
Yo lpre Ad(g) Ve l* over g € D, the same minimum condition may be imposed; divergence of that
minimum is then preserved.

There are integers s, , > 0, each equal to the nullity of M, (t) — pl for all sufficiently small t > 0,
such that

Z drSyy = my, cr < Cp, In| < Cyp (suy >0). (5.15)
Y

For any finite collection of labels in one representation, choose orthonormal bases in these kernels and
pass to a common convergent subsequence. The limit spaces have the respective dimensions s, y. Spaces
with distinct restricted weight tuples or distinct sectors are orthogonal, for every choice of offsets. For a
fixed tuple, sector, and offset, spaces at distinct eigenvalues are orthogonal.

Proof. After passage to a subsequence, choose compact semialgebraic sets ©, and S, containing,
respectively, all bounded 60, and all flag residuals s,. Put R = Ad(D)|,. For A and B introduce

a=(1+trA)7, A= aA, pg=(1+ tr B) 1, B= pBB.
The domain of the rank equations is the set of these variables and the flag variables satisfying
a, pp > 0, a+tr2:p3+tr§:1, A>0, Aec Sym(m), B\zﬁpBI,
R, € R, 0, € 0, Sq €S, Sa L ugj, k, € U,

Pa
—1
ko = Z ZgiUait Sa,  Za,i >0, ha,i >0, ha,iza,i+1 =2Zzgi, Vo= Ra(ka + 911)-

i=1
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Here1<a<rand1<i< p,in the equations containing h,;; a bounded column has p, =0, U, =0
and k, = 0. Intersect this domain with the finite subintersection defining (1), Z,. If A < bI or B < b'I

is prescribed, also impose A<balorB< b’ pal, respectively. In an application with a minimizing
Cartan, also impose V, = H, + E,, H, € t, E; 1 t, and the inequalities

YIES <Y lpry RVLP (ReR).
a a

Quantifier elimination makes this last condition semialgebraic. If the transverse norm diverges, add
s2 =Y _|E4l? s > 0 and its reciprocal as a positive variable.

Each remaining unbounded real vector variable x may be replaced by x = &x, £ > 0, with
&% 4+ |x]? = 1. The original sequence has a convergent subsequence in these bounded coordinates.
Its limit has z,; = h,; = 0 for each nonempty flag and retains the specified limits of the other
bounded coordinates. All rational substitutions have positive denominators on the domain just
defined. Multiplication by their products therefore preserves every rank equation there. Nash curve
selection at this limit gives an arc in the domain [6, Theorem 1.15]. If the limit lies in the domain and
all flags are empty, take the constant arc at that point. The positive reciprocal variables recover A > 0,
B > BI and all the displayed constraints. A zero limit of @ or pg means that the corresponding trace
tends to infinity; a zero limit of s! means that the minimum tends to infinity. Each nonempty flag
has z,; — 0 and h,; — 0, so its coefficients tend to infinity and its successive ratios to zero. Hence
(5.12) holds for every integral covector. Here the variables k, belong to U,; they need not be lattice
points.

Each matrix minor is a one-variable Nash function. For a fixed pair (1, y) let r,,, be the largest rank
on the connected arc and put s, = dim W, s —r,,,. A nonzero maximal minor has only finitely many
zeros near the endpoint: its zero set is a semialgebraic subset of an interval and has empty interior.
Since G, is finite, there is an interval on which all its matrices attain these ranks. Equation (5.14) on
that interval gives the first inequality in (5.15). All minors of order r,,, + 1 vanish identically on the
arc. Consequently this nullity is a lower bound at every interior point, including points exceptional
for other matrices. Fix one interior point with A > a.I > 0. Positivity and (5.7) give ¢, < u/a, for
every kernel with s, , > 0. By the definition of G, its offset already satisfies (5.10). Therefore, if Cy
bounds the original |0,]¢, then

Inl < Vr(B7% + CoaM?) Ji.

Both constants are independent of p.

Fix finitely many labels and, at every parameter, choose s, , orthonormal vectors in each cor-
responding kernel. Compactness of the finite product of unit spheres gives one subsequence on
which all these vectors converge. Their limits remain orthonormal within each selected kernel, so the
limiting subspace has dimension s, . Let P, ,» be a weight projection for the fixed torus, restricted to
U,. Choose lifts g, € D of R, along the subsequence, converging in the compact group D, and put
va = m(gs) 'v. The residual estimate and boundedness of 6, give

\na + (’7a - U/)(ka)|"Pa,ry/va" < Cn,p-

For 1 # n, the scalar factor tends to infinity by (5.12). Thus every limit belongs to the R,(0)-conjugate
na-weight space for every a. If two tuples differ, choose one column in which they differ; their limit
spaces are orthogonal in that column’s weight decomposition. This orthogonality holds for all
bounded offsets. Distinct sectors are orthogonal because D preserves them. For identical tuple, sector
and offset, the same Hermitian matrix acts before passage to the limit, so eigenspaces at distinct y are
orthogonal. Inner products pass to the limit, so the limiting subspaces are orthogonal. O

Proposition 5.7 (Spectral upper bounds). Let X have dimension d + r. There are an integer N and
positive constants b, b’ such that A,(g) = ok for 1 < k < N implies, after an integral change of torus
coordinates,

0<A<LDbI, BI<B<L V'L (5.16)
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The constants depend on the fixed presentation and the reference spectrum.
Proof. Suppose that no finite initial segment bounds tr A + tr B. For each j, choose parameters with
M=o (1<k<)), trA+trB> j.

After a subsequence, either tr A — oo or tr B — co. Apply Lemma 5.6 with that boundary condition.
If tr A — oo, then A/ tr A has a positive semidefinite limit A, of trace one. A unit vector in a kernel
with s, , > 0 satisfies

0 <(v,L,(A/tr A)v) < u/tr A.

Its limit therefore lies in ker L;(A). On W, this kernel is Vf’, where

H’ = (H, exp(im Aw)).

Indeed the quadratic form is a sum of nonnegative squares, so its kernel is the intersection of the
kernels of the derivatives in im As. Since this image is a nonzero horizontal space, dim H’ > dim H.
Orthogonality and (5.15) give

Ns(T) = 1< CA+NT) Y, dpdim VE = o(T@imK-dimH"n)/2) (5.17)
¢ <CT

The sum is the normal quotient counting function; if H’ = K it is bounded. Equation (5.17) contradicts
the positive (d + r)-dimensional Weyl coefficient of 3.
If tr B — oo, one diagonal entry, say Byj, diverges. For fixed x, s, 5, ny, ..., n, put

2.a BiaEa + 2a>1 Bignal
N .

Eq = na(ka)I — Ty (Ra(ky + 0,)), Qr =
For arbitrary vectors wy,

H Z Biawg
a

Thus a unit vector in one of these p-kernels satisfies [(Q; + Biiniv| < Jfi. Self-adjointness yields,
for two different integer offsets,

2
< Bn Z Bap{Wa, Wp).
a,b

JA+ W

v,0")] < —m=——— — 0. (5.18)
VBulni — nf
Combining this with Lemma 5.6, the total limiting dimension for fixed (r, ny, ..., n,) is at most dim W/,.
Consequently
Ns(T)—=1< CA+ VT Y dpdim W, = O(T /%),
¢z <CT

another contradiction. If d = 0, only the trivial representation has W, # 0, and A acts on the
zero-dimensional space. g

Lemma 5.8 (Dimension bound). IfY has dimension greater than d + r, there is an integer N for which
no invariant metric on M. satisfies Ax(g) = of for1 < k < N.

Proof. Assume that successively longer initial segments are realized. The rank sets (5.14) and the
positive parameter domain in Lemma 5.6 are defined for these reference multiplicities in every
dimension. Their intersection contains a Nash arc approaching the chosen boundary limit. If the
compactified limit is interior, all lattice columns are bounded and become zero after the fixed lattice
subtraction; one positive parameter in the intersection then gives a constant arc. For each (7, n) the
limiting dimensions sum to at most dim W,,. Therefore

Ns(T)=1< CA+VT) Y dpdim W, = O(TU/2),
¢z<CT

This contradicts the larger Weyl exponent of the reference. g
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6. CARTAN MINIMIZATION AND POLYNOMIAL MATRIX IDENTITIES

All orthogonal projections on Lie algebras are taken for the restriction of Q. The compact Lie
algebra d may have a nonzero centre.

6.1. A common kernel for unbounded off-diagonal parts. For V = (V,..., V,) € 0" define
E(V) = min > Ipre Ad(g)Va[*. (6.1)
a

The minimum exists because D is compact. Its graph and the set of minimizing tuples are semialgebraic:
the equations for Ad(D) above and the inequality against every g € D are first-order polynomial
conditions, to which quantifier elimination applies.

Lemma 6.1. Let V,(t) = H,(t) + E,(t) be a Nash family on 0 < t < &, with H,(t) € t, E,(t) L t, and

1/2
s(t)=<2||Ea<t>n2> >0, s()— o (t10).

Suppose the fixed Cartan realizes (6.1) for every t. There exists 0 X € 0, depending only on this family,
such that, in every finite-dimensional unitary representation T = —idp of D,

lo(Ol =1, [(ma(DI = T(Va(D)o(1)] = 0(1) (1< a<r),

T(X)vy = 0.
ti— 0, v(t;) — vo - (XDvo

The numbers m,(t) may be arbitrary real numbers; the bounds are taken ast | 0.

Proof. Differentiation of the minimizing function along exp(uY) gives

0=2)([Y,Val,Ea) :2<Y,Z[Ha,Ea]> (Y €9).

Thus
> [Ha, Eql = 0. (6.2)

a
The bounded Nash vectors E,/s have limits E2, with )., [E0|? = 1.

Each coordinate of H,/s has a convergent Puiseux expansion near zero [6, §1.5]. Its principal
part is finite. Let U be the smallest subspace rational for the cocharacter lattice of t containing every
coefficient of negative degree in these expansions, for every a. Put U = 0 if all principal parts vanish,
and let S = exp U. If an integral covector y vanishes on all these coefficients, its kernel is a rational
subspace containing U. Consequently

xo#0 = sT(x(Hy) | — co. (6.3)

Indeed, some column then has a nonzero negative-power coefficient, and its first such term determines
the asymptotic behavior. Set

¢ = 3D(U): Ly = pPry H,, L,=H,-Z,.

Since projection to U* removes the negative-power coefficients, L,/s is bounded and has a limit L.
Moreover Z, € 3(¢) and L, € t C e.

Fix a representation and a sequence ¢; | 0 as in the hypothesis. All the following vector limits
are taken on subsequences of this sequence. Let P, denote the S-weight projections. Every S-weight
occurring here is the restriction of a weight of the fixed maximal torus of D. A difference of distinct
S-weights therefore has an integral extension to t which is nonzero on U, so (6.3) applies to it. Since
L, + E, = O(s), the residual hypothesis implies

D PwI? Y Ima — n(Z)IF = O(s2). (6.4)
n a
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Two distinct weights with nonzero components in vy would therefore satisfy |((7 — 77)(Z,))a] = O(s).
This contradicts (6.3), because H, — Z, = O(s). Hence exactly one weight has a nonzero limiting
component. Denote it by 5. Then

vy € PV, by :=(my—n(Z,))/s = 0(1).

Pass to a subsequence on which all b, converge.
Fix nf’ # n, put P’ = Py, and set 8, = (" — n)(Z,). Equation (6.3) gives |5|/s — co. The projected
residual identity is

a
——P'v=P'T(Eq/s)Py + (T(Lqa/s) — bal)P'v
s

+ P'T(E,/s)I — P + O(s™).

All terms on the second line, and the second term on the first line, tend to zero. Therefore

—@P’u = P'T(EQ)Pyvy + o(1). (6.5)
N

Taking the sum of squared norms over a shows that u; = (|6|/s)P’v is bounded. Pass to a subsequence
with 6/|8| — h, |h| = 1, and u; — u. Put F, = P’T(E})P,. Then (6.5) gives hqu = —Favy.

Apply the representation to (6.2), project from P, to P, and divide by |5]s. The terms involving
[Lq, E;] are O(s/|d]), while the remaining terms give

da
> FﬂP, T(Ea/$)Py — D hoFa = 0.

Multiplying h,u = —F,vy by h, and summing yields u = 0. It follows that F,uy = 0 for every a.
The representation has only finitely many weights, so the necessary subsequences can be chosen
simultaneously for all n” = 5.

Let EJ | be the component of E) perpendicular to e¢. Its complexification is a sum of nonzero
adjoint S-weight components. Each such component shifts an S-weight by a nonzero character, so
it has no diagonal weight block. The ¢ component preserves every S-weight space. The preceding
identities therefore give T(EJ | Jvy = 0 for every a. If one E | is nonzero, choose the least such index
in a fixed ordering and set X = EJ .

It remains to treat the case EQ € ¢ for every a. Put W, = L% + E°. The identity component Cp(S)°
of the centralizer of S has Lie algebra ¢, and the torus with Lie algebra t is a maximal torus of this
group. If the W, commute, Lemma 5.4, applied in Cp(S)°, gives g with Ad(g)W, € t for every a.
Since Ad(g)Z, = Z,,

Ad(Q)Va = Zo+ sAd@Wa+0(s), Y, Ipry Ad(@Val® = o(s).

This contradicts the minimal value s®. Thus some [ W,, W, ] # 0. Choose the first such ordered pair
in a fixed ordering and set X = [W,, W} ]. Projection of the residual equations to P,, followed by
division by s and passage to the limit, gives

T(Wa)ve = pavo, pq =limb, € R.
Hence
T(X)vo = i[T(Wa), T(Wp) oo = i(paps — pbpavo = 0.
In both cases X # 0 depends only on E%, L% and the fixed orderings. These objects depend only on

a—a
the Nash family. Thus the same X works in every representation. If U = 0, there is a single weight
space and the last case applies directly. g

Proposition 6.2. Under (5.16), there are an integer N and C > 0 such that
Mg =0r (1<k<N) = EV)<C.

The constants depend only on the presentation, 3, and the bounds in (5.16).
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Proof. If no finite initial segment bounds E(V'), choose V; and the other metric parameters with
Mg =or (1<k<j),  E(V)>]

A common conjugation of each tuple makes the fixed Cartan minimize (6.1). Impose this semialgebraic
condition, s? = Y |E,|?, and the reciprocal boundary condition s™! — 0 in the semialgebraic domain
of Lemma 5.6. The resulting positive Nash arc satisfies all rank conditions and separate-column
weight flags. Lemma 6.1 gives one nonzero X € 0 annihilating every limit of these kernel vectors, in
every sector and representation. Since X € m,

H’ = (H,exp(RX)) satisfies dimH’ > dimH.

The original separate-column flags give orthogonality for each fixed (r, n). For fixed (r, n), the
subspaces at different reference eigenvalues are orthogonal within each sector and restricted weight
tuple; those at different sectors or tuples are orthogonal by Lemma 5.6. All lie in Vf’. For every finite
set L of such labels,

. H/
Z Su(r,spn) < dim V'
(p.s.meL

The estimates (5.15) give

Nz(T) -1< C(l + ﬁ)r Z d,, dim Vf/ _ O(T(dimK—diqu_r)/Z)’
¢ <CT

which contradicts the reference Weyl law. O

6.2. Weighted stationarity and the limiting operator. For fI < B < b’I, minimize instead

> Bap(pry Ad(g)Va, pry Ad(g) V).
a,b

At a minimum, the inequalities I < B < b’I give
b/
> Ipre Ad(g)Val* < FE).
a

Proposition 6.2 therefore gives

Vo=Ho+Es, Hi€t EqLlt |E|<C ) BwlHaEp]=o0. (6.6)
a,b

Indeed, differentiation at a minimum gives, for every Y € 0,

0=2) Bu([Y,Val E) =2 Y,ZBab[Ha,Eb]>.

a,b a,b

Here ), , Bay[Eq, Ep] = 0 by symmetry of B.

Let g; be metrics on M, with Ax(g;) = oy for 1 < k < j, normalized by (5.16) and (6.6). Decompose
Hyj = kqj+ 04 with k, j € gA and 0, ; bounded. Applying Lemma 5.5 to the columns, adding each
fixed lattice subtraction to 0, j, and taking the sum of their rational subspaces gives a torus S = exp U
such that

kaj€qAnU,  xlu %0 = [(x(kap) | — oo. (6.7)
Passto Aj = Ay >0, B; > By >0, 0,; > 0% and E, ; — EJ. Relative to ¢ = 35(U) put
Fa - 92 + Eg)”,
Cg = Z(BO)abEg,L ®E) (6.8)
a,b

Ae = Avs(Ay + Cp).
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Here X ® Y sends v to Q(Y,v)X and acts on m. For X € m, put e(X) = (Q(E) |, X)),—;. Then
Q(CeX, X) = e(X)"Bye(X) > 0.

Thus Cg > 0. Averaging preserves nonnegativity and H,-invariance, so A. > 0 is H.-invariant. Each
F, belongs to 3,(U) and therefore centralizes S.

6.3. Separation of bounded and diverging matrix spectra.
Lemma 6.3. Let E, F be finite-dimensional Hermitian spaces, with r = dim E. Let
A; U; N N
M]: <Ui D]> OnE@F, AJZA], D]:DJZbJI,
i i

where Aj — A, |Uj| < u, and b; — co. Choose a such that |A;| < a for every j, and put n; =
u?/(b;j — a—1) when b; > a+ 1. For all sufficiently large j, the eigenvalues in increasing order satisfy

Ak(Aj) —nj < Ak(Mj) < Ak(Aj) (1 <k< I”). (6.9)
IfF # 0, then A,1(M;) > b;. In particular,
Ae(M)) = (A < A=Al +7m; A<k<T).

IfAj = Aandb; > cj?* eventually for a fixed c > 0, the error is O(j~2). The case E = 0 consists only of
eigenvalues at least bj; if F = 0, M; = A;.

Proof. Assume E, F # 0. The Rayleigh quotient restricted to E @ 0 gives Ax(M;) < Ax(A;) for k < r.
The max-min formula applied to the codimension-r subspace 0 @ F gives A,,1(M;) > b;. For real
s < bj, set Qj = Dj — sl and

Sj(S) = Aj — sl — U]'Qj_1 U;.

Multiplication of the three factors gives

.07} .
M; — sl = (é UJIQ] ) <Sj(()3) S}) (Q}{U; (I)> (6.10)

Both outside matrices are invertible and adjoint to one another. Consequently M; — sI and S;(s) ® Q;
have the same numbers of positive, zero, and negative eigenvalues. For |s| < a + 1 one has

0 < U;Q7'Uf <yl

Take j so large that n; < 1/2, and fix k < r. For s < Ak(A;) — n; sufficiently close to this value,
|s|]<a+1and

Sj(S) > Aj - (S+ 17])[

The latter matrix has at most k — 1 negative eigenvalues. The same is true of S;(s): on the span of
the Aj-eigenvectors with indices k, ..., r, the displayed lower bound is positive. Since Q; > 0, (6.10)
gives At (M;) > s. Letting s increase proves (6.9). Finally —|A; — A|I < A; — A < |A; — A|I and
min-max give [Ax(A;) — Ak(A)| < |A; — Al. This also proves the stated rate and includes repeated
eigenvalues. g

Lemma 6.4. For fixed r, s, an S-weight n of Wy 5, and n € —s + qZ’, set mq, = n(kq ;) + n,. Precisely
dim P, W, ; eigenvalues of the corresponding matrix remain bounded. They converge with multiplicity
to the spectrum of

Hn,s,ry(n) = Ln(Ae)|P,7W,,,S + Z(Bo)ab(nal - Tn(Fa))(an - Tn'(Fb))|P,,Wﬂ,5- (6'11)
a,b

The other eigenvalues tend to infinity.
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Proof. Write X, = T,(H,;), Yo = Tz(E, ;). The potential is

D (B)ab ((ma = Xa)(mp — Xp) = (Mg = Xa) ¥y — Yy (ma — Xo) + Ya¥y).
a,b

For i’ # nput 8, = (1’ — n)(ka;). The only potentially unbounded term joining P, to P, is
22ab(Bj)ab 8aPy Yy Py. The represented stationarity equation (6.6) gives exactly

D (Bab8aPy Ys Py = = Y (B))ab Py Tx(0a), Yo 1P, (6.12)
a,b a,b

Its right side is bounded. Every other off-diagonal term, including L,(A}), is bounded for fixed 7, n.
On the complementary weight spaces the positive commuting Cartan potential tends uniformly to
infinity, since

My sm > g Z(na + n(ka,j) — Tﬂ(ka’j))Z — Cpnl.

a

Write the block matrix as (% g ) Then |K;j| = O(1) and Q; > RjI, R; — oo. Let d = dim P, Wy,

and choose a, u with |Dj| < a and |Kj| < u. Lemma 6.3 gives

2

u
G T

T < MMrsm) < D) (A< k<d),
—a-

for all sufficiently large j. If d < dim W, its next eigenvalue is at least R;. This proves both the
number of bounded eigenvalues and their convergence, once lim D; is computed.

Decompose E, j = E, ) ; + Eq 1 j relative to ¢, and put G, j = 04 + E, | ;. Then T;(G, ;) preserves
every P,, whereas P, T,(E, ;)P, = 0. Compression of the square gives

D;j = PyLe(A)Py + 3 (Bap(nal — To(Ga )yl — To(Gy N,
a,b

+ Z(Bj)abpﬂTIT(Ea,L,j)Tﬂ'(Eb,J_,j)PI]'
a,b

All mixed terms with one perpendicular factor vanish, since the other factor preserves P,. As j — oo,
the last sum tends to P,L,(Cg)P, and G, — F,. For every s € S, the operator 7(s) is scalar on P,,.
Consequently compression is unchanged by conjugation through 7(s), and integration over S gives

PyL(Ao + Cp)Py = Ly (Avs(Ag + Cr))lp,-
This is (6.11). U

Lemma 6.5. The direct sum of (6.11), with the stated sectors, Fourier cosets, and outer multiplicities, has
exactly spectrum 3. Moreover A. > 0.

Proof. Write y = (=, s, n, n) for a limiting block label, with n € —s + qZ". If 7, s are fixed, its actual
Fourier label is m, j = n(k,,j) + n,. Distinct pairs (7, n) give distinct actual Fourier labels eventually.
Indeed, for n # n’ the norm of ((7 — ’)(k,,;))a tends to infinity by (6.7), whereas n” — n is fixed. For
n = n’ equality of the Fourier labels is equivalent to n = n’. Distinct representations and sectors
already give orthogonal summands.

Choose any finite multiset of limiting block eigenvalues, counting each with its matrix multiplicity
and the factor d,. Lemma 6.4 realizes these occurrences as limits of actual eigenvalues in distinct
orthogonal summands. Choose N with oy strictly larger than every chosen limiting value. For all
sufficiently large j, the corresponding actual eigenvalues lie below An(g;) = on and belong to the
fixed finite list oy, ..., oN—1. Every chosen limiting value therefore belongs to this list. Moreover, an
interval containing one reference value and no other contains exactly its allowed number of scalar
eigenvalues for large j. No finite selection of limiting blocks can exceed that multiplicity. In particular
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the constant block accounts for the only possible occurrence of zero. Thus the limiting direct sum
has no eigenvalue or multiplicity in excess of .

For the reverse containment, fix a positive reference value p and include its complete cluster and
its successor in the matched initial segment. Every contributing representation satisfies d, < m,, and
hence belongs to a finite list. The quadratic form bound B; > I, the nonnegativity of L,(A;), and
the boundedness of 8, ; + E, ; give, for every unit y-eigenvector,

2
Z ”(maI - Tﬂ(ka,j))vnz < F'u +2 Z ” Tn(ea,j + Ea,j)”2 < Czr,p-
a a

The operators T,(k, ;) commute, so their joint weight decomposition gives

D 1Pl Y ima = ke )P < Crpe
n a

For some weight 7, the inner sum is at most Cy ;. Set n, = my—n(kg ;). Because k, j € gA, n € —s+qZ’.
The finite representation list and the bound on n leave only finitely many labels y for this cluster.
The preceding separation argument makes their actual blocks distinct for all sufficiently large ;.

Pass to a subsequence on which the multiplicity h, of y in each of these finitely many actual
blocks is constant. Then

> dihy =my.
Y

By Lemma 6.4, the nonbounded eigenvalues of each actual block tend to infinity, and its remaining
ordered eigenvalues converge to those of the limiting block. Thus the latter has at least h, occurrences
of . Summation gives at least m,, occurrences in the limiting direct sum. The opposite inequality was
proved for every finite multiset above. Since p was arbitrary, the direct sum has exactly spectrum .

For ¢ > 0, the Schur parameters (A + €I, By, F) define a positive Riemannian cometric on M,. The
S-invariance of A. and the centralization identities for F, preserve the weight spaces. Its block with
label y is therefore

Hy s p(n) + ecyl.
Every block eigenvalue is at least its unregularized value. Hence N;(T) < Nx(T) for every T, where

N is the counting function of this positive metric. For each fixed ¢, divide this counting inequality by
T(@*1/2 and let T — co. The Weyl law and (5.4) give

(27)" Vol(K/H, Q)
q \/detm(A,‘3 + eI)det B,

< Vol(). (6.13)

If A. were singular, the left side would tend to infinity as ¢ | 0. Therefore A. > 0. O
6.4. Polynomial factors and reducing projections.

Lemma 6.6. Let M(m) and Hy(n) be Hermitian matrix polynomials in r real variables, with 2,7 dim H, =
dim M. Suppose that for every n in a full-rank affine lattice the spectrum of H,(n) is contained with
multiplicity in that of M(n + c;). Then

fy(m, z) = det(zI — Hy(m — ¢;)) divides F(m,z) = det(zI — M(m)).
If the fy are pairwise coprime in R(m)|z], then F =[], f;.

Proof. The characteristic coefficients are real polynomials, since the matrices are Hermitian for real
parameters. Fix 1 and divide F(m, z) by the monic polynomial f,(m, z) in the variable z. Monic
polynomial division takes place in R[my, ..., m,][z]:

F=Quf; +Ry, R,(m,z) = Z rj(m)zj.
j<degz f”
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At every m = n + ¢, allowed by the hypothesis, spectral containment with multiplicity says that
fy(m,-) divides F(m,-). Uniqueness of the remainder after evaluation gives r;(n + ¢,) = 0 for every
coefficient r;.

An invertible affine change sends this full-rank affine lattice to Z". A polynomial p vanishing on
7 is zero. For r = 0 it is a constant, with p = p(0) = 0. For r = 1 it is the finite-root theorem for a
nonzero polynomial. For r > 1, write p(x’, x,) = Y pr(x’)xk. At each x” € Z'!, the one-variable
polynomial vanishes at every integer, so every pi(x’) = 0. Induction gives px = 0 for every k. Thus
all r; vanish identically and f,, divides F.

In the field R(my, ..., m,), pairwise coprime divisors have a product dividing F. The product and F
are monic of the same degree in z. Their quotient is therefore 1. O

Lemma 6.7. Let C, Dy, ..., D, be m x m Hermitian matrices, let ¢ € R”, and let 1 < s < m. Suppose that
D(q) = )., qaDq has a strict gap between its s largest eigenvalues and the rest, and let P be its top rank-s
spectral projection. For every p € R”, suppose that the sum of the s largest eigenvalues of A, + tD(q),
where A, = C + ), paDo, is affine for t > T,. Then P reduces C and every D,.

Proof. Fix p and ty > T,. Choose a rank-s orthogonal projection E maximizing Tr(E(A, + tyD(q))).
For a Hermitian matrix T with eigenvalues 7; > -+ > 7,,,, a rank-s orthogonal projection E’ satisfies

N

THE'T) = ) tlEelf < ). n,
i i=1

because 0 < |E’¢;|* < 1 and their sum is s. Projection onto the first s eigenvectors attains equality.

This is the finite-dimensional variational principle of [9, Theorem 1]. In particular,

Fp(t) = E/_E/*_glzax - Tr(E’(Ap + tD(q))).
=E’*=E’2 rank E’=s
The affine function Tr(E(A, + tD(q))) lies below the affine F,,(t) on (T}, ) and agrees at the interior
point t,. Their affine difference is nonnegative and vanishes in the interior; it is therefore identically
zero. If the eigenvalues are ordered decreasingly, min—max gives, for ¢ > 0,

|71 4i(Ap + tD(9)) = A(D(@))] < t7HApl.

Consequently t7'F,(t) - Y.,._; d;, where d; > - > d, are the eigenvalues of D(g). Dividing the
identical affine functions by ¢ gives Tr(ED(q)) = Y.i_; d;.
In an eigenbasis (¢;) put ¢/ = (Ee;, ¢;). Then 0 < ¢/ < 1and ), ¢/ = s, whence

. di = Te(ED(@) 2 (ds — dss1) ) .

i<s i>s

The strict gap forces ¢/ = 0 fori > sand e/ = 1 fori < s. Since E is an orthogonal projection,
|Ee;|* = e; these identities give E = P.

Thus P maximizes the variational expression at t,. For every skew-Hermitian K, differentiate at
zero the expression Tr(e“K Pe 4K (A, + toD(q))). Its derivative is zero, so Tr(K[P, A, + t,D(q)]) = 0.
The commutator is skew-Hermitian; taking K = —[P, A, + t,D(q)] proves that it vanishes. Since P
commutes with D(q), it commutes with A,. Take first p = 0 and then p equal to each coordinate
vector. O

Lemma 6.8. There is a finite set P C ffor which both linear maps

o— P End(Wr), X — (T:(Olw,,)

TEP s’
se(Z/q)"

symm)* — @ End(W,,)., A (L(Alw,.) .
TEP '
se(Z/q)"

are injective.
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Proof. If all such represented vector fields vanish, they vanish on every matrix coefficient on K /H.
If all represented quadratic expressions vanish, the associated differential operator vanishes on the
same coefficients. The eigenspaces of the normal homogeneous Laplacian are finite sums of these
matrix-coeflicient spaces. Lemma 2.5 therefore gives convergence in C* by finite sums of the same
coefficients. A differential operator is continuous from C® to C*, so each operator vanishes on
every smooth function. Its first or second principal symbol is respectively the specified vector or
symmetric tensor, so these vanish. Apply Lemma 2.10 to the two domains d and Sym(m), with
maps respectively given by the represented vector fields and the quadratic expressions. Each common
kernel is zero by these principal-symbol identities. The union P of the selected representation indices
satisfies

|P| < dim d + dim Sym(m)*.

It is independent of X € 0 and A € Sym(m)*. For each selected representation all finite sectors are
included, since their orthogonal direct sum is Wj,. O

Lemma 6.9 (Finite separating directions). Let r,k > 1, put M = k(r — 1) + 1, and define

W.
wi = (1, 7, uj=—>- (0<j<M), o =r "M,
Iwil
For any nonzero 61, ..., 8 € R’, at least one of these M directions satisfies
Kuj 80 2 crildedl A< L< k). (6.14)

Proof. For r = 1, the set of directions is {1} and the estimate is an equality. Suppose r > 2. Choose any
r of the directions and form the matrix V having them as rows. The Vandermonde determinant gives

b = Jal /oy r—r(r—
Hﬁb lw, | > ey, [VIas = Jr.
a Ja

Here the indices are distinct integers, and |w;| < /r M"~'. All singular values except the smallest are
at most /r. Hence

|det V| =

Smin(V) 2> r7(2r71)/2M7r(r71) = \ﬁcr,k.

For a unit vector v, there cannot be r indices with [(u;,v)| < ¢, : their matrix would give |Vv| <
Jr ¢rk < Smin(V). For each ¢ put

Je=1j + Kuj, 60l < cril8el}-

The preceding estimate gives |J;| < r — 1, hence |UI;:1](| < k(r — 1) < M. Any index outside this
union satisfies (6.14).

g

Proposition 6.10. Let U C t be rational and put S = exp U. Suppose 0 < A; < bl, BI < Bj < bgl, with
B>0,and V,; = ke j+Eqj, where ko j € gAN U and E, j are bounded. Let A, > 0 belong to Sym(m)H
and be S-invariant, and let F, € 0 centralize S. On a finite family as in Lemma 6.8, suppose

det(z] — Mys j(m)) = [ [ det(zI — Hy sy 1(m — n(k;))), (6.15)
n

where Hy s, ; is formed from (A., Bj, F) by (6.11). Assume that the distinct weight differences in this
collection diverge jointly as in (6.7). For all sufficiently large j, one common D-conjugation makes A’
S-invariant, makes all V(;’j centralize S, and leaves V‘ij — kq,j bounded.

Proof. List the differences of distinct S-weights within all sectors of the finite family in Lemma 6.8.
For each such pair put

Sy = (=1 ka ).
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Their norms tend to infinity, uniformly over this finite list. If its size is k > 0, Lemma 6.9, applied to

Bjé, y j» gives a unit vector u; in one fixed set of k(r — 1) + 1 directions such that

Z(Bj”j)a(ﬂ - U/)(kaj) 2 Cr,kﬁ||5r],ry/,j|| —> 0. (6.16)

a

If the list is empty, choose one fixed unit vector instead. Put
Ki= Y (Bjupakajy  Vi= Y (Bjtj)aVaj.
a a

The bounds on B; and E, ; give |V; — Kj| < C.

Lemma 5.4, applied to V; and K;, gives one h; € D, independent of the representation, with
Ad(hj)V; = Kj + R;j € tand |R;| < C. Conjugate only the actual matrices in (6.15).

After subtraction of m'B yml, the actual pencil is

CJT,S,j -2 Z maDn,s,a,ja Dn,s,a,j = Z(Bj)ab Tn(V[;,j),
a b

where Cy s j = L(AD)+Y 4 ,(Bj)ab T,I(V;,j)T,,(Vl:’j). On the line m = —tu;+p the slope is 2T,(K;+R;).
For comparison, on P, W, s the reference factor satisfies

Hy s, i(m — (k) = m"BjmI = C; ;= 2 ) ma(Bj)ap (n(ky )T + T(Fp)),
a,b

where Cy ; = Hy 5 j(—1(k;)) is independent of m. Its slope on the same line is
2n(K)I +2 Z(Bjuj)a T2 (Fo)lp, w,-
a

Choose Cy bounding both |2T,(R;)| and |2}’ ,(Bju;) T (F,)| on the finite representation family of
Lemma 6.8, for every j. Such a bound follows from the bounds on R, Bj and |u;| = 1. The intervals

I = [2n(K;) = Co, 2n(K;) + Col (6.17)

are pairwise disjoint within each fixed sector for large j, by (6.16). Decompose a fixed sector into its
full t-weight spaces W,. On W, the actual slope 2T,(K; + R;) has eigenvalue 2y(K;) + 2x(R;). Since
Kj € U, the first term is 25(K;) precisely when y|y = n; the second term has absolute value at most
Co. The projection onto I, ; is therefore exactly

P w, =P,

Xlu=n

On the reference side, T, (F,) preserves P, and its bounded part has norm at most Cy. Its slope has
the same interval projections and the same ordering. The cumulative projections are therefore the
same sums of P, on both sides.

Fix such a j and any p € R". For sufficiently large ¢, the top cumulative eigenvalue sums on
the reference side are traces of complete n-blocks, hence affine in ¢. Equation (6.15) makes the
corresponding cumulative eigenvalue sums affine in ¢ for the actual pencil. Lemma 6.7, applied to
each cumulative group and every p, shows that each P, reduces C, ; and all D, 5, ;. Since B; is
invertible, each P, also reduces T,(V,, ;) and L”(A§). For every X € U, each T,(X) is scalar on the
spaces Py, so the reducing identities give

[T:00. TV =0, [T(X), La(A))] = 0

on all sectors of the finite family. Differentiating equivariance with T, = —idr gives the exact
identities

i[Tﬂ(X)s TII(V;J)] = Tn([Xa Vé,j])s i[TJT(X)3 LH(A;)] = Ln([ad X|m9A;‘])~



FINITE SPECTRAL DETERMINATION 31

Since X centralizes H,, the vectors [X, V; ;] belong to 9. The operator ad X|y, is skew-adjoint and
commutes with Ad(H.); hence its commutator with A’ belongs to Sym(m)*e. Injectivity in Lemma 6.8
gives

[V,

ap Ul =0, [A},ad Uln] = 0.
Exponentiating these identities gives right-S invariance of the cometric parameters.

Fix this j and a bounded nonempty open subset of ujl-. On its closure the constant terms of the
actual and reference pencils are bounded. Their slope intervals have positive gaps. Hence, for all
sufficiently large ¢, the 5-clusters are separated in the same order on both sides of (6.15), uniformly in p
in this set. Since the full multisets agree, the multisets within each 5-cluster agree. The corresponding
characteristic polynomials are therefore equal for m = —tu; + p in an open subset of R", and hence
are identical polynomials. Take m = tB]flea, subtract its common quadratic scalar, divide by —2t, and
let t — oo. Continuity of Hermitian spectra gives

SpeC(Tﬂ(Vé,j)|P,7Wﬂ,S) = n(kq,;) + Spec(T,,(Fa)|an”’s).

All these weight spaces reduce T,(V, ; — k). The norm of that Hermitian operator is consequently
bounded by the fixed norm of T,(F,) on these sectors. The first linear map in Lemma 6.8 is injective,
so Lemma 2.10 bounds [V ; — kg ;[ uniformly. O

6.5. Positive limits after changes of coordinates.

Proof of Theorem 5.1. Take a sequence matching successively longer exact initial segments. By Propo-
sitions 5.7 and 6.2 and (6.6), its normalized parameters have the limits in (6.8). Lemma 6.5 gives the
positive effective metric with blocks (6.11). Fix x, s, 5, n, and let p have multiplicity A in its limiting
block. By Lemma 6.5, p € 2. Choose an interval about y containing no other reference value, and
choose a reference eigenvalue strictly above its closure. Lemma 6.4 gives h actual roots converging to
4. On a sufficiently long matched initial segment these roots belong to the reference list and lie in the
chosen interval. Thus all & roots equal p exactly. If w = dim W, 5, every (w—h+ 1) x(w—-h +1)
minor of M, s j(n + n(k;)) — pI consequently vanishes eventually.

The real and imaginary parts of these minors are polynomials in the single finite-dimensional
parameter vector (Aj, Bj, kj, 0;,E;). Their coefficients are real and imaginary parts of the fixed
representation matrices, together with the limiting eigenvalues. The indices =, s, 5, n, u vary, but the
polynomial ring does not. Each individual polynomial vanishes on a tail of the sequence; Lemma 2.6
gives one index after which all of them vanish. Consequently every limiting block spectrum is
contained, with its multiplicity, in the corresponding actual matrix spectrum on this common tail.

In the trivial representation the block is the scalar n"B;n. Taking n = ge, fixes ¢*(B;)qq, and
taking n = q(e, + ep) fixes g*((Bj)aa + 2(Bj)ab + (Bj)pp)- Their exact limiting values give B; = By for
all sufficiently large j.

Lemma 6.6 gives the weight factors over each allowed Fourier coset. In the finite family of
Lemma 6.8, choose a separating direction as in Proposition 6.10. For a fixed sufficiently large j, the
slope intervals of distinct weight factors are disjoint. At a sufficiently far point of this real line their
roots in z are disjoint. Their resultant in z is therefore nonzero at that point and hence is a nonzero
polynomial in m. Thus each pair is coprime over R(mj, ..., m,). Their degrees sum to the whole block
dimension. Thus (6.15) holds. Proposition 6.10 gives exact right-S invariance after one common
conjugation and bounded residuals. Let g; denote the metric after this common conjugation. Define

®i(y,2z) = (yexp(z zaka)j),z>. (6.18)

For b € Z7, put Ry(y, z) = (y,z + 27b). Then ®;R, = R, ®;, so its first component is periodic in z.
Moreover exp(27k,;/q) = e and D centralizes H.. Consequently ®; and its inverse commute with
every deck transformation in (5.1), and induce diffeomorphisms of M.. Set §; = (<I>J71)* g;- The exact
right-S invariance gives constant transformed coefficients. In the invariant horizontal and periodic
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Ik
0r
and the V,, ;- The congruence transformation of the Schur matrix (5.3) by this differential and its

transpose gives

frames, the differential of ®; has matrix ( ) up to the right-S adjoint action, which preserves A’

Aj = A;, Ej = By, Va,j = Vz;,j - k(l’j‘

These parameters satisfy

~

0<A;<bl, Bj=B;>0, IVl < C.

The full Schur cometrics of these actual representatives are bounded: A js B j, and the new drift columns
are all bounded. Pass to a limit of these full cometrics. Their indexed eigenvalues converge to 3, since
the transformations were actual isometries and the matched initial segments grow without bound.
Lemma 2.11 makes the full limit positive definite. Since B ;i = By > 0, its Schur complement is positive,
s0 Ag > 0. For d > 0, let R(g) be the nonempty set of representatives of the isometry class of g on
the finite list of presentations satisfying 0 < A < bI and I < B < b’I. For metrics matching the
fixed initial segment from Proposition 5.7, define

= inf </1~ A_1+maxV).
f(g) (ABTIER(g) min(A) p | Val
If no finite initial segment bounds f, there are metrics g; matching the first j reference eigenvalues with
f(gj) > j. The positive convergent representatives just obtained belong to R(g;) on a subsequence,
so their displayed quantities are bounded, a contradiction. Hence there are Ny and M > 0 such that
every matching metric has a representative with

M+1)'"T<ALDI, BI<B< b, max |V,| < M + 1.
a

This parameter set is compact and semialgebraic. Its image under C(A, B, V) has the same properties,
since this map is polynomial. The factorization after (5.3) gives

ICCA, B, V) < (1 + VD) max{]A™"[, |B"[}.

Thus the image consists of uniformly positive cometrics. If d = 0, the parameter set is fI < B < b1,
and take Nj to be the index supplied by Proposition 5.7.

On each compact positive parameter set, the representation and Fourier matrices have polynomial
entries in the full cometric coordinates. Their spectra, with the prescribed outer multiplicities, form
the scalar spectrum. The comparison in Lemma 2.9 gives continuity of every ordered eigenvalue.
Lemma 2.8 therefore gives a determining index N; on each of the finitely many parameter sets, indexed
by 1<i< b.Put N = max{Ny, Ny, ..., Np}. Agreement through N first gives a representative in one of
these sets and then gives its full spectrum. The full isospectral subset is closed by continuity; smooth
dependence of an invariant metric on its positive cometric proves compactness of its representatives.

g

Corollary 6.11. On every fixed compact semisimple group times an arbitrary torus, exact finite-initial-
segment determination and smooth isospectral compactness hold for all left-invariant metrics, including
all noncommuting mixed directions. The same is true for every fixed homogeneous product (K /H) x T"
and its fixed finite normalizer quotients above.

Proof. Take H = {e} and q = 1 for the group product, and ¢ = 1 for a homogeneous product, in
Theorem 5.1. If the torus has dimension zero, Theorem 3.1 gives finite determination and compact
positive representatives. g
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7. NORMALIZER HOLONOMY AND VARYING ISOTROPY
7.1. Commuting holonomies.

Lemma 7.1. Let a compact Lie group J act linearly on a finite-dimensional real space P. For fixed r, the
groups
Clp.r)={geJ:gp=p gra=1ag (1< a<r)}

have uniformly bounded numbers of connected components, as p € P and T € J" vary.

Proof. Choose a faithful orthogonal representation J C O(N) containing the given representation on
P. For x € O(N) \ J, the compact sets J and Jx are disjoint. Stone-Weierstrass approximation gives a
polynomial g, in the matrix entries such that

|Qx|<i on J, |Qx_1|<i on Jx.

For Haar probability measure dh on J, put

px(X) = /J gx(hX) dh — /J q<(h) dh.

Integration changes only the finitely many coefficients, so p, is a polynomial. Right invariance of
Haar measure gives py|; = 0, whereas p,(x) > 1/2. Hence

J={X € O(N) : px(X) = 0 for every x € O(N) \ J}.

The Hilbert basis theorem reduces these equations to a finite family; thus J is real algebraic. The
conditions defining C(p, 7) are polynomial in these matrix coordinates. They define a semialgebraic
family. Hardt’s triviality theorem partitions the parameter space into finitely many semialgebraic sets
on each of which the fibres are homeomorphic [13]. Their numbers of connected components have a
finite maximum. g

Lemma 7.2. Let F and J be compact Lie groups. Every J-conjugacy class in Hom(F, J) is open for the
uniform topology.

Proof. Averaging a positive inner product on Lie ] over J gives a bi-invariant metric on J° invariant
under conjugation by J. If J° = {e}, sufficiently close maps F — J are equal. Assume dim J° > 0, and
fix ¢ € Hom(F, J). Choose ¢ > 0 such that Bs.(e) is geodesically convex and

Hessx(%d(x, y)z) > %gx (x € Bs.(e), y € Bg(e)).

Such an ¢ exists because squared distance is smooth near the diagonal and its Hessian at (e, e) is the
metric. For ¢ sufficiently close to ¢ in the uniform topology, put ps = ¥(s)¢(s)~! € Be(e), s € F. The
maps

as(x) = Y()xP(s)™! = ps(P(s)xp(s)™")

are isometries of J° and satisfy asa;, = ay;. For Haar probability measure ds on F, put

Flx) = /F d(x, po)? ds.

The function f attains its minimum on the compact group J°. One has f(e) < &2, whereas d(x, ) > 3¢
gives f(x) > 4¢*. Every minimizer lies in Bs.(e). On this ball differentiation under the integral is
legitimate: the squared-distance function is smooth on a neighborhood of the compact set Bs.(e)xB.(e).
The Hessian inequality makes f strictly convex there, so its global minimizer x is unique. The identities

ar(ps) = YOP()g(s) " ¢(1) ™! = pys

and left invariance of ds imply f o a; = f. Hence a,(x) = x, which is equivalent to 1/(¢) = x¢(t)x ™!
for all ¢ € F. Every sufficiently close homomorphism is therefore conjugate to ¢. g
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Corollary 7.3. For a finite group F and a compact Lie group ], the set Hom(F, J)/] is finite.

Proof. The equations ¢(st) = ¢(s)¢(t) define a closed subset of the compact finite product J*. By
Lemma 7.2, its conjugacy classes are open. A finite subcover by these disjoint classes contains all of
them. g

Theorem 7.4. For fixed J, P, r as above there are g > 1 and finitely many simultaneous conjugacy classes
of commuting tuples (cy, ..., c,), with ci = e, such that every commuting tuple 11, ..., T, fixing p € P
can be written

Tg = cfl exp X,.

The X, € j commute, their one-parameter subgroups fix p and commute with every tj,, and the tuple ¢’
is conjugate to one of the fixed tuples.

Proof. Let M bound the component counts in Lemma 7.1, put ¢ = M!, and set C = C(p, 7). Each 7, is
central in C and 7{ € C°. These powers are central in C°. Every element of a compact connected group
belongs to a maximal torus; since all maximal tori are conjugate, a central element belongs to every
maximal torus. Fix one such torus T C C°. Choose commuting X, € Lie Tc with exp(gX,) = rd,
Then ¢, = 7, exp(—X,) commute and satisfy (c/)? = e. They form a homomorphism (Z/q)" — J;
apply Corollary 7.3. Since exp(tX,) € Tc C C(p, 7) for every t € R, one has

exp(tX,)p = p, exp(tX,)ty = 73 exp(tX,) (a,b=1,...,r).
O

For the rest of this section, K is compact, connected, and semisimple, H C K is closed, and Q is an
invariant positive inner product on €. Put Y = K/H, m = h'¢, and

J=Ng(H)/H, P =Symm)’ & (m")"

The action of J on P is well-defined. For a metric with parameters p = (A, Vi, ..., V,) and B > 0, its
stabilizer consists exactly of the normalizer transformations whose product action on Y xR” preserves
the metric. For commuting 7, € J fixing p write

My = (Y xR)/{(,2) = (yTa, 2 + 27€0))- (7.1)

Corollary 7.5. For fixed K, H, r, every metric (7.1) has an isometric representative on one of finitely
many fixed models M. as in Section 5, with M. = K /H when r = 0. For every smooth reference spectrum
of dimension dim(K /H) + r, a finite exact initial segment determines the full spectrum on the class with
this fixed fibre and arbitrary commuting metric-preserving normalizer holonomy.

Proof. For r = 0, the mapping torus is K/H and Theorem 3.1 gives the finite determining initial
segment and compact positive representatives. Assume r > 0. By Theorem 7.4, 7, = ¢, exp X,.
The quotient map Lie Nx(H) — LieJ restricts to an isomorphism on m¥. Identify X, with the
corresponding K-invariant vector field on Y. Put

F(y,z) = (y exp <—217T Z zaXa> ,z) )

F(yta,z +2me,) = (Fl(y, z)c;, z+ Znea),

Commutation gives

so F transports the deck tuple 7 to ¢’. Each exp(tX,) preserves A and every Vj, and F.(Z, — V,) =
Z,—(Va+X,/(2r)). The transported metric has constant invariant Schur parameters A, B, V,+X,/(2r).
A constant normalizer conjugation puts ¢’ in the fixed finite list. Denote the resulting parameters
again by (A, B, V). The subgroup gZ" of the deck group acts only by translations. Its quotient is
Y x (R/27mqZ)". Rescale z = qw; this replaces B by B/q* and V by qV, and gives exactly (5.1). The
residual deck group has order q" because of its translation part. Apply Theorem 5.1 to the finite list
and take the largest determining index. g
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7.2. Normalizer equations and descent.
Lemma 7.6. For a fixed closed H C K there are finitely many irreducible representations = such that
aeNxg(H) < m(a)VH =V forall representations in this list.

Proof. Suppose first that the fixed spaces are preserved in every irreducible representation. Right
translations by a and a™! preserve all right-H-invariant matrix coefficients. These coefficients are
uniformly dense in C(K/H), so both translations preserve C(K/H). For h € H one obtains f(xha) =
f(xa) for every such function. Since these functions separate cosets, a"'ha € H; the inverse condition
gives equality. The converse follows directly from normalizer membership.

Choose faithful unitary matrix coordinates on K. Every irreducible occurs in a tensor product
of this representation and its dual: the coefficient algebra is self-adjoint and separates points, so it
is dense by Stone-Weierstrass, and Peter—-Weyl orthogonality excludes an absent irreducible. Thus
every coefficient of 7(a) is polynomial in these coordinates and their conjugates. If P, projects to
VI the entries of (I — P;)r(a)P, give real polynomial equations. By the finite-generation argument
in the proof of Lemma 2.6, finitely many of these equations have the same zero set. They belong to
finitely many representations. Unitarity makes inclusion of the fixed space equivalent to equality. [

Proposition 7.7. Let K be compact, connected, and semisimple. Suppose H; C H C K are closed subgroups

and, for every fixed 7, v = VH eventually. Suppose metrics on mapping tori with fibre K /H; and
commuting metric-preserving normalizer holonomies match successively longer initial segments of =. On
a tail their operators descend to metrics on mapping tori with fibre K /H, retaining successively longer
initial segments. On each eventually identified fixed space, the holonomy operators are unchanged.

Proof. Choose lifts a; ; € Nx(H;) of the holonomies. They preserve Vf 7. The finite list of Lemma 7.6
gives a common tail with a; ; € Nx(H) for every b. Their commutators lie in H; C H, so their images
modulo H commute.

Let

E = Sym?(¢t ® R"),

with the adjoint action on £ and the trivial action on R". This is one fixed finite-dimensional real
K-representation. Its complexification is a finite direct sum of irreducible K-representations. The
assumed eventual fixed-space equality in each of these finitely many irreducibles gives, for all
sufficiently large j,

EfN = EH, (7.2)

Extend the quotient cometric by zero on h; with the Q-orthogonal decomposition of £, and denote
the resulting tensor by C; € E. Both its horizontal part and its zero extension are H;-invariant. Hence
(7.2) gives C; € EH exactly.

The quadratic differential operator of C; on K x R” therefore commutes with right translation
by H. It preserves right-H-invariant smooth functions and descends to K/H x R". The descended
principal symbol is

Cj= Cj|f)iQ@]Rr'

Since h; C b, this is a restriction of the positive definite horizontal symbol for K/H; x R" and is
positive definite. Haar probability on K /H; pushes forward to Haar probability on K /H; consequently
the descended operator is symmetric for quotient Haar measure. It is real and annihilates constants.
The invariant metric of C; has volume density proportional to quotient Haar measure. Lemma 2.1
therefore identifies the descended operator with its scalar Laplacian. The original right holonomies
preserve this descended operator, since they preserve the original operator and normalize H. They
consequently preserve its principal symbol and are isometries of the descended metric.

For normalized invariant probability measures, pullback from the descended mapping torus
identifies its L? space isometrically with a closed invariant subspace of the original one. It therefore
cannot increase any spectral multiplicity. Fix a positive reference eigenvalue y, of multiplicity m,,
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and take j large enough that the matched segment includes the complete p-cluster and the next
eigenvalue. The y-eigenspace is a finite-dimensional K-module. Every irreducible summand has
d; < my; the set of such types is finite by Lemma 2.3. For every type in this finite set,

Vil = vH

once j is sufficiently large. On these spaces the holonomy operators 7(ay ;) are identical before and
after descent. Hence their joint eigenspaces and all corresponding Fourier frequencies agree. The
complete K-isotypic spaces containing the p-eigenspace are therefore contained in the descended
function space. Its y-multiplicity remains m,. For any fixed finite number of complete reference
clusters, one common tail has these properties for all of them. Since restriction introduces no new
eigenvalue, the descended spectra agree with successively longer initial segments of X. g

dimension n, some finite exact initial segment leaves only finitely many conjugacy classes of fibre
subgroups H C K among mapping tori with dim(K/H) + r = n, including arbitrary commuting
metric-preserving normalizer holonomies.

Proposition 7.8. For fixed compact semisimple K, r > 0, reference dimension n, and smooth % of

Proof. Otherwise choose pairwise nonconjugate H; and metrics matching successively longer initial
segments. Yu’s subsequence theorem [21, Theorem 1.1] gives, after conjugation, H; C H and
convergence of their dimension data to that of this same H. Integer-valued convergence and inclusion
give Vi = VI eventually for each fixed 7. By Proposition 7.7, the spectra descend to fibre K /H with
the same increasing exact initial segments. Its dimension plus r is at most n. If it is smaller and r > 0,
Corollary 7.5 gives finitely many isometric finite-holonomy presentations of this fixed fibre. This finite
list depends only on K, H, r and the decomposition in Theorem 7.4. Each presentation has dimension
dim(K/H) + r < n, so Lemma 5.8 excludes a sufficiently long reference initial segment on every
member of this finite list. When r = 0, the semisimple dimension obstruction in Lemma 3.5 gives
the same exclusion of sufficiently long reference initial segments. Hence the dimensions are equal.
Then h; = h and H® C H; C H. The finite group H/H® has finitely many subgroups, contradicting
the choice of pairwise nonconjugate H;. g

7.3. All closed globally homogeneous manifolds.

Lemma 7.9. Every closed connected globally homogeneous Riemannian n-manifold has an isometric
presentation (7.1), where K is compact, simply connected, and semisimple, dimK < n(n + 1)/2, and
0 < r < n. The covering metric is K x R"-invariant, and the holonomies are commuting metric-preserving
elements of Nx(H)/H.

Proof. Let G = Isom(M, g)°. The full compact isometry group has finitely many components. Its
identity-component orbits in the connected homogeneous space form a finite collection of closed,
hence open, subsets. Thus G is transitive. Its isotropy acts faithfully on a tangent space, so dim G <
n + n(n — 1)/2. The universal covering group is G = K x R? with K compact simply connected
semisimple. If L is the full inverse image of the isotropy, then M = (K xR?)/L. Projection K xR* — R?
is proper because K is compact. Thus P = pry. L is closed. The map

(K xR?)/L — R?/P, (k,2)L— z + P,

is continuous and onto, so R?/P is compact. The identity component V = P is a vector subspace.
For an auxiliary Euclidean inner product on R?, put U = V*. The subgroup A = P n U is discrete,
P =V & A, and compactness of U/A = R?/P makes A a full lattice in U. Forv € V, u € U, choose
(a,v) € L. Then

(k,v+ u)a,v) ' =(ka',u) e KxU.

Thus every coset has a representative in K x U, and this subgroup is transitive. Its isotropy L’ =
L n (K x U) projects onto A with kernel H = L n K. Choose a lattice basis and lifts (a;, ;) € L.
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Conjugation by (ap, Ap) preserves H, and [(ap, Ap), (ac, Ac)] € H; hence a, € Nx(H) and [ap, a.] € H.
The covering

(KxU)/H — (KxU)/L' =M

has deck transformations (kH, u) — (kapH, u + Ap). A linear change of coordinates with A, = 27ey,
gives (7.1). The pullback metric is K x U-invariant and each deck transformation is an isometry.
Finally n = dim(K/H) + dim U and dim K < dim G. O

Proof of Theorem A. By Lemma 7.9, every homogeneous n-manifold has a mapping-torus presentation
with K compact simply connected semisimple, dim K < n(n + 1)/2 and 0 < r < n. There are finitely
many compact simply connected semisimple groups with dimension at most n(n + 1)/2, by the
classification of simple compact Lie algebras and the bound on the number of their summands. There
are finitely many choices 0 < r < n. For each K, r, Proposition 7.8 gives an initial segment leaving
finitely many fibre isotropies. Take the largest of these cutoffs. For each admissible triple K, H, r
with r > 0, Corollary 7.5 gives finitely many fixed finite-monodromy presentations, and Theorem 5.1
gives the required exact determining initial segment and compact positive representatives. For
r = 0, Theorem 3.1 gives finite determination and compact positive representatives. Taking the
maximum over this finite list gives an exact determining initial segment whose isospectral realization
set has compact positive representatives. If a list is empty, its initial spectral segment excludes the
corresponding part of the class.

Every full realization matches this initial segment. Any sequence therefore has representatives in
one compact positive parameter set on a subsequence. The metrics converge smoothly, and eigenvalue
continuity preserves X. The finite list of fixed manifolds gives finitely many diffeomorphism types.

For each compact representative set choose 0 < a < b such that every full cometric lies in
al < C < bI, and intersect this interval with the fixed linear space of invariant cometrics on its
presentation. The resulting parameter set is compact, positive and semialgebraic. The Fourier and
representation matrix blocks have polynomial entries in C; Lemmas 2.7 and 2.9 give indexed spectral
continuity and finite spectral support on this interval. Lemma 2.8 therefore makes its full X-isospectral
subset compact and semialgebraic. These subsets contain representatives of every realization, and
every member has spectrum X. O

Corollary 7.10. The homogeneous realization space of X is the continuous image, up to isometry, of
finitely many compact semialgebraic sets of invariant positive cometrics on fixed compact manifolds.
It has finitely many path components in the smooth quotient topology. Each realization can be joined
isospectrally to one of finitely many representatives by a path which, on its fixed presentation, is piecewise
real analytic. On each fixed compact semialgebraic parameter set, a fixed scalar-isospectral fibre has
only finitely many representation-and-Fourier-marked spectra.

Proof. Let Ky,..., K} be the compact semialgebraic sets of positive invariant cometrics given by
Theorem A. The metric tensor depends smoothly on each positive cometric, so their maps to the
smooth quotient by isometries are continuous. Each K; has finitely many connected components, and
any two points in one component can be joined by a continuous semialgebraic path [6, Proposition 1.6
and Theorem 1.10]. Such a path is Nash on the open intervals of a finite partition. On each piece,
choose a positive integer p divisible by the denominators of its endpoint Puiseux exponents. After
rescaling the interval to [0, 1], compose with

1P

pt) = P+ (1 -t

The resulting path is real analytic at both endpoints as well as on (0, 1), since p vanishes to order p at
0 and 1 — p to order p at 1. Choose one point in each of the finitely many components of each K;.
Every parameter is joined to one of these points by such a path. Their images in the smooth quotient
are path connected, and there are only finitely many of them. For each fixed matrix block, its ordered
eigenvalues vary continuously in the discrete set ¥, and are constant on each connected component of
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that compact semialgebraic set. The finite number of these components therefore bounds the number
of complete marked spectra on that parameter set. 0

Corollary 7.11. For a sufficiently long exact reference initial segment there are constantsiy > 0, Dy, < oo,
and Cs, ;. < oo such that all homogeneous realizations of that initial segment in the reference dimension

satisfy

inj(g) > is, diam(g) < Ds, |V¥ Rmy oo < Csx (k> 0).
Proof. By Theorem A, every realization is isometric to a metric in one of finitely many compact
positive parameter sets on fixed closed manifolds. The diameter, curvature and injectivity estimates
in the proof of Corollary 4.3 apply to each such set: their hypotheses are compactness of the metric
parameters and smooth dependence on those parameters. Take the minimum of the positive injectivity

bounds and the maxima of the other bounds over this finite family. These quantities are invariant
under diffeomorphisms. g

Remark 7.12. The determining index in Theorem A depends on the full reference spectrum and the
fixed dimension. To see the role of the dimension condition, let g be a homogeneous metric and let
S} be a circle of length ¢. If 472 /£ > An(g), then

Ai(gxSp)=1;(g) (0<j<N), dim(M x S}) = dim M + 1.

Indeed, the product eigenvalues are 1;(g) + 47m? /%, m € Z, and every term with m # 0 exceeds

An(g).

8. LOCAL METRIC ESTIMATES FOR NATURALLY REDUCTIVE METRICS

Throughout this section, M is a smooth closed connected manifold of dimension n > 0. A metric
g is globally naturally reductive if a connected Lie group A acts transitively by isometries and, for the
stabilizer H of 0 € M, there is an Ad(H )-invariant decomposition a = ) @ m such that

IX, Y] 2) + (Y, [X,Z]m) =0, X,Y,Zem. (8.1)

Here the metric on m is the metric at o under the evaluation isomorphism. The isotropy subgroup H
may be disconnected.

Write A;(g) for the nonnegative scalar eigenvalues in order, including multiplicity, with A,(g) = 0,
and set

On(g: g0) = max [2,(g) - (gl (8.2)
All tensor norms in this section are defined by the reference metric and its Levi—-Civita connection.

Theorem 8.1 (Local estimate from a finite initial segment). Let gy be a globally naturally reductive
metric on M. There exist N > 1, an open C™ neighborhood U’ of the orbit Diff(M) - gy, and constants
C, >0, r =0,1,..., with the following property. For every globally naturally reductive metric g € U’,
there is one smooth diffeomorphism ¢ such that, simultaneously for every r > 0,

l9*g — gollergy) < Cron(gs &) (8.3)
The presenting group, isotropy subgroup, and naturally reductive complement may vary.
The integer N, the neighborhood U/, and the constants C, depend on gj.
8.1. Central quadratic operators.

Definition 8.2. For a compact connected transitive group B acting on a closed manifold M, let
&p = image ((Sym? b)® — Diff’(M)), g+ Dg=— ) quXiX;.

Here (X,) is a basis of b, and X} is its fundamental vector field. The tensor coefficients g, are taken
in that basis. The symbol convention is o(—X?%) = X ® X. Let Qp C £ be the open cone of positive
definite principal symbols.
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Lemma 8.3. Every D € Qg is the scalar Laplacian of a unique B-invariant metric g(D). The map
D +— g(D) is smooth. The principal symbol at one point determines D, so

n(n+1)

—

Proof. Let y be the invariant probability measure. The flow of each fundamental field X/ preserves p,
so (X!)* = —X?%. Since qup = Qv

dim gB S

Di=-) quXiXi=Ds  Dgl=0.
a,b

The positive symbol defines a B-invariant cometric g!. Its normalized volume density is y, by
uniqueness of invariant probability measure on a compact homogeneous space. Thus D, and A, have
the same principal symbol and are formally self-adjoint for the same measure.

Lemma 2.1 gives Dy = A,. Applied to an element of £ with zero principal symbol and to the
zero operator, it also proves that the symbol map is injective. A B-invariant tensor is determined
by its value at one point. This gives the dimension bound, and inversion on the positive cone gives
smoothness of D — g(D). [

8.2. Naturally reductive realizations. For a compact connected transitive action B, let o denote the
principal-symbol map on &g, and put

WB = O'(SB). (8'4)

By Lemma 8.3, the symbol map is injective; Wp is a finite-dimensional closed subspace of continuous
symmetric contravariant tensors. A positive u € Wp corresponds to the unique operator A1 € Ep.
All these operators are real, formally self-adjoint for the same invariant probability measure, and
annihilate constants. Their inducing tensors on b need not be positive definite.

Lemma 8.4 (Central realization). A metric is globally naturally reductive if and only if its Laplacian
belongs to Eg for some compact connected transitive action B. For a given connected naturally reductive
presenting group A, one may take B to be any compact connected group of isometries containing the
image of A; in particular, B = Isom(M, g)°. Every such metric has a compact connected naturally
reductive presentation. The inducing tensor on b may be indefinite or degenerate.

Proof. Let A/H be a globally naturally reductive presentation, with A connected. The kernel of
the action is a closed normal subgroup contained in H. Dividing by it sends m isomorphically to a
naturally reductive complement in the quotient Lie algebra, with the same metric. Thus the action
may be assumed effective. Let K be a compact connected group of isometries containing the image of
A. Such a group exists: Isom(M, g)° is compact and contains that image. Since A is transitive, so is K.
The infinitesimal action embeds a into ¢; identify a with this image. The immersed subgroup A C K
may be nonclosed.

The isotropy representation is faithful. Indeed, an isometry fixing o with identity derivative fixes
every geodesic from o, hence every point of the complete connected manifold M. The decomposition
a = b @ m is therefore effective. Kostant’s theorem [15, Theorem 4], in the formulation of [19,
Theorem 2.12], gives the ideal

s=[mm]p&émca

and a nondegenerate ad(s)-invariant symmetric form Q on s such that

Olw = &o» m Lo (snb).

Regard ¢, = Q! as an element of Sym? £ through 5 C a C £ The isotropy terms vanish in its symbol
at 0, and the remaining terms give g, .

Let S C K be the connected immersed subgroup with Lie algebra s. Since s is an ideal in a and A
is connected, Ad(a)s = s for a € A. For x = a - o, evaluation therefore gives

eve(s) = da(evo(s)) = T, M.
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Every S-orbit is open; connectedness of M makes S transitive. The tensor gs is S-invariant, so its
principal symbol is g~! on all of M. Each field in £ is divergence-free for the volume density of g.
Hence Dy, is formally self-adjoint and annihilates constants. Lemma 2.1 gives Dy, = A,.

For Haar probability measure dk on K, put

q= / Ad(k)qs dk. (8.5)
K
The assignment q — D, is K-equivariant, and K preserves A,. Consequently
2 p\K
q € (Sym~ £)*, Dy = Ag,

which proves A, € &k.
Conversely suppose q € (Sym? b)? has positive tangent symbol and write M = B/H. Let h° C b*
be the annihilator of h, and put

m=q"("), (¢a.q B =q(ap).

Positivity on h° shows that g is injective there. If ¢*« € b, then q(a, @) = a(¢*a) = 0, so a = 0.
Dimension counting gives b = h @ m. Equivariance of q* makes the complement and its metric
Ad(H)-invariant, including the disconnected components of H.

For X = ¢*a, Y = ¢*B, and Z = ¢'y, the metric pairing with Z agrees on m with y. Since y
annihilates b, the left side of (8.1) is

y([X.q" D) + BUX. 4" y]) = 0.

The equality is precisely infinitesimal invariance of g. The induced tangent cometric is the restriction
of q to h°, hence the original positive symbol. Therefore this is a naturally reductive presentation of
g. g

8.3. A fixed central action. Fix a compact connected transitive action B ~ M with Qp = @. For
q € (Sym? b)®, the symmetrized quadratic element z, € U(bc) defining Dy, is central. On an isotypic
summand V,®C* it acts as d7(z4)®I. Schur’s lemma gives dn(zy) = £;(Dy)I; formal self-adjointness
makes this scalar real. Thus every occurring irreducible 7 determines a real linear functional ¢, on
&g, with

D|LZ(M)7T = [H(D) ld (86)
Write m,, for the dimension of its full isotypic summand, including all copies. For D € Qg,
Spec”(D) = |_| ma{tz(D)}. (8.7)
#1

For M = B/H, Peter-Weyl decomposition gives m, = (dim ) dim(V}?), with the dual representation
if required by the coefficient convention. The trivial isotypic summand consists of the constants.
Connectedness of M makes every other summand have positive eigenvalue for D € Qp.

The functionals ¢, & # 1, separate . Indeed, if they all vanish on D, then D annihilates every
B-finite function, including constants. Choose D° € Qp. By Lemma 8.3, it is the Laplacian of a smooth
metric on M. Every eigenspace of D is finite-dimensional and B-invariant, so its elements are B-finite.
Lemma 2.5 and continuity of the differential operator D : C*(M) — C*(M) give D = 0. Since &z is
finite-dimensional, finitely many of these functionals form a basis of &£,.

Proposition 8.5. Fix a compact connected transitive action B, put g(u) = u™! for positive u € Wp,
and let gy be a metric with Dy = Ag, € Ep. There exist Ng > 1, a C° neighborhood of g;* in Wg, and
constants cg, such that every positive u in that neighborhood satisfies

lg(w) = gollcrgy) < cB.rON;(g(W); &0), r20. (8.8)
The neighborhood is independent of r.
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Proof. Let u be the invariant probability measure. Let d = dim £p. Since Dy is a nonzero Laplacian,
d > 1. Choose d nontrivial occurring types ry, ..., 74 whose functionals form a basis of £z. Endow
&p with the norm |D|| = |o(D)]co(g,), which is a norm by Lemma 8.3. Compactness of the unit sphere
gives

kg = min max |¢, (D)| >0, ID| < k5! max |¢;,(D)|. (8.9)
IDI=11<a<d a

Put p, = £;,(Do) > 0. List the distinct values among them as vy < -+ < v;. Put
I ={j>1: 4i(g) = vo} ={ps,---> q} N = q;.

Choose disjoint intervals J, = (a3, fp) with

Apy—1(80) < ap < v < Bp < Ag,+1(80)-

For p;, = 1, the preceding eigenvalue is A¢(g) = 0.
If u is close to ug = g; 1in CY, then, for a prescribed sufficiently small ¢ > 0,

(1-8)uy <u<(1+ &)uy.

Both associated metrics have the same normalized volume density p. Their Rayleigh quotients and
the min—max principle therefore give the simultaneous bounds

(1—-€)2;(g) < A;(g(w) < (1 + £)4;(g), j=0. (8.10)
Choose ¢ > 0 so small that, for every b,
1+ e)Ap,-1(g0) < ap < (1 =)y,
1T+ e)vy < Pp <(1—e)Ag+1(g0)-
All four inequalities are strict at ¢ = 0, so one positive ¢ satisfies them for the finite list of clusters.

Equation (8.10) then puts every index in I, inside J;, every smaller index below J,, and every larger
index above J;. Let | £;, |« be the dual norm for the operator norm in (8.9). Choose p > 0 such that

pmax &, ] < mbin{Vb — ap, Bo — v}

For [D — Do| < p, |€x,(D) — pal < €z, <D — Do|. Consequently ¢, (D) € J, whenever p, = vp.
For such a positive D € &g, the number ¢, (D) is an actual eigenvalue belonging to the block I;.
All the reference eigenvalues in that block equal p,. Consequently

|€x,(D — Do)| < max 11;(g(w) = 4;(g0)l < Sny(g(w), go)- (8.11)
Combining (8.9) and (8.11) gives

lu = uollcocgy) < x5 Oy (g(1), go)- (8.12)

Choose a closed finite-dimensional ball 3 C Wjp about uj, small enough that every element is
uniformly positive and all the preceding cluster conditions hold. For each r, inversion u +— u ™! is a
smooth map from a neighborhood of B to C"(Sym? T*M). Its derivative is

dlu— u,[v] = —utou.
The operator norm of this derivative, for the C° norm on the finite-dimensional domain and the C”
norm on the target, has a finite bound on B. This follows from finite-dimensional norm equivalence
and compactness of B; all of its elements and their derivatives are bounded in every fixed order.
Integrating the derivative along the segment from u to u gives

lu™ = uglergey) < Larlu — uolcogg,)-

Together with (8.12), this proves (8.8) on the interior of B, for every r > 0. The ball is independent of
r. O
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8.4. Semisimple subgroups and central enlargements.

Lemma 8.6. Let S be a compact connected semisimple Lie group and J a compact Lie group. The space
Hom(S, J) of continuous homomorphisms is compact in the uniform topology, and it has finitely many
J-conjugacy classes.

Proof. If J° = {e}, connectedness of S makes every homomorphism trivial, so Hom(S, J) is a singleton.
Otherwise choose a faithful unitary representation ¢ : J < U(N) and a positive invariant inner
product Qs on s. Continuous homomorphisms between Lie groups are smooth. Every 1o ¢, ¢ €
Hom(S, J), is a direct sum of irreducible representations of dimension at most N. There are only
finitely many such irreducibles by Lemma 2.3. If ¢, is the maximum of their Qs-Casimir eigenvalues,
the Casimir estimate gives

ld(ee )Xlop < VeulXlgs (X €5).

The Hilbert-Schmidt norm is at most +/N times this norm. Give J° the metric induced by the unitary
embedding. Since S is connected, every ¢(S) lies in J°, and the displayed estimate gives a common
Lipschitz constant for all ¢. Arzela—Ascoli therefore gives a uniformly convergent subsequence
of every sequence in Hom(S, J). The uniform limit is continuous and satisfies the homomorphism
identity. Thus Hom(S, J) is compact.

By Lemma 7.2, every conjugacy class in this compact space is open. A finite subcover by these
classes proves finiteness. 0

Corollary 8.7 (Gordon-Sutton). For a compact Lie group ], only finitely many J-conjugacy classes of
subgroups ST occur when S C ] is connected semisimple, possibly trivial, and T is a maximal torus of
Cy(S) [12, Proposition 3.6(2)].

Proof. The classification of compact simple Lie algebras leaves only finitely many simply connected
compact semisimple groups of dimension at most dim J. Every connected semisimple subgroup of J
is the image of a homomorphism from one of these groups. The preceding lemma therefore gives
finitely many conjugacy classes of such S. For each fixed S, all maximal tori of C;(S)° are conjugate
in C;(S)°. Conjugating by this centralizer fixes S and conjugates the products ST. The case S = {e} is
the conjugacy theorem for maximal tori of J°. g

8.5. Finitely many actions near a reference metric. Let Met(M) denote the space of smooth Rie-
mannian metrics with its C* topology. Fix gy € Met(M), and put K = Isom(M, gp). The slice theorem
gives an open neighborhood V of gy and a continuous map s : ¥V — Met(M) such that

s(go) = go» s(g) = lﬁ;g for some ¢/ € Diff(M),
and
Isom(M, s(g)) C K. (8.13)
Here every s(g) and ¢/, is smooth; continuity concerns the C* topology. This form follows from the
local product coordinates and the isotropy inclusion in [5, Theorem B and Proposition 4.1]; see also

[8, Theorems 7.4 and 8.1]. Shrinking V makes s(g) lie in any prescribed smooth neighborhood of gj.
In particular, g; — g implies s(g;) — go.

Lemma 8.8. Let gy be a smooth metric on M, and put K = Isom(M, gy). There is a finite list, possibly
empty, of compact connected transitive subgroups By, ..., B; C K° with the following property. For every
smooth neighborhood V of gy, there is a smooth neighborhood U’ of gy such that each globally naturally
reductive g € U" admits a diffeomorphism ¢ satisfying

P geV, Ayeg € Ep,  for some1 <i<s.

The diffeomorphism ¢ can be taken as the composition of a slice pullback and an isometry of go.
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Proof. Choose g = s(g) as in (8.13), and put A = Isom(M, g)° C K°. This compact connected group is
transitive. By Lemma 8.4, there is g € (Sym? a)* with D, = Ag.

Set S = [A, A], a compact connected semisimple group, allowing S = {e}. Its centralizer in K°
contains the torus Z(A)°. Choose a maximal torus T of that centralizer containing Z(A)°, and set
B = ST. Because S and T commute and are compact and connected, B is a compact connected
subgroup. It contains A = SZ(A)° and therefore acts transitively.

Every element of T commutes with S and with its subtorus Z(A)°. Since A = SZ(A)’, the group
T centralizes A and acts trivially on a. It therefore fixes q. The tensor q is also S-invariant because it
is A-invariant. Consequently

q € (Sym? b)®, Ag = Dg € Ep.

Its principal symbol is B-invariant, so B acts by isometries of g.

Apply the finiteness of conjugacy classes of ST to the compact connected group K°, and choose
representatives for those groups ST which act transitively. A conjugation in K° puts B into one
representative B;. Pulling g back by the corresponding reference isometry puts its Laplacian in Eg,.
Such an isometry preserves every C"(g) norm of the difference from gy. Choose a neighborhood of
&o defined by finitely many such norm bounds and contained in V. Continuity of the slice map makes
g belong to this smaller neighborhood when g is sufficiently close to gy. The conjugation preserves
these inequalities. 0

Proof of Theorem 8.1. Let By, ..., Bs be the groups in Lemma 8.8, and put
U =g I={i: uye Wg}

Each Wp, is finite-dimensional and hence closed in the C% norm. For i ¢ I, the distance from u, to
Wp, is positive. There is therefore a CY ball B, about u, disjoint from every Wp, with i ¢ I. The
set I is nonempty: apply the construction of Lemma 8.8 to g itself. Its slice pullback is gy, and the
subsequent conjugation is an isometry of gp.

Fori € I, Lemma 8.3 gives Ay, € Ep,. Proposition 8.5 provides an integer N;, constants cp, ,, and a
neighborhood B; of 4y in W, on which its estimate holds. Choose a C® ball B C BB, about u, such
that Bn Wp, C B, for every i € I. By Lemma 8.8 and continuity of inversion, there is a smooth
neighborhood U} of gy such that every globally naturally reductive g € U} has a pullback ¢* g with
cometric in 3N Wp, for some i € I. Put

N = maxN;,, Cr = maxcp,,.
iel iel

The estimate for B; and dn, < dn give (8.3). The diffeomorphism ¢ and the ball /3 are independent of
r, so the same pullback satisfies all the inequalities.

Let U consist of metrics g for which y*g € U for some ¢ € Diff(M). Every pullback is a
homeomorphism of Met(M), so U" is open and contains the orbit of g,. Apply the preceding estimate
to " g. Since ( o ¢)* g = ¢*(¥ " g) and eigenvalues are invariant under pullback, the same N and C,
give the asserted estimates on U". g

8.6. Smooth limits and finite isospectral families.

Corollary 8.9 (Local isolation from a finite initial segment). Let U and N be as in Theorem 8.1. For
every globally naturally reductive metric g € U’, equality of the first N positive eigenvalues of g and g,
implies that the two metrics are isometric.

Proof. The right side of (8.3) is zero. Its r = 0 case gives ¢* g = go. O

Proposition 8.10 (Smooth closure). Suppose globally naturally reductive metrics g; on a fixed closed
connected M converge smoothly to a positive definite metric ge. Then go is globally naturally reductive.
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Proof. At g, the slice map gives g§; = s(g)) = g and Isom(M,g;) ¢ K = Isom(M, g»). The
construction in Lemma 8.8 gives finitely many groups B; C K° and elements k; € K° such that
Akj@j € &g, . For every r,

I ;gj = goolcr(ge) = Ig; - gelcr(g) — 0.

Pass to a subsequence with i(j) = i. Its cometrics belong to the closed finite-dimensional space Wp,
and converge to g', so g;! € Wp.. By Lemma 8.3, A, € Ep,. Lemma 8.4 gives a compact naturally
reductive presentation of ge. 0

Corollary 8.11 (Finiteness under smooth precompactness). Let % be a family of closed connected
globally naturally reductive Riemannian manifolds with one fixed scalar spectrum. Assume it is smoothly
precompact modulo diffeomorphism in the following sense: every sequence in % has a subsequence that,
after pullback to one closed manifold, converges smoothly to a positive definite metric. Then .% contains
only finitely many isometry classes.

Proof. If there were infinitely many classes, choose pairwise nonisometric members. Smooth precom-
pactness gives a convergent subsequence after pullback to a fixed manifold. Their smooth limit is
globally naturally reductive by Proposition 8.10. Continuity of each scalar eigenvalue under smooth
metric convergence makes the limit isospectral to every member of the sequence. For all sufficiently
large indices, Theorem 8.1 at the limit applies with zero initial segment error. It makes those members
isometric to the limit, a contradiction. O

Corollary 8.12 (Naturally reductive finiteness). Fix n > 0 and the scalar spectrum X = (0;)j>0 of a
closed connected smooth n-manifold. There is an integer N = N(n,3) such that the globally naturally
reductive n-manifolds satisfying

Aj=0;  (1<Lj<N)

form finitely many isometry classes. They are exactly the globally naturally reductive realizations of .
Their topology, transitive presentation, isotropy, and centre rank may vary.

Proof. Theorem A gives an integer N for which initial agreement is equivalent to full isospectrality
in the homogeneous class. It also makes the full realization family smoothly precompact modulo
diffeomorphisms, with positive definite limits. Apply Corollary 8.11 to its globally naturally reductive
members. d

9. RELATIVE SPECTRAL CONVERGENCE WITH CURVATURE DIVERGENCE
Let Qg be the unit round metric on SU(2) = $%, let S! = R/27Z, and put Q = Qy + d6?.

Proposition 9.1. Let §; > 0 tend to zero and let A; > 0 tend to infinity. There are left-invariant metrics
g on SU(2) x S and diffeomorphisms F; such that

Vol(g) = Vol(Q), dp(g, Q) <&,  Fg— Q inC°

whereas Scal(g;) < —A; everywhere. No subsequence converges in C? to a positive definite metric modulo

diffeomorphisms.
Proof. Choose a Qp-orthonormal basis X, Y, Z of su(2) with
[X,Y] =22, [Y,Z] = 2X, [Z,X] =2Y, exp(2nZ) = e.

Let T = 9y be the unit generator of the circle. For an integer p > 1 and 0 < ¢ < 1, define g, by
declaring

Ey=+v1+eX, Ey=+1-¢Y, FE3=2,  E=T+pZ (9.1)
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orthonormal. Its cometric in the basis (X,Y,Z, T) is

1+¢ 0 0 0
_ 0 1—¢ 0 0 _
e =] g 0 1+p® pf det(gpe) =1 ¢
0 0 p 1
Consequently
Vol(gp..) = (1— %) /2 Vol(Q).
Set

ce =(1- 52)1/45 Ep,g = Ce8pe- (9.2)
In dimension four this scaling multiplies volume by ¢, so Vol(g,.) = Vol(Q).
The integral shear
Fy(x,0) = (xexp(p0Z), 0) (9.3)
is a well-defined diffeomorphism because exp(27pZ) = e. In left trivialization,

dF,(T)=T+pZ,  dFy(U) = Ad(exp(—p0Z)U (U € su(2)).

Thus F; gy, has no mixed circle terms. Its horizontal cometric is an orthogonal conjugate of diag(1 +
e,1—¢,1). It follows that

1 1+¢

Ce

LT < (BB < —07 (9.4)

c
The diffeomorphism F, preserves product Haar measure, by right invariance on each SU(2) fibre. The
volume measures of g, . and Q agree because both are left-invariant and have the same total mass.
Hence the two Dirichlet forms in (9.4) have the same L? measure. The min—max principle gives, for
every j > 1,
1—¢ i (8p.e) 1+e¢
(1-eH/t ™ 2,(Q) ~ (1-e)/*
The lower ratio in (9.5) is less than one, and the upper ratio is greater than one. The absolute value

of the logarithm of the lower ratio exceeds the logarithm of the upper ratio by —3 log(1 — £2) > 0.
Therefore

(9.5)

dp(Bper 0) < byp(e) 1= —Z log(1 — &) + ilog(l Lo = e+ O(eD). (9.6)

Inverting (9.4) also gives

Ce N Ce
<F < .
1+£Q_ pbpe = l—eQ

Thus these pullbacks converge to Q in C° as ¢ — 0, with no restriction on p.
Put a = 1+ ¢and b = V1 — ¢. The nonzero brackets in (9.1), up to skew-symmetry, are

2b 2a
[EI,EZ] = 2abE3, [Ez,E3] = 7E1, [E3,E1] — 7E2,
2pa aZpb ’ (9.7)
[Es, Er] = TEZ’ [Ey, Eo] = —7E1.

Write [E;, Ej] = X fi}‘Ek. With the curvature convention R(U, V)W = VyVy W —VyVy W —Vy | W,
Koszul’s formula gives
1 ) .
k k
o = (U E; B = SO i+ £
Put

«=2ab, B=2b/a, y=2a/b, uzw, pPoyte L _y-a+p
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andputd = (f —y)/2, s = (f + y)/2. Substitution of (9.7) gives Vg,E; = 0 for every i and
vElEz = uE3 - pdE4, szEl = —l)E3 - pdE4,

Vg, E3s = —uE;, Vg, Es = vE;,

Vi, E1 = wEs, Vg, E2 = —wEy, (9.8)
VE Eq = pdE,, VE,Eq4 = pdEy,

VE,E1 = psEs, Vg, E2 = —psE;.

All omitted derivatives are zero. For K;; = (R(E;, E;)E}, E;), the coefficients are constant, so
Kij=- Z riTF}m - Z ﬁ]mrrln]
Equations (9.7) and (9.8) give

Kp=aw—u+ pzdz, Kis = yv—uw, Kz3 = fu—ovw,

2 2 (9.9)
Kiy = p“d(s+y), Koy = —p*d(s+ ), Kz =0.

For example, —Vg,(uEs — pdEs) — aVE,Ey = (aw — uv + p?d?)E; is the E; component of R(E;, E3)E,.
Since s + y — (s + ) = —2d, summation gives

Scal(gp)g) =2 Z Kij
i<j
=2(aw + yv + fu— uv — uw —vw) — 2p*d*
= af+ Py +ya— 3@+ B+ y) - 3p*(B - )% (9.10)
This is also the scalar-curvature formula in [17] for the brackets (9.7). Here

s 81+ €?) 16¢2

af + Py +ya =12, a® =401 - &%), /32-1-}/ =z (ﬁ_)’)zzil_gz-

Thus
6 — 12¢% — 2¢* — 8p?e?
1—¢2 '

Scalar curvature scales by Scal(cg) = ¢! Scal(g). Hence (9.2) gives

Scal(gp,c) =

6 — 1262 — 2¢* — 8p2e?
(1 — e2)5/4

Choose 0 < & < 1/2with &; — 0and bg,(¢;) < ;. Choose an integer p; > 1 such that 8plel > 6+A;
Set g = gp., and F; = F,. Equations (9.6) and (9.11) give all the asserted bounds. Scalar curvature
is invariant under pullback and continuous under C? convergence to a positive definite metric. Its

uniform divergence to —co excludes such convergence after every choice of diffeomorphisms. 0

Scal(gp,.) = (9.11)
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